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The Second International Symposium on Functional Equations and Inequalities
was held in Debrecen, Hungary from August 20 to August 26, 1979. It was sponsored
by the Hungarian Academy of Sciences with additional support from the L. Kossuth
University of Debrecen and the Technical University for Heavy Industry of Miskolc.
The Symposium was organized by the Mathematical Institute of the L. Kossuth
University. The Organizing Committee consisted of Profs. J. BALAzs, Z. DAROCzZY,
I. FENYO, M. HosszU, A. K6sa, K. LAJKO (secretary), L. LosoNnczi, K. TANDORI,
E. VINCZE. :

There was 75 participants from 13 countries.

The meeting was opened on Tuesday, August 21, 10:00 a.m. by Prof. Z. DARG-
czy. After this the scientific programme began. 52 papers were presented. Among
the principal topics considered were: classical equations and types of equations,
convex functions, inequalities for mean values, differential inequalities, iterative
equations. Many interesting applications were discussed in particular to combi-
natorics, probability, statistics, information theory and number theory.

The programme of the meeting included an excursion to Hortobagy (the Hun-
garian Plain) and to a Farmer’s Cooperative in Balmaztjvéros.

The full list of participants follows:
AHMAD, I. R. (Salmiyah, Kuwait)
BaiNov, D. D. (Sofia, Bulgaria)
BALAzs, J. (Budapest, Hungary)
BAroON, K. (Katowice, Poland)
BELTEKY, K. (Debrecen, Hungary)
Benz, W. (Hamburg, GFR)
BiLinski, S. (Zagreb, Yougoslavia)
BryYDAK, D. (Krakow, Poland and Port Harcourt, Nigeria)
CHoczewsKl, B. (Krakow, Poland)
CoLrAaTz, L. (Hamburg, GFR)
CzerRWIK, S. (Katowice, Poland)
DARGczY, Z. (Debrecen, Hungary)
FENYO, 1. (Budapest, Hungary)
Fawzy, TH. (Riyadh, Saudi Arabia)
GER, J. (Katowice, Poland)

GEeRr, R. (Katowice, Poland)
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GEeszTELYI, E. (Debrecen, Hungary)
GRrzasLEwICZ, A. (Krakow, Poland)
GYIRES, B. (Debrecen, Hungary)
HaJbsy, A. (Budapest, Hungary)
HosszuU, M. (G6dollé, Hungary)
JANKO, B. (Cluj-Napoca, Roumania and Budapest, Hungary)
JArAIL, A. (Debrecen, Hungary)
Jarczyk, W. (Katowice, Poland)
KaIries, H. H. (Clausthal, GFR)
KANTOR, S. (Debrecen, Hungary)
MRs. KANTOR (Debrecen, Hungary)
KATa1, 1. (Budapest, Hungary)
KoMINEK, Z. (Katowice, Poland)
K0saA, A. (Budapest, Hungary)
KRAUTER, A. R. (Graz, Austria)
KrUPPEL, M. (Giistrow, GDR)
Kuczma, MArcIN E. (Warsaw, Poland)
Kuczma, MAREK (Katowice, Poland)
LAJKkO, K. (Debrecen, Hungary)
Losonczi, L. (Debrecen, Hungary)
MAKALI, I. (Debrecen, Hungary)
MaksA, Gy. (Debrecen, Hungary)
MRs. MAksA (Debrecen, Hungary)
MATKOWSKI, J. (Bielsko-Biala, Poland)
MIDURA, S. (Rzeszow, Poland)
MILUSEVA, S. D. (Sofia, Bulgaria)
MOOR, A. (Sopron, Hungary)
MUNEER, J. (Khartoum, Sudan)
NAGY, B. (Budapest, Hungary)

MRs. NAGY (Budapest, Hungary)
NikopeM, K. (Katowice, Poland)
NIKODEMUSZ, A. (Miskole, Hungary)
PALES, Zs. (Debrecen, Hungary)
PeLIUH, P. G. (Kiev, USSR)
Powaska, Z. (Krakow, Poland)
Raisz, P. (Miskolc, Hungary)

MRs. Raisz (Miskolc, Hungary)
REIcH, L. (Graz, Austria)

RIMAN, J. (Debrecen, Hungary)
RuTtkovszky, E. (Debrecen, Hungary)
SaBLIK, M. (Katowice, Poland)
SAarkovszku, A. N. (Kiev, USSR)
MRS, SCHMAUSER (Miskolc, Hungary)
SCHWAIGER, J. (Graz, Austria)
SMAIDOR, A. (Katowice, Poland)
Snow, DoNALD R. (Provo-Utah, USA)
STERN, M. (Halle, GDR)

SUMEGI, L. (Debrecen, Hungary)
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SzABO, Gy. (Debrecen, Hungary)
SzAz, A. (Debrecen, Hungary)
SzEKELYHIDI, L. (Debrecen, Hungary)
TURDZA, E. (Krakéw, Poland)
UHRIN, B. (Budapest, Hungary)

V Nczg, E. (Miskole, Hungary)
WAaLTER, W. (Karlsruhe, GFR)
WEGRZYK, R. (Warsaw, Poland)
WorLopzZko, S. (Krakow, Poland)
ZAHARIEV, A. L. (Sofia, Bulgaria)
ZpuN, M. C. (Katowice, Poland)
During the last session Prof. M. HosszU thanked the sponsors hosts and par-

ticipants for their cooperation and effort.

Professors S. BiLinsk1 and L. CoLLATZ thanked, in the name of the participants,

the organizing committee and their co-workers to whose efforts both the scientific
and social success of the symposium was due.

The conference closed at 12:00 a.m., on Saturday, August 25, 1979.
The abstracts of the talks follow in chronological order of presentation.

