Solution of a problem of B. de la Rosa

By L. C. A. van LEEUWEN (Groningen)

1. Introduction

In a previous paper [1] B. DE LA RosA has introduced the radicals r,, r, and r,
for general left A-modules, where A is an associative ring, without any assumptions
on commutativity or the existence of a unity element. For the definitions of these
radicals and other concepts we refer to his paper. B. de la Rosa conjectures that,
in general, r,>rg. The purpose of this paper is to show that this is indeed the
case.

2. Construction of the ring A

In order to prove that ry+#ry, we use a ring A, such that r,(4)*A4 but
rs(A)=A. The ring A4 is constructed similarly as the Q-ring 4 used by F. A. SzAsz
[2]. Let K be a field and I" be an index set, where |I'|=8,. A is an algebra over K
with the basic elements a,, ry,, 5.9(2, B, 7,8, 1, 9€I). Any element a in A has
the form

(*) a =Z*f{iam+z*e”r¢‘ﬂj+_12: gijkslfﬂj?k’
i iJ L,

where 7;, ¢;;, 0;%€K and all three sums XZ* are finite.
The multiplication of the basic elements is defined according to the tabel

a, r o qus

a, a, sumr saqs

ruﬂ 6.82 aa 65: F an 63: saqs

Sapy 5?! a, 6,,3,,,, 5?=Sw19

where é,; is the Kronecker symbol.

Because of the multiplication table one can show that the multiplication in A4
1s associative. Let L be the subalgebra of A, generated by all elements rg,, 5,,5.
Without the operator set K, we get that 4 is an associative ring and L is a left
ideal in A.

The left A-modules are the left ideals in A, so L is a left A-module. First we show
that L a X'-submodule of A4 is, i.e. if x€A4 and Axc L, then x€L (cf. [1], definition
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3.1). Let Axc L for an element x€ 4 and suppose that x¢ L. Then, in the representa-
tion () of x, at least one of the =m; is #0 (m<K). It follows that (mi'rg,)x=
=ag+i" and, since AxCL, a;+I'€L. Hence az€L, which is impossible. So x€L
and L is a 2'-submodule of 4: Le XY . Next we prove that L is a X'-maximal sub-
module of A, i.e. a 2*-submodule of A. In fact we show that L is a maximal left
ideal in 4. Let a4 L, then we prove that La+L=A. This shows that the left ideal
in A, generated by L and a, is A. Since a4 L, there exists an element 7;=0, M€K,
in the representation (*) of a. Take an arbitrary element f€I’ and an arbitrary
clement e€K. Then n7'e"fuya=eaz+!”, I"€L, or eay=n;'e fuya—
—1"€La+L. So any element of A4 belongs to La+L or A=La+L. Then L is
a X%-submodule of 4 or L¢ X%.

Since ry(A4)= ] S if X% =0, we get that ry(A)S L and ry(4)#A.
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A maximal left ideal L of the ring 4 is a Z3-submodule of A if there exists
an a€ A such that ax—x€L for all xé 4. Now we show that L is not a Z3-submodule
of A or that L¢ 23.

Suppose then that there exists an element a€ A4 such that ax—x€ L for all x€ 4.
Then y(ax—x)EL for all x,y€A4 or [y(a—1)]xcL for all x, y€A.

a) If acL then a-Z' e ,,,J-{-Z‘ Oijk Saip e SinCe 2* and 2™ are
i g,k

finite sums and |I| is lnﬁmte, there e}usts an index ecrl' such that e=f;, ey,
for all f;, 7« in the representation of a. Hence

aa, = %‘* eijaﬂj:aa;"";': aijka‘pkxacg = 0:

so aa,—a,= —a,€ L. Contradiction.

b) If a¢ L then there exists an element 7K, 7;#0 in the representation of a.
Choose y=mn;'rs, in A, then y(a—1)=az+/, I¢L. Therefore (az+I)xcL for
all xéA. As I€ L, one can find, cxaclly as in case (a), an index e€I” such that /a,=0.
Then (ay+Il)a,=ay€L, which is a contradiction. So L¢X%.

This last result enables us to show that X% =0. Suppose, on the contrary,
that L'€ 2% ie. L’ is a maximal left ideal in A and there exists an element a€ A
such that ax—x¢ L’ for all x€ A. Let a have the representation (*). Since |I'| is in-
finite and all sums X*, occuring in the representation (*), are finite, we can choose
an index ¢€I” such that ¢=a;, syﬂéﬁj and e#y, for any choice of a;, f; or y; in (*).

Take x=r, in A (n is arbitrary in I). Then ar,—r,cL. Also

(Z!' eurm,,j)rﬂl g €ij a8, Ten 2 €j0p,eTan="0. Similarly (Z' amsm,m)r,,,bﬁ
And (Z*zr,a) Z*na,‘rm—z RS0 Hence a r, r,,,EL’ implies that

+2’ Y S o for all yerI'. Then take r;,,, where A is arbitrarily chosen
(inI). It follows that

(ri)(— r,,,+%'* i Suyen) = —rz,,+zl,'* T 2eSaen = —Taq€ L’ for all A, ner.

Hence r;,€L’ for all 2, n€r.
Now choose x=s,,5, then as,;—s,4€L". Using the representation (*) of
a and proceeding as above, one gets that —s,,3+ > " m;s,,,€L" for all pu, 9€rI.
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Hence (r,)(—Sps+ 2" M, 5)=—S,,s€L" for all v, u, 9€I. So s,,,€L" for all
i

v, u, 9T, Then the subalgebra of A, generated by all r,,, s,,5, belongs to L, i.e.
LS L’. However L, L’ are maximal left ideals, so L=L’. Then L¢ZX%, which is
a contradiction. This shows that L’¢ 2% does not exists, so 2% =0. By definition,
rs(A)=A ([1], definition 2.2).

We have seen that ry(4)#A4, so, in general, ry#r,.
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