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Curvature theory of generalized second order
gauge connections

By IRENA COMIC (Novi Sad)

Abstract. Lately a big attention has been paid to second order gauge connec-
tions, but the investigation are mostly restricted to the d-connection. Here this connec-
tion is generalized. The curvature tensors and the Ricci equations are obtained, which
for the generalized connection have a rather simple form.

1. Adapted basis in TF

Let F' be an n + m + [ dimensional C'"* manifold. Some point v € F
in the local charts (U,¢) and (U’,¢’) has coordinates (z?,y%,2P) and
(a:i/,y“/,zp/) respectively. In U N U’ the allowable coordinate transfor-
mations are given by the equations

zt =zt (x) i,j,h, k=1,n,
(1.1) y* =y* (z,y) a,b,c,dye=n+1,n+m,

2P =2P(x,2) p,qrs,t=n+m+1ln+m-+lI,

’ a a/ a p/
(1.2) rank S| =™ rank 3Ly“ = m, rank 8273

=1
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From (1.1) and (1.2) it follows that inverse transformations of the
form

(1.1) b= mi(x/), y* =y (2, y), 2P =2P(2',2")
exist.

Proposition 1.1. The coordinate transformations of type (1.1) form
a group.

The tangent space T'F' is spanned at any point v € F' by n +m + [
basis vectors, which form the basis

- o o0 0
(1.3) B—{ax‘zjaz/a,az:p}-

The elements of B with respect to (1.1) are transformed in the fol-
lowing way:

/ / /

8_3:ci 0 +8y“ 0 +8zp 0
ozt Oxt Oz  Oxt Oy = Ozt 0zP"
o w90 0 9 0
dye  Oye Oy¥’  0zp  0zp 0zF'

(1.4)

(1.5)

The functions N7 (z/,y') and ./\/lf,, (2',2") are the coefficients of non-
linear connections of the second order if they satisfy the following law of
transformation:
ozt Ayt yY Gyb
oxt oy¥  Oxt Oy’
oz’ §zP N 2P 9P
Ozt 9z¢' Ozt 0P
Remark. In many papers as in [11], [13], [14] N and M are inter-

changed. The reason for this change is the fact that for n+m dimensional
F, N is reduced to N used before as in [6]-[10].

(1.6) (a) N(z,y) = N (2, y))

(b) MP(z,z) = MP (2!, =)

Using the notation

5 0 b 0 » 0
(1.7) 50 = B N; (x,y)a—yb M (w,z)%
from (1.6) and (1.7) we obtain
(1.8) 5 ozt ¢

ori Ozt ozt
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Thus the adapted basis

b o0 0
(1.9 BN ={ o 5y |

of TF is obtained. It is clear that as many adapted bases can be formed,
as functions N and M satisfying (1.6)(a) and (1.6)(b) can be found. The
transformations of the elements of B(N', M), Ty F, Ty, F, Ty, F are deter-
mined by (1.5) and (1.8).

Let us denote by Ty F', Ty, F', Ty, F' the subspaces of T'F' spanned by

(g} (g} (o5} respectively, then

(1.10) TF =TyF & Ty, F & Ty,F.
Any vector field X in T'F' can be written in the form
) 0 0
1.11 X=X'"—+X*— + XP—.
(1.11) oxt + oy® + 0zpP
The coordinates of X under (1.1) are transformed in the following way:
, 8 i ) 8 a’ ) 8 p/
(1.12) xt = xi% xd = xe oy xp P
oz’ oye 0zP
The adapted basis of T*F is
(1.13) B*(N, M) = {dz*, 5y, 52F},
where
(1.14) §y* = dy” + N (z,y)dz’
(1.15) 62P = dzP + MY (x, 2)dx".
The elements of B* are transformed in the following way:
. 895’ v 8y“ ’ 821’ ’
1.16 dr' = — dz* , dy* = oy, 628 = 0zP .
(116)  do' =’ oyt = ey 6 = 570

Let us denote the subspaces of T*F spanned by {dz‘}, {dy*}, {627}
respectively by T F, Ty, F', Ty, F', then

(1.17) I"F=ThF o Ty, Fo Ty, L.
Any 1-form field w € T*F can be written in the form:

(1.18) w = w;dr" + w,0y* + wpd2P.
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The coordinates of the 1-form w with respect to (1.1) are transformed
in the following way:

ozt oy* 2r'

(119) w; = Wy %’ Wq = wa/?y@’ wp = wp/%,

2. Gauge covariant derivatives of the second order

Let V: TF x TF — TF (x is the Descartes product) be a linear
connection, such that V : (X,Y) — VxY € TF, VXY € TF. The
operator V is called generalized gauge connection of the second order. It
is called d-gauge connection of the second order if VxVY is in Ty F', Ty, F'
or Ty, F provided Y is in Ty F, Ty, F' or Ty, F respectively, VX € TF. It
has been studied by many authors, mostly romanian geometers.