NikopeM, K.: On quadratic stochastic processes

Let (2, o, P) be an arbitrary probability space. A stochastic process x: RX 2-+R

is called:

1) quadratic iff for all », vER
x(u+v, )+x(u—uv, ) =2x(u, +)+2x(, +) (a.e.),
2) P-bounded on a non-empty set ACR iff
lim sup {P({w€Q: |x(1, )| = n})} =0,

n—=oo

3) continuous at the point #,€R iff
P-lim X(f, ') = x(r{l’ ')9
[ g 'Y

where P-lim denote the limit in probability.
We have the following

Theorem. If a stochastic process x: RXQ—R is quadratic then the following

conditions are equivalent:

1n*

a) x is P-bounded on a set ACR of positive inner Lebesgue measure or of the
second category with the Baire property,

b) x is continuous at every point t€R,

c) for any teR x(t, -)=1*x(1, +) (a.e.).

Losonczi, L.: Remarks on additive functions

Let I,={(p1, .--» P)|P; =0, Zn'p¢=l} be the set of all n-ary probability dis-
i=1
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tributions. The general solution of the functional equation

k ]

) 2 2 F/pi,g)=0

=1 j=1

is given, where F: [0, 1]1X[0, 1]-=R, (py, ..., pJET, (qu, ..., q)ET,, k, I are fixed.
Special cases of (1) are also investigated.

CzeErWIK, S.: Random solutions of system of functional equation

We assume the following hypotheses:
(I) Let (2, U, p) be a probability space. Let F;: Qx{a, b) XR"—=R, (i=1, ...,n)
be measurable in w, continuous in the second variable and

|ﬂ(0), Xy Y1y ooy yu)—ﬁ(w! Xy Zys eens Zn)l ERZ; ai.k(w)lyk_-zklv

o€, x€la,b), y;,z€R, i=1,...,n,

where a; ,: Q-+(0, «), i, k=1, ..., n.
(II) The functions f; ,: {(a, b)—~{a, b), i, k=1, ..., n are continuous.

Theorem. Let (1), (11) be fulfilled. If, moreover, the characteristic roots of the
matrix [a;  (0)]} k=1 for w€ Q are by modulus less than one, then the system of equations

Fi(w, %, o1 [fi 1 (X)), .-y @,[fi.a(®)]) = @;(x),
weQ, xe{a,b), i=1,...,n

has exactly one Carathéodory solution, i.e. there is exactly one system of functions
@i: QX {a,b)-R, i=1, ..., n such that

1) ¢:, i=1,...,n are measurable in @ and continuous in the second variable,

2) for weQ, x€{a,b), i=1,...,n

F;((D, X, (pl[w: fi.l(x)]: seey (P,,[OJ, f:‘.n(x)]) : fP,-(CO, x)-

It is a consequence of a fixed point theorem for the system of random opera-

tors and some properties (with respect to measurability) of sets of continuous
functions.

KOMINEK, Z.: On the continuity of additive and Q-convex function

In the theory of additive and convex functions (in the sense of Jensen) the
problem of the continuity is the most important. In particular we may ash about
the assumptions on a set 7 which are sufficient for an additive (or convex) func-
tion whose the restriction to the set 7 is continuous, to be continuous, The following
theorems hold:
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Theorem 1 ([1]). If the restriction of an additive real-valued function f of a real
variable to an analytic set containing a Hamel basis is continuous, then f is continuous.

Theorem 2 ([2]). If the restriction of a real-valued convex function f of a real
variable to a set T such that the set

(1) Tit.o+T, = {x€R|x = i+ ...44; (LET =T 1 =1, ..., n)

is a non-open interval is continuous, then f is continuous.

Theorem 3 ([2]). If the restriction of a real-valued convex function f of a real
variable to a second category Baire set is continuous, then f is continuous.

[1] Jones, F. B., Measure and other properties of a Hamel Basis, Bull. Amer. Math. Soc. 48 (1942),
472—481.

[2] Kominex, Z., On the continuity of Q-convex functions and additive functions, Aeq. Math.
(to appear ).

WEGRZYK, R.: On the existence of continuous solutions of functional equations
of n-th order with multivalued functions

We give some theorems about the existence of continuous solutions of the
functional equation of n-th order

(1 @(x)€ - H(x, o[f;(x)), ..., o[f.(x)]),

where ¢ is an unknown function, and a multivalued function H, and functions
fi» i=1, ..., n are given. These results can be found in [1].

[1] WeGrzYK, R., Fixed-point theorems for multivalued functions and their applications to func-
tional equations, Dissert. Math. (to appear).

KRUPPEL, M.: FEindeutigkeitssdtze fiir Funktionalgleichungen

Fiir die Funktionalgleichung

elf ()] = g(x, ¢(x))

wird ein Eindeutigkeitssatz fiir stetige Losungen und fiir die Gleichung
e[f(x)] = gle(x)]

ein Eindeutigkeitssatz fiir streng monotone Ldsungen gebracht. Die wesentliche
Voraussetzung in beiden Sidtzen ist, daB bei der Funktion f keine singuldren und
reguldren Intervalle auftreten (vgl. [1], [2]). Diese Bedingung erfiillen z. B. die Tsche-
byschew-Polynome in Intervall [—1, 1].

[1] Barna, B., Uber die Iteration reeller Funktionen I, II, IIl, Publ. Math. ( Debrecen) 1960,
(16—40); 1966, (169—172); 1975, (269—278).

(2] KrUPPEL, M., Beitrige zur Theorie der vertauschbaren Funktionen, Math. Nachr. 56 (1973),
73—100.
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TURDZA, E.: On the inequality ¥ (x+y)=¥(x)¥(y)
The general and the continuous solutions of the inequality

(1 Y(x+y)=¥Y(x)¥Y(),

where ¥: R—R, are given.

