Holomorphy theory of F loops

By F. LEONG (U.S.M,, Malaysia)

D. A. RoBiNsON has written ‘“Holomorphy Theory of Extra Loops™ [6]. The
present paper extends the results in his paper to a class of loops much wider than
that of extra loops. All terms and symbols follow those in [2], [3] unless other-
wise stated.

Let G be a Moufang loop. G, is defined as the subloop generated by all the
associators (x, y, z) of G and G. is defined as the subloop generated by all the com-
mutators [x, y] of G. G, is normal in G, [5].

An F loop is a Moufang loop such that if H is a subloop generated by any
three elements, then H,cCZ(H) where Z(H) is the centre of H.

An EF loop G is an F loop such that G, is nilpotent.

A pE loop G is a Moufang loop such that G/N is commutative of exponent
p, p a prime and N is the nucleus of G.

It is known that extra loops [4] and commutative Moufang loops [1] are 2E
joops and 3E loops respectively. We also have the following:

Result: If G is a Moufang loop such that G/N is commutative, then G is an
EF loop.

PrROOF. As G/N is commutative, G.CN. By [2], p. 125, L 5.5, G is an F loop.
By [2], p. 161, T. 11.4, (G/N) =G’N/N is of exponent 3. Thus, (G'N)*=N and
GicN. By [3], G3c Z(G,). As G,/G? is a 3-loop, it is nilpotent. Thus G, is nilpotent
and G is an EF loop.

Definition. Let G be a loop and & a group of automorphisms of G. Let
H=(o, G)={(A, a)| A o/, ac G}. Multiplication on H is defined as: (4, a)(B, b)=
=(AB, aBb). Then, H is a loop which is called the &/ holomorph of G. See [1],
p- 336, Sec. 5.

Lemma 1. Let G be a loop and <« a group of automorphisms. Let H=(d/, G)
be the of holomorph of G. Writing

(4, a)(B, b) = (B, b)(A, @) (Ko X) .o vveennaen. (R)

(4, a)(B, b)+(C, ¢) = ((4, a)- (B, b)(C, 0))(, p). .. (S)
Then,

X = [A, B), aBb = (bAa)[A, B]-x

Y = ], y=(aBC, bC, ¢).
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ProOF. By definition and computation.

Definition. Let G be an 1. P. loop. Let M[G], the Moufang nucleus of G, be
defined as the set {g|g€G, gx-yg=(g-xy)g, Vx, y€G}. It is proved in [1], p. 297,
T.4A that M[G] is a Moufang loop.

Proposition 1. Let H=(o, G) where o is a group of automorphisms of the
Moufang loop G. Then

(a) M[H)={(A,a)|Ac e, acG,a '+aBc N(G)Y Be ).

(b) G is an F loop=M|[H] is an F loop.

(c) G is an EF loop=M|[H] is an EF loop.

(d) G is a pE loop=M[H] is a pE loop.

PROOF.

(a) By [1], p. 336, T.5A, (V).

(b) Let (4, a), (B, b), (C, c)¢e M[H]. By (a) and lemma 1 (R), [(B, b), (C, ¢)]=
=([B, C], [b, c]ny), nsc N. By (a) and lemma 1 (S), (4, a), (B, b), [(B, b), (C, 0)])=
=(1, (any, bny, [b, c]ny)), my, neN, =(1, (a, b, [b, c)))=(/,1) as G is an F loop.

(c) By (a) and lemma 1 (S), every associator ofM[H] is of the form (l (a, b, ©)),
a, b, c€G. Conversely, every element (1, (a, b, ¢)) is in H, since it is equal to
((1, a), (1, b), (1, ¢)). Thus M[H],=G,. Since G, is nilpotent, (M[H)), is nilpotent.

(d) Let (4, a), (B, b), (C,c),(D,d)¢eM[H]. By (a) and lemma 1| (R),

[(A4, a), (B, b)]=([A, B], [a, b]n), nc N=([A4, B], n,), n,c N, as G is an pE loop. By (a)
and lemma 1 (S), ((C, ¢), (D, d), [(4, a), (B, b)])=(1, (cny, dny, ny)) ease;: =(I, 1) n,,
n,€N.

Also, by (a), (A4, a?)=(A", a’n,), ns¢ N. As a’e€N, (A, a)’c N(M[H]). Thus,
M[H] is a pE loop.

Proposition 2. Let </ be a group of automorphisms of a loop G. Let H=(, G).
Then gAcgNY Ac o, VgcG together with G being

(a) an F loop<H is an F loop;

(b) an EF loop<H is an EF loop;

(¢) a pE loop<H is an pE loop.

PROOF. (a) Suppose H is an F loop. Then, G is an F loop since it is isomorphic
to a subloop (7, G) of H. Since H is Moufang, M[H]=H. By Proposition 1 (a),
gAECENYEEG, YAEHA.

Conversely, suppose G is an Floop with gA€gNvgeG, YAco/. Then, M[H]|=H
by Proposition 1 (a) and H is an F loop by Proposition 1 (b). The other cases are
similarly treated.

Remark. (c) is a generalization of the Main Theorem in [6].

Lemma 2. Let G be a Moufang loop such that G.C N and let Aut (G) be the
group of automorphisms of G. Let

o = {A|AcAut (G), gAcgN, YgeG).

Then, cither o is a nontrivial subgroup of Aut(G) or |G|=2.
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PrROOF. By [5], as G.€N, R3(x, y)eAut (G), x, y€G. As shown before, GEC N.
Then, zR3(x, y)=2z(z, x, y)*€zG3CzN, Yz€G. So, R¥(x, y)e .

Suppose R3(x, y)=I1¥x, yeG. Then (z,x, y)*=1Yz€G. Thus., z2¢ N. Hence
G/N is a commutative Moufang loop of exponent 3. By [1], p. 302, (iv), /(G)c
< Aut (G). In particular, T(x)€Aut (G)Yx€G. As G.CN, T(x)eof since gT(x)=
=glg, z]Vgea.

Suppose T(x)=I¥x€G. Then G is a commutative Moufang loop. Let
2,6 Z,—Z. Then, R(zy, w)#1I for some weG. Hence, xR(z,, w)=x(x, zy, W)EXZ=
=xNV¥x€G. This implies that R(z,, w)eof. If Z,=Z, then G is an abelian group.
Then, o/ =Aut(G)#1 unless G=C, or 1.

Corollary: 3 a strictly increasing sequence of EF loops.

Let G be any nonassociative Moufang loop such that G.c N. By our result,
it is an EF loop. Let H=(«, G) where o/ is defined by lemma 2. It is easy to
see that H.c N(H). Continue with H.

Corollary: 3 a nonassociative pE loop of order p" for any n=4 if p=3 and
any n=5 if p=3.

ProOF. For p=3; the existence of a non-associative Moufang loop G of order
p* is well known. It is clear that 3x, y€G such that R(x, y) is an automorphism
of G of order p and that gR(x, y)égNVgeG. Let o =(R(x,y)); H=(,G). By
Proposition 2 (¢) H is a pE loop of order p°. As H/(I, G)=(«, 1), H,=G,=C,.
Continue with H.

For p=5: By [7], p. 408, those Moufang loops constructed can be verified
to be nonassociative pE loops of order p®. Proceed as above.
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