Here we shall not make this restriction on V. In the following we shall
use the abbreviations: 0 = 6%,“ Ok = %, Oy = %, Op = 0

0zP "

Definition 2.1. The generalized gauge connection V of the second
order is defined by

(a) V(SZ(SB = F/BKZ‘(SH,
(2.1) (b) Vo5 = Cg 0

() Vao,05=Lg,0k,
where B =jor §=0bor §=q and
(2:2) Tr0 =T o)+ T:°0. +T:7 0,

We shall use the abbreviated form of (2.1):
(2.3) V.08 =I5 40k
From (2.2) and (2.3) it follows:
Ifa=i then'=F; ifa=a, then'=C; ifa = p, then ' = L.

Proposition 2.1. If X is the vector field (1.11) defined on F', then
the following equations are valid:

Vs, X = X060, XG4 =6X"+F* X0
(2.4) Vo, X = XYubo, X%o=0,X%+Cs%, X"
VapX:XO‘Hpéa, XaHp :aan"_LﬂapXﬁv
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where
. . j . b .
(2.5) Iy XP=T; X)4+Ty X" +T, X%

Theorem 2.1. If X and Y are vector fields in TF expressed in the
basis B, and V the second order gauge connection defined by (2.1), then
the following equation is valid:

(2.6) Vy X = (X{3)Y 64,
where
(2.7) Y =Y Y Y

Theorem 2.2. All covariant derivatives X7, X%|q, X“||, (v = j, or
a = b, or « = p) from (2.4) are transformed as tensors with respect to
(1.1) if all connection coefficients from (2.1) are transformed as tensors,
except the following which have the form:

(2.8) Fk ¥ ozt 8z% oxi 92K Ok

: 70TV 9gi Oxk Oxd T Oxidxd Oa

/‘ axi/ 8yb/ 8yc 82ycl 8:[/0 B o ach’ ayc

i 6:[]7’ ayb aycl axlayb aycl (3 aybaya ayc/
;x99 927 922" 92" 2 92"

2.10) F=F! ,~— : -M;

(2.10) F;=F; Oxt 924 (‘)zr'—i_ax’azq 0z’ ' 025029 0z"

, 6yb’ 8ya/ dy° 82yc/ Ay

a’ 8yb 8ya 6yc/ ayaayb 8yc/

(2.9) 5 = Fyf

(2.11) O, = Cf

a =

. 929 92 9" 022" 9zr
2.12 L/ ,=Lg ,
( ) ap P Hza Pzp Hr’ + 0290zP 0z"
The proof is given in [7]

Theorem 2.3. The torsion tensor T' for the second order gauge con-
nection V has the form:

(2.13) T(X,Y)=TJ3Y*XP5,,
where

«
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except the following components:
(a) chi = chi - cmj —/vzcg
(b) ij = Cjcb - Fbcj + 8[)./\/’]0 = —Tbcj

(2.15) , ; ; .

(c) Tji:Fji_Fij_Mij

(d) TpTi - FpTi - Lirp - 8pM: - _Tprﬂ
where
o0 (a) N = (ONE = NIONT) = (3,)

(b) Miqj = (8]-./\/1? - M?@DM;]) - (i»j)
The proof is given in [7].

3. The curvature theory of V

The curvature tensor for the second order gauge connection V is de-
fined as usual

(3.1) R(X,Y)Z =VxVyZ -VyVxZ —VxyZ.
If we use the notation
X =X, Y =YP0s, Z=270,,
then we have
VxVyZ =Vxap,Vysg, 270,
= Voo, [YP(0527)0, + YP Z7T 7 30,]
= X(0.Y")(0527)0, + XY (0,0327)0,

3.2
(3:2) + XY P(O3Z7 )L F (0 + X (0aY ) 2T 1 50,
+ XY P (0a 27 50, + XY P Z7 (01 1 5) 0
+ XOYPZT Y T O
From

(33) [X,Y]=X%0aY")0s — Y¥(0aX")0s + XY P (0505 — 050a),
where
XY P(0a0p — 0500) = XY K30
(3.4) = X'Y7(N;50: + ML0,) + (XYP - Y'X)(9,NF)O,
+(Xiyq - Yin)(aqu)ap,
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it follows:

Vixy)Z = X*(0aY")(0327)0y + X*(0aY") 27T 0%
— Y (0aXP)(0327)0y — Y*(0aX") 27T 505
+ XY P(8,05 — 0500) 2710,
+ XOYPZTK Y 5T 750,

(3.5)

Substituting (3.2) and (3.5) into (3.1) we obtain

R(X,Y)Z = [K3,X°Y? — (N;SC. + MELF )XYV
(3.6) — ONSCS(XTYP —YIX?)
— OgMILF (XY —Y' X2,
where
(37) 'y’iﬁa = (aarfyﬁﬁ - F’ygarenﬁ) - (avﬁ)‘

As the indices «, (3, v, k belong to one of the sets {i,j,k,[,...},
{a,b,c,d,...}, {p,q,7,s,t,...} (corresponding to TyF, Ty, F, Ty, F re-
spectively), so on the TF we have 3* = 81 types of curvature tensors. It
is meaningless to introduce different letters as R, P, S for the curvature
tensors as in Finsler geometry.