Let us denote by B — a non-empty additive subgroup of real numbers, by
Y — a function defined and subadditive on B, by 4 — a set which has exactly one
common point with each sum of cosets [a]U[—al, ad¢ B, by {®,}.c « — a family of
functions satisfying the conditions

(2) Y(x+y) = P, (x)+D,(y), (x,y)E[a]lX[—a]
(3) P, (x+y) = P, (x)+¥(y), (x, y)E[a]XB, a4 B.

The main result is the following:
The general solution of inequality (1) which takes on positive and negative
values has the form

™ xcB
Y (x) = [_eo_tx), x€[a]U[—a], a§ B,

where the functions , @, defined above, satisfy conditions (2) and (3).

SzAz, A.: Quotient spaces defined by linear relations

Definition. If S is a linear relation from X into ¥, then we define

Y|S = {S(x): xcX},
and
S(x)+S(y) = S(x+y) and A-S(x) = S(/ix).

Moreover, if in addition X is a topological vector space, then we consider Y|S to
be equipped with the finest topology for which the mapping ¢g defined on X by
ps(x)=S(x) is continuous.

Theorem 1. Let S be a linear relation from X into Y. Then Y |S is a vector
space and @g is a linear mapping of X onto Y |S. Moreover, if in addition X is a top-
ological vector space, then Y |S is also a topological vector space and g is an open

mapping.

Remark. We call Y'|S the quotient space of Y defined by S, and ¢y the projec-
tion of X onto Y|S.

If M is a subspace of a vector space X and R is the linear equivalence relation
on X such that R(0)=M, then X|M=X|R is called the quotient space of X
modulo M.

Theorem 2. Let S be a linear relation from X onto Y. Then the vector spaces
Y |S and Y |S(0) are identical. Moreover, if in addition X is a topological vector space,
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F is a family of linear selections for S, and Y is equipped with the finest vector topology
for which each fc F is continuous, then the topological vector spaces Y |S and Y |S(0)
are also identical.

Corollary. Let S be a linear relation from a topological vector space X onto
Y, # be a family of linear selections for S, and equip Y with the finest vector top-
ology for which each f€# is continuous. Then S is lower semi-continuous.

Theorem 3. Let S be a linear relation from a topological vector space X onto
Y, and equip Y with the coarsest topology for which the projection ¢ of Y onto Y |S
is continuous. Then Y is a topological vector space such that S is an open relation
and every linear selection for S is continuous.

Kuczma, MArcIN E.: Differentiation of implicit mappings and Steinhaus’ theo-
rem in topological measure spaces

Considered is the equation of implicit mappings F(x, y)=z. Assume that this
equation defines each of the three variables as a function of the remaining two:
y=0(x, z), x=y(z, y); it is well known that if the domain of x, y, z is (a piece of)
R" and if F is C* with non-singular D, F, D, F, then also ¢ and y are C* and their
derivatives are expressed in terms of the derivatives of F. This theorem is extended
to the situation where the domain is a topological space with a regular Borel measure;
the condition of being of class C! is now understood in the sense of the existence
and continuity of suitable Radon—Nikodym derivatives.

Steinhaus’ theorem which asserts that for any sets 4, B R of positive Lebesgue
measure the set 4+ B has interior points admits various generalizations. E.g.
(ErpGs—OxTOBY and others), addition may be replaced by any binary C*'-opera-
tion with non-vanishing partial derivatives. Another type of generalization (WEIL)
consists in replacing the real line and Lebesgue measure by a locally compact group
and Haar measure. A theorem comprising these two results (A, B subsets of a top-
ological measure space, addition replaced by an operation F(x, y) which is coordi-
nate-wise bijective, non-singular and continuously Radon-Nikodym differentiable)
is obtained as an application of the extended theorem on the differentiation of
implicit mappings.

Problems for further research are indicated.

GRZASLEWICZ, A.: Remarks to additive functions

An additive function d: C—C is termed a derivation on C if it satisfies one of
the following conditions

d(xy) = xd(y)+yd(x) (x, ye0),
Ay =—xtd [%] (x€C, x #0),

d(x*) = 2xd(x) (xeC).
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Theorem 1. If f: C—C is an additive function then the following four condi-
tions are equivalent

169 = X+ 3/ () —x3/ (1) (x, y€C),
o =—vr(L)+290)  xec,x =0,

J(x*) = 2xf(x)—x*f(1) (x€0),
f(x) =d(x)+ax (x€C),

where d is a derivation on C and a is a complex constant.

Theorem 2. An additive function f: C—C satisfies the equation

ver=xf(L)] @ecx=0

iff f(x)=ax for all xcC, where a is a complex constant or f is a derivation on C.

Problem: Solve the equation

oo = [e(1)] ecx <o),

where f, g: C—C are additive functions.

STERN, M.: On the monotonity of a rank function in certain lattices
JARCZYK, W.: On a set of functional equations having continuous solutions

Let C[0, a] denote the space of all real-valued continuous functions defined
on a compact interval [0, a). We introduce in C[0, @] the metric

e(hy, hy) = sup |[h; —hy|.
[0, a]

Let us put
C,l0, a] = {heCJO0, a]: h(0) = 0}.

Suppose that functions f, g€C[0, a], 0<f(x)<x and g(x)=0 for every x€[0, a]. We
define H, , as the set of all functions #€C[0, a] for which the equation

@of = gp+h
has a solution ¢ in C[0, al.
Under these assumptions our main result states that if g(0)=1, then H, , is
a set of the first category in Cy[0, a], if g(0)=—1, then H, , is a set of the first cat-
egory in C[0, a]. Moreover, if f is a strictly increasing in [0, @] and |g(0)|#1, then
H; ,=CI[0, a].
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BiLINSKI, S.: Die zu einer Gruppe gehdrenden Funktionalgleichung

Wenn eine Funktionalgleichung bei Anwendung aller Operatoren w, einer
diskreten Transformationsgruppe G,={w, ..., »,} endlicher Ordnung invariant
bleibt, so soll diese eine ,,zur Gruppe G, gehdrende Funktionalgleichung™ heiBBen.
Es wird die allgemeine Form gegeben in welcher jede zur Gruppe G, gehorende
Funktionalgleichung dargestellt werden kann, und es werden Beispiele solcher Funk-
tionalgleichungen gegeben und geldst. Auf diese Beispielen wird auch der Begriff von
Paaren konjugirter Funktionalgleichungen erklirt. Man betrachtet auch den Fall,
daB die Elemente der Operatorengruppe Substitutionen sind, und auch den beson-
deren Fall, daB eine solche Gruppe zyklisch ist. Wird die Erzeugende der Gruppe
zyklisch und durch elementenfremde Zyklen dargestellt, so wird die Funktional-
gleichung, je nach der Anzahl dieser Zyklen, monozyklisch, bizyklisch, trizyklisch, ...
..., polyzyklisch genannt.

MuUNEER JousiF ELNOUR: Hermite Interpolation and Cauchy Problem

In the following we are going to use Hermite interpolation polynomial for
approximating the first and second order differential equations given the boundary
conditions. The fundamental points of interpolation are the roots of the Tche-
bycheff' polynomial of the first kind.

We are considering:

1) y' =f(x,y), where feC?(—1,1]xR) and
n41

Ouis(e 1) = )"whv(X)+v.=_5n,; 7ok, (x).

¥, and y{ are approximate values obtained by a one step method. A,(x) and
k,(x) are the modified Hermite fundamental polynomials.

2) y"=f(x,y,¥"), where feC*([—1, 1]XR?) and the modified Hermite inter-
polation polynomial is also given.

In the first case the order of approximation is obtained to be

A o, [ 1 ]

sWs |
n

10821 (%, 1) =y () = ——

where s=0, 1 and A, is a constant independent of » and x.
For the second case:
5
B, (Ug [T]

1083 (x, ) —y¥ (%) = e o

where s=0, 1, 2 and B, is a constant independent of n and x.
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DarOczy, Z.: Funktionalgleichungen und Ungleichungen in der Theorie der Mit-
telwerten

Es bezeichne Q(R.) die Menge der differenzierbaren Funktionen ¢: R, -R
mit der Eigenschaft ¢’(¢)#0 fiir alle 7€R, . Weiter sei P(R,) die Menge der steti-
gen Funktionen f: R, —~R_. Ist x=(x,, ..., x,)ER", so wird die GriBe

Mo(x); = ¢! [é; f(xf)‘.o(-"i)/éfl’x.‘)]

der Mittelwert von x genannt, wo @€ Q(R,) und f€ P(R.) gewihlt sind. Im Vor-
trag werden die homogenen Mittelwerten und einige Ungleichungen fiir homogenen
Mittelwerten angegeben.

BaiNnov, D. D.—ZAHARIEV, A. 1.: O wuexomopbix obobWenult uHmMe2paIbHo2o
nepasencmea I ponyosia—>beaimana 041 GHyHKYull HECKOABKUX NEPEMEHHBIX

B pabGote nokasano HepaseHcTBO [ 'ponyonna—Bbennvana nna (yHkumii He-
CKOJILKMX mnepeMeHHbIX. B cnyuae nByx nepeMeHHbIX, 06JacThb HHTEr pHPOBAHMS
ABJIACTCS KOMMNAKTHBIM MHOXKECTBOM, KOTOpoe B obuieM ciyyae Heab3s NpeacTa-
BUTh Kak J€KapTOBOE MPOM3BEJCHUE WHTEPBAJIOB.

BARON, K.: On the system of functional inequalities in a single variable

Let S and X be a set and a topological space, respectively. Fix a positive real
number m and a € X. Assuming that a function f mapping SX X into X and func-
tions f;, 1 =i=m, mapping subsets of S*=I" into the extended reals are given con-
sider the system of functional inequalities

(%) M(x) = Bi(hof(+,x), l=i=m.

Under what conditions will the only solution Z: X—+[0, =)™ of (%) which is con-
tinuous at ¢ and vanishes & be the zero function?
An answer to this question is the subject of our talk.

PeLiun, G. P.: Hecaedosanue cucmem neauneiinwlx ¢byHKYUOHAABHBIX YpasHeHui
¢ 0CODEHHOCMAMU

PaccMaTpuBaloTCs CHCTEMbI HE/MHEHHLIX (DYHKUMOHAIBLHBIX YPaBHEHHI BHIA
A0 = Axi O+t 2D <. 0L 1=1, scomty

rae v;=0,0<Ai=<1, 40, byaxuwmit f;(t, x,, ..., x,) npuHaIexat knaccy C* (k-uenoe
NOJIOKHTEBHOE YHC/IO, 3aBUCAILee OT Vv;, i=1,...,n) B HEKOTOPOil OKPECTHOCTH
Havasa koopausart 0.

Haetcs npejacrabiieHue oOLiero pelleHns TakuX CHCTEM MpH JOCTATOYHO
manbix 1=>0.

M3yuaetcs nosefieHue pelieHuit npu 0.
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MILUSEVA, Sz. D.—BaAiNov, D. D.: O npumenenuu memooa ycpeonenusn k o0Hol
08yxmoueunoil kpaegoit 3adaya 041 cucmem ouddepenyuaibHvlx ypasuenuil cooep-
HCAUJUX HECKOABKO MAAbIX nApamenipos

B nHacrosueii pabote paccMaTpuBaeTCs JBYXTOUCYHAA KpaeBas 3ajaya JUisl CHC-
TeM 0OBLIKHOBEHHBLIX U depeHInaNIbHBIX YpaBHEHHIT, coiepKallas HeCKOJIbKO MaIbIX
napaMeTpoB C pa3jiIMYHBIMH MopsiakamMu masocTu. [pumensiercs cnoco6 nosnyue-
HUSl IMarOHaIbHOI YCPEHEHHOH CHCTEMHU, KOTOPbIf OCHOBBIBACTCH MOCJIEA0BATE b~
HOMY MPHMEHEHHIO MPOIECCa YCPEAHEHHSA MO TPACKTOPHAM BBIPAXKICHHBIX CHCTEM.