We shall denote

(3.8) v pa = K ga

for all (8, «) except when (5,a) = (j,1), (8,a) = (b,i), (B,a) = (3,b),
(8,a) = (q,7) and (B, ) = (i,q). In these cases we have

i = K = NGO = ML

vt iy a0
Kk _ K CY K
v ib _K'yib—i_ab'/\/’i C’yc?
Kk _ K cCY K
(39) v bi — K’y bi 617'/\/; ny c)
K _ K Pr w
v iq T K’y iq T ainLq P’
Kk _ K Pr K

From (3.7), (3.8) and (3.9) it is obvious that

(310) ’yﬁﬁa - — ’yﬁaﬁ’
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We can write (3.6) in the form:

1 K (3 «
R(X,Y)Z:[5 (XY — Yo xB)

— SNGSCS F MELE (XY - YIXY)

137749

N = N

WNFCS (XY —Y'XP)
(3.11)

—_

5ab/\ffc*fc(Y"X" — XYY

1 , ,
— GO ML (XY —YiXY)

1 . .
+ GO MELS,(YVIXT = XY )| 775,

For (8, a) = (j,?) the sum of the first and the second line in (3.11) is
equal to %R,Y"ji(X"Yj —Y'X7), for (3,a) = (b,i) the sum of the first and
the third line in (3.11) is equal to %RV"“M(Xin - YiX") etc.

From (3.8)—(3.11) follows

Theorem 3.1. The curvature tensor of the second order gauge con-
nection V has the form

1 K (0% (6%
(3.12) R(X,Y)Z = SR} g0 (X YA —yex®zis,,
where the components of R are determined by (3.8) and (3.9).

Formula (3.12) is short and elegant, but the explicit form of the cur-
vature tensor is much longer, for instance if (3, a) = (b,) then from (3.7)
and (3.9) we have:

'ynbi = 51 C’yﬁb - F’yei Cﬂﬁb - abF’yKi + C’yebFGHi - ab'/\/‘icc'ync
= 61 C’yﬁb —F 'yki Cknb - F 'yci cﬁb - F 'yTi T‘Hb
- 8bF’yﬂi + C'ykakKi + C’ychclz + C'yerrni - 81)'/\/’1’60'7&0‘
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4. Ricci identities for V

From (2.6) it follows
VxVyZ = [(Z7,)Y"]a X",

1) = Z”Iﬁ GRS ARCEP GL)
= (ZipaY" + Z]5Y10) X0y

From (2.6), (3.3) and (3.4) we obtain
(4.2) Vixy)Z = Z4lX, Y%, = A+ B,
where
(4.3) A=Z1,[X(0aY") = Y (0. X)),

= Zxev), —vex) - (), -T0)xv%s,
(4.4) B = XY [Z7|N;G + Z7||gM )6,

+ (XY =Y X 27| (0uNT)S,
(XY YIXN) 2] (0,MP)5,,
Taking into account (2.14) and (2.15) we obtain

(4.5) A+B= [zvlﬁ

From (4.1), (4.2) and (4.5) we obtain
R(X,Y)Z = (274, = Zjajp + 21, T5) X Y74,

(46) L 2 TR (XY —yexP)s
= 50510 = Zaip t 2115 - )05
From (4.6) and (3.12) it follows:

Theorem 4.1. The Ricci equations for the second order gauge con-
nection V have the form:

Y Y
(4.7) Z g0 — 72

lex]

xey? —vext ) - 20 75, XYP| 6,
( ) = 2T

|

s+ 27, Tf =R, 2"

(4.7) contains 32 types of Ricci equations, because each Greek in-
dex may be an element from one of the sets: {i,j, h,k,l}, {a,b,c,d, e},

{p.q;7,s,t}.
For (8,a) = (4,4) (4.7) becomes

[k*ji
=R.Z¥4+ R Z°+R". ZP,

k ji c jt D ji

k c
Zsi = 2y + 20T + 27T + 27T
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for (8,a) = (p,i) (4.7) takes the form

ZWlei - ZTiHP + ZT}ngki + Z’Y|6Tpci + Z’YHTTpTi
=R] Z¥4+R) Z°+ R .Z" et.c.

k pi c pi T pi
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