KuczMA, MAREK: Discrete limit sets of iterative sequences

Let X be a topological HausdorfT space and let /© X—X be a continuous func-
tions. For any x,€ X define the iterative sequence {x,} by

(N x+=flx) n=012,...

Let L;(x,) denote the set of the limit points of sequence (1). The problem is dis-
cussed as to what can be said about the mapping fon L,(x;) if we know that L,(x,)
is discrete. A particular case is a theorem of B. BARNA, saying that, if X is a com-
pact real interval, and the set L (x,), for a certain x,€ X, is finite, then L,(x,) is a

single cycle. We investigate to which extent this theorem can be extended to more
general spaces.

MaxksA, Gy.: The general solution of a funcnional equation related to the mixed
theory of information
Let R and D denote the set of all real numbers and the set

{(x, »)ER®: x, y€]0, 1[, x+y < 1},

respectively and let « be a fixed positive real number. The functional equation

(N f(l—x)+(1—x)’f(£]=f(y)+(l—y)’f[l—l—f};], (x, »)eD
(where the real-valued unknown function f is defined on ]0, 1[) has an important

role in the mixed theory of information.
KANNAPPAN [3] has shown that (1) implies

@  sw+a-0y() =rora-pr(). wnep

and

(3 J(x) =f(1-x), x€]0, I[
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except if x=2. The general solution of the system (2)—(3) is known (see DAROCZY [2]
and AczfL—DARrO6czy [1]). In this talk we present the general solution of (1) in
case a=2.

References

[1] AcziL, J., DAROCZY, Z., On measures of information and their characterizations, Academic
Press, New York—London 1975.

[2] DarOczY, Z., Generalized information functions, fnformation and Control, 16, 1970.

[3] KannaPPAN, PL., Note on generalized information function, Tohoku Math. J., 30, 1978,

SABLIK, M.: On proper linearly invariant ideals of sets

In the theory of functional equations in several variables investigated on a
restricted domain appears the notion of proper linearly invariant ideal of sets i.e.
non empty family 7 of subsets of the considered group X fulfilling the following
conditions

1. AUBEI for every A, Bel,

2. Acl, BCc A= B¢l

3. x—Ael for every x€X and A€/,

4. X¢L

We give examples for such ideals in topological groups. They are characterized
by the property that every set 4 from the ideal satisfies

lim m(ANK,)/m(K,) =0 (or ]i'l"llglfm (ANK)/m(K,) = 0),

where m is a nonnegative and subadditive set function invariant under translations
and reflections, while {K,: n€N} is a sequence of sets satisfying certain conditions.
Suitable examples show that these conditions are possibly the weakest ones for
which the characterization holds.

SCHWAIGER, J.: Analytic Iteration and Infinite-Dimensional Lie Groups

Given the set gf(n, C) of formal power series FE(C[XT])" with F(0)=0, it is
possible to define the structure of a sequential complete locally convex topological
C-vector space on it (‘convergence of coefficients’). Inspired by papers of D. Pisa-
NELLI on similar topics and using the fact, that

Gf(n, C) := {F|Fegf(n,C), F = AX+B(X), det A0}

is a group under substitution of formal power series one is able to put the structure
of an infinite dimensional Lie group on Gf(n, C). To do so the theory of analytic
functions in (certain) topological vector spaces is used. Applications can be given
in the theory of analytic iterations of series F€Gf(n, C) as developed by L. REICH
and J. SCHWAIGER. It is shown that the analytic iterations of F are exactly the one-
parameter groups (g.).cc of Gf(n, C) taking the value F at a=1.
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GeRr, R.: On a problem of Stanislaw Midura

In his paper “Sur la détermination de certains sous-groupes du groupe L! a
I'aide d’équations fonctionnelles™ (Dissertationes Mathematicae 105, PWN War-
szawa, 1973) S. MIDURA investigates, among others, the functional equation

(%) f(x+3f () =3f)f () —y) =f(x)—f ()

for functions f mapping the set R of all real numbers into itself. He proves there
that equation (*) has no nontrivial continuous solutions. He quotes also a remark
due to Z. MoszNER that equation (#) admits some discontinuous additive solu-
tions f: R—R.

During the 17" International Meeting on Functional Equations (Oberwolfach,
West Germany, June 1979) S. Midura has announced a result establishing the gen-
eral odd (as well as even) solution of (#); he asked also about the general solution
of the equation considered.

This question is surveyed and reported on.

BaiNov, D. D.—ANGELov, G. A.: @iobaibhbie pewienus HeAUHEUHbIX HYHK-
YUOHAALHLIX YpasHeHuii m-020 nopsodka 6 npocmparicmse LP

[Tpi nomouy METo1a AaKKPETHBHLIX ONEPATOPOB MOIYUEHbBI IOCTATOUYHbIE YCI10-
BUA C CYLIECTBOBAHHH H €IMHCTBEHHOCTH I100a71bHOTO PEIICHHA HEeJTHHEHHbIX QyHK-
LHOHAIbHBIX YPaBHEHMIi B MPOCTPAHCTBE CYMMHPYEMBIX ¢ p-0ii cTenenbio boxuepy
byukumii (1 = p<-ce).

BrRYDAK, D.: Monotonic solutions of a nonlinear functional equation

A sufficient condition for the solutions of the functional equation ¢[ f(x)]=
=g[x, ¢ (x)] to be monotonic is given in case where the equation has one-parameter
family of continuous solutions. A similar condition is also given for strictly mono-
tonic continuous solutions.

KRAUTER, A. R.: Uber einen Zusammenhang zwischen fraktioneller und analyti-
scher Iteration bei formal-biholomorphen Abbildungen

In seiner Arbeit [1], pp. 18—19, Satz 4, hat LupwiG REICH erstmals das Problem
behandelt, unter welchen Voraussetzungen aus der Existenz einer abzihlbaren Folge
von fraktionellen Iterierten (,,Wurzeln*) einer kontrahierenden biholomorphen Ab-
bildung F die analytische Iterierbarkeit von F folgt (fiir die entsprechenden Defini-
tionen vergleiche man [1], passim, sowie die dort zitierte Literatur!). Hier soll nun
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eine Verallgemeinerung dieses ErgebniBes im Falle beliebiger formalbiholomorpher
Abbildungen gebracht werden:

Satz.
Voraussetzungen:

(1) Es sei eine formal-biholomorphe Abbildung, deren Linearteil in JORDANscher
Normalform J vorliegt, und es sei A=(In g, ..., In g,) eine belicbige, aber feste
Wahl der Logarithmen der Eigenwerte von J.

(2) Es existiere eine abzdhlbare Folge (F'"1)jcx von Wurzeln von F mit ri<r;.,, so

1
dap der Linearteil J'"; von F'"; die Eigenwerte exp [T In 91] s viey P [;1” In Qn]
j J

besitzt und von kanonischer Struktur ist fiir alle jEN.
(3) Es seien F''"i und F"i+x miteinander vertauschbar fiir alle jEN.

Behauptung :
Dann existiert eine analytische Iteration von F beziiglich A.

Literatur:

[1] Lupwic ReicH, Uber analytische Iteration linearer und kontrahierender biholomorpher Abbil-
dungen. Berichte der Gesellschaft fiir Mathematik und Datenverarbeitung 42 (1971),
1—23.

REICH, L.: Fraktionelle Iteration formal-biholomorpher Abbildungen und biholo-
morpher Kontraktionen

Es sei F: x—>Ax+p(x) (x="(x,, ..., X,), 4 eine nichtsingulire komplexe (n, n)-
Matrix, p(x)="(p,(x), ..., p,(x)) eine Spalte von Potenzreihenvektoren p;(x) mit
ord p;(x)=2) ein ordnungserhaltender, den Grundkérper C elementweise festlassen-
der Automorphismus des Potenzreihenringes C[x,, ..., x,]. 1, ..., ¢, seien die Eigen-
werte von A, o;=¢j'™, j=1, ...,n, m=2, seien fest vorgegebene m-te Wurzeln der
Eigenwerte. Wir behandeln folgenden

Satz.

F besitzt genau dann eine m-te iterative Wurzel G (kurz G= F"'™ ), mit den Figen-
werten 6,, ..., 6, des Linearteils, falls F zu einer Normalform N der folgenden Bauart
konjugiert ist: Ist N: x—Ix+N(x), so treten in der Komponente N ;(x) von N (x) hich-
stens Monome x* wirklich auf, falls die Relation o;=0%'...0y" besteht (x*:=x{'... x3r).

Anwendungen auf biholomorphe Kontraktionen, Automorphismen ohne m-te
Waurzeln etc.
Benz, W.: On a functional equation of I. Fenyé

Consider
G:= {f : R = RIf)f(») = f(xep)f [f;—}-] Vx, ye R}
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and call FCR regular iff
Vx, yER x, yeF e xy, xTHE F.

Using regular sets 1. FENYO has constructed functions fin G by setting
(%) f(x) = Agp(x),

where A is a real constant, F a regular set, and where y is the characteristic func-
tion of F.

Remark. Since f(x)=yq(x), Q the field of rationals, is not a solution (because

otherwise
0=7Q2+1V3)f2-V3) =f(1)f(2)

a regular set cannot be defined by

¥x, yER x, ye F = xy, xTHEF.

Professor Fenyd posed the problem (s. problem 7., Report on “Conference on
functional equations™, 1979. Oberwolfach), whether all fEG are of type (*).
We can prove

Theorem 1. Given f€G there exist a regular set F and a real constant A such that
(*%) f(x) = Agp(x), for all real x = 0.

Given f€ G define F,:= {xcR|f(x)#0}. Consider the two properties
(i) 0 F,;
(i1) O£ F; and there exists a<0 in F.

Theorem 2. Given f€G such that one of the conditions (1), (ii) holds. Then ( * )
is also true for x =0, where F:= F;. If none of the conditions (i), (ii) holds then
J(x), x#0

g(x) = {arbitrary, x=0

is also in G.
(For instance

2 .%o
g(x)=11, x=0
0 X<l

is in G.)

Another theorem was mentioned having the consequence, that f€G is the
Heaviside-function iff

(1) 3acR f(a)=0, 31 =bER f(b)=1,

(2) fis continuous from the right in x=0.
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Snow, DoNALD R.: Using functional equations to obtain Pascal-type properties
and triangles for the various combination functions

This paper shows how Pascal’s property (for the binomial coefficients) and
generalizations for related functions can be obtained very simply by using a func-
tional equation system which describes the combination functions. These functions
are for combinations with various repetitions, e.g. elements used only once (binomial
coefficients), twice, at most a given number of times, unlimited repetitions, or vari-
ous finite numbers of times but not others such as elements used once, twice, or
four times, but not three nor more than four times. It will be shown that all of these
functions satisfy the same functional equation system but different initial condi-
tions so the study of any of these combination functions is equally simple using
this approach. The corresponding Pascal-type property and hence a Pascal-type
triangle are obtained immediately, and the approach leads to the generating func-
tion and other properties of each function. These generalized Pascal-type triangles
satisfy properties analogous to Pascal’s triangle itself, such as symmetry in certain
cases. The approach shows how all these functions are special cases of one structure
and hence gives a means of unifying and studying all related properties of combina-
tion functions.

CoLLATZ, L.: Differential-Inequalities in linear and nonlinear Boundary value
problems

Differential Inequalities have been successful in the theory and in the numerical
treatment of ordinary and partial differential equations. The numerical treatment
uses approximation theory and algorithms of optimization theory, and the use of
inequalities is in many cases the only method which gives exact numerical inclusions
for the wanted solution. Recently this was done in combination with the Finite-
Element methods in conlinear hyperbolic equations and in certain types of free
boundary value problems with partial differential equations. Numerical example
have been calculated on computers.

FAwzy, TH.: Matrix inequalities and the approximate solution of the differential
equation y"=f(x, y, ¥") with spline functions .

A new method for approximating solution of the initial value problem
y'=f(x, 3,9, y(x5)=y,. ¥ (xo)=1 is presented. It is a one-step method O(h" +2+%)
in y?(x), i=0,1,2,...,r+2 if feC" and f¢Lip o where 0<=a=1. The stability of
the method and A-stability are also investigated.

SARKOVSZKUI, A. N.: Acumnmomuyeckoe noseoexue pewieHuii HeUuHetHbIX @ yHK-
YUOHAABHBIX YPABHEHUIL

PaccmaTtpuBatoTes yHKIMOHANIBHLIC YPABHEHHUS BHA
(%) F(x(1), x(@(1)) =0,
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x(t): R* - R, t<=q@(t) npu 1=>0. PelueHust TakuX ypaBHEHHWH, KaK NMpaBHJIO, CTPEM-
ATCSA K KYCOYHO NMOCTOSHHBIM (DYHKIHAM HJIM OCUHJIJIMPYIOT ¢ HEOrpaHMYEHHO pac-
Tyuieil 4actoToi kojiebauuii, eciim (1) pacTeT He O4YeHb OLICTPO, HANPHMEP, €CIIU
@(t)=t+h, h=const. B HCKJIIOUMTE/IbHBIX C/y4asiX YpaBHEHHs ( * ) UMEHOT Hempe-
pbIBHbIE TepHOAHYecKHe peweHus. B uwactuoctw, npu @(f)=1+h ypaBHenus ()
MOryT UMETb PELUEHHS He TOJILKO C MepHoaoM h, HO M ¢ JwobbiM nmepHoaoM = h.

LAIKO, K.: Some general functional equations

Let R and R, be the set of real and positive real numbers, respectively. f;: R—-R
(i=1,..,n),2: R=-R,G: R*'=R,p,;: R,.—~R (i=], ....,n),q: R.—~R,Q0:RY"!-R
are arbitrary functions.

We give the general solutions of functional equations

(nH _!?f:(x.’) = g[é; xl] Gl =X, iy Byg=X)y  AXys s X JER,
] =q|2 L.l AR .
(2) ‘gps(x;)— q[g;x.-]Q(x",..., . ] (%4, o5 X)ERT,.

The equations (1) and (2) are important in the characterization of normal and
gamma distributions, respectively.

FENYO, 1.: Solution of a generalized Gamma-function equation

The holomorphic solution of the functional equation
Sz+1) =g@@)f(2) f(1)=1

is studied, where g(z) is a given holomorphic function in Re z=0.

KATAL 1. Arithmetical functions

More then 30 years ago P. ERDOs proved the following statement: if fis addi-
tive, and monotonic or f(n+1)—f(n)—0 then it is a constant multiple of log n. In
1969 1 proved that if f is additive and

2 [f(n+1)=f(n)| - 0.

|
X n=x

(1

then f=c log, that was a conjecture of P. Erdés. Later WIRSING deduced this assuming
only that

fim - > fn+1)—f(m)] -0

(2) X x=n=(1+79)x
y =0 const.

12 D
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In 1976 a great progress has been achieved by E. Wirsing by proving the following
statement: If f(n) is complex valued, completely additive and f(n + 1) —f(n) =o(log n),
then f(n)=c log n.

Hence I deduced the following assertion. If o, ..., o, 1S a non-trivial sequence
of complex numbers, f being a completely additive function such that

o f(n)+o, f(n+1)+...+o f(n+k)
log n

—-0,

then f=clog if ag+... +,=0, while =0, if ap+... +2, 0.
Similar assertion has been proved by P.D.T.A. ELLIOTT.

KAIRIES, H. H.: Functional equations with Riemann sums

x+k

Let be f€L'[0,1] and D,(x):= ’f fdt—— Z ¥ ]‘ Then the approxi-

mation error D,(x) depends strongly on the funcnon class f belongs to. E.g.
JJIlrrt D,(x)=0 uniformly in x, if f is Riemann integrable or D, (x)= o[i]

uniformly in x, if fis of bounded variation over [0, 1]. Moreover there i 15 a nice con-

1
nection between the Fourier coefficients of f and the function rr—-; Z f xT-i-k
k=

These both facts are used to give existence and uniqueness theorems for func-
tions satisfying functional equations with Riemann sums in certain function spaces.
Those functional equations occur for instance in Nordlund’s theory of dif-

1 g
ference equations: g(x, y)=; 2 g(x+ky, py).
k=0
(Multiplication theorem of the principal solutions) or in the definition of replica-
: : i = k
tive functions: a,,g(px)-{—b,,:;—l% g x+—].

p
Furthermore they are important in the axiomatic theory of many special func-

tions (I'-function and related functions, Bernoulli polynomials, Hurwitz {-func-
tion).

JARAL, A.: Regularity properties of functional equations

In connection with the functional equation
(1) J(0) = h(t, y, fo(3), (&t V) s fulgalt, ), (8, )ED
we prove that if /4 is a continuous function and f; is a measurable function on a set
A; with positive measure for i=1, 2, ..., n, then under certain weak conditions on

D, A; and g; for i=1, ..., n, the function f in (1) is continuous. Similar result is
proved for functions satisfying the condition of Baire instead of measurability.
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GVYIRES, B.: On a matrix valued functional equation

In the following we are talking about pXp matrices whose elements are com-
plex numbers and complex valued functions defined on the whole real line respec-
tively.

The matrix valued function @(7)=(a,;¢;(1)) is said to be a matrix valued
characteristic function on the stochastic matrix 4=(a,;), if

o0 = [ e dF;(0) (k. j=1,....p).

where Fy;(x) is a probability distribution function.

Let the real numbers a, #0, b, =0, k=1, ..., n be given. Let iy, ..., i, be positive
integers satisfying the inequality 1=i,<...<i,=2n. Let us denote the elements of
1, ..., 2n, which are different from iy, ..., i, by k;, ..., k,. A

Let the matrix valued functional equation

All_lﬁpu(alf-l-blH)AF=_'1_1¢,‘(02!‘+1‘?2H) . Ai”_i"'l—1¢i"(ant+b"u)l42n—i’ =

(hH o=
=tﬂ¢’x(ctv). t€R,, ucR,
=1 g

with ¢, v=a,t, ¢, v=bu (I=1, ..., n) be given.
In this paper we deal with the solutions
a) of the functional equation (1) by given iy, ..., i,;
b) of the functional equation system (1) if 7, ...,i, runs over all 1=/ —=...
=<0, =2n;
provided that @,(t), ..., ®,,(r) are matrix valued characteristic functions on A.
The general solution of these two problems are unknown.
The author has solutions in both cases a) and b), if the conditions

()P (u) = P (u)P;(1); t,ucR, (L, k=1,..,2n)

are satisfied.

CHOCZEWSKI, B.—POWASKA, Z.: On generalized subadditive functions

We consider the functional inequality
(1) glax+by+c) = G(g(x), g(»)

in the case of real functions defined on a linear topological space over R. Func-
tions g satisfying (1) can be regarded as generalized subadditive (or convex) func-
tions. Results concern the form of solutions of (1) (and some of its special cases)
and particular properties of these solutions.

HosszU, M.—HAJ0sY, A.: Difference equations with connection to Legendre
polynomials and some applications in geophysics

12*
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Let P,(x) be the Legendre polynomial of degree n and

2 d=P.(x)

m(x) = 7 el

Pr() = (1-x9% — 2

be the associated Legendre polynomials. Considering the expansion
P {Tk(x), if m is even

() = Z B\ 5,0, if m is odd

where T, S, are Tchebychefl polynomials, one raises the inverse problem to deter-
mine the components oy, of 7, and S, in an expansion by associated Legendre
polynomials in form

T“(X)} n = Pm
S" (x) e kgl‘.’l ‘xul‘: k (x),
where we define P'=T, or S, for k<=m. The system of recursions
2k 2k+2
(1) Sl nk l+2k+3a2i+: =°‘2+1,t‘+‘a2-1,k
(2) (m=2)(k+m)(k—m+1)an = (—1)""'(2m —2) na% '+ mali 2,

m=3 nk=m n=k

can be proved which is equivalent to a system of difference equations of order 2.

Heine in 1842 obtained the explicit form of «f. By the present recurrence all
the components can be computed. The method of reduction to difference equations
seems to be applicable also for more general orthogonal system. E.g. the same prob-
lem for Jacobi polynomials (solved by Feldheim in 1942 by generating functions)
can be solved by this elementary method.

MIDURA, S.: Sur les solutions de I'équation fonctionnelle ¢(op(p)+ po*(x))=
=@ e(p)

Nous nous proposons d’indiquer certaines propriétés des solutions de I’équation
fonctionnelle

(1 o (20 (B)+Po* () = p(@2) @ (h),

ou la fonction cherchée ¢ applique I'ensemble des nombres réels R dans I'ensemble
des nombres réels non nuls R, k étant un nombre entier non négatif (¢* (x) =[¢ (2)]).

L’équation (1) s’est présentée dans le travail [4], ou il s’agissait de déterminer
certains sous-demigroupes du groupe L3. Dans le cas ou k=0 I'équation (1) prend
la forme

(1) e(20(B)+PB) = e(@) @ (p).

L’équation (1’) aété étudiée pour la premiére fois dans le cas ol ¢: R—~R par
S. GOLAB et A. SCHINZEL [2], qui ont déterminé, entre autres, les solutions continues
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de cette équation. Z. DAROCZY [1] a trouvé les solutions continues de I’équation
(1") dans le cas ol ¢ est définie sur un espace de Hilbert réel. La solution générale
de I'équation (1) aété donnée par S. WOLODZKO [5]; certaines modifications de sa
construction ont été présentées par P. JAVOR [3].

[11 Daroczy Z., Az fx+3f(x)]=f(x)f(») fligegvényegyenlet folytonos megoldasaird] Hilbert-terek-
ben, Matematikai Lapok 17 (1966), 339—343.

[2] GoraB S., ScHINZEL A., Sur I'équation fonctionnelle f(x -+ pf(x))=f(x)f(y), Publ. Math. ( Deb-
recen) 6 (1959), 113—125.

Vincze, E.: Uber zwei Klassen der Lisungen der Cauchyschen Funktionalglei-
chung

UHRIN, B.—DANCcS, I.: 4 Measure Theoretic Inequality

For x,acR" and ACR" denote x*=(x}, ..., x™), %: m_]’ ...,1—1], A*=
1 n

= {x*|x€ A}. For A, BCR", A+ B means the Minkowski (or algebraic) sum of 4
and B. The Lebesgue measure in R” is denoted by u. Then, the inequality

(1) u((AA*+(1 = 2) BY=) = (Ap(A)*@ +(1 — ) (B )o@

n =1
holds, where q:(z):[Z n:;“] , 0=i=1, 0=o=1, i=1,...,n, and A4, BCR" are
i=1 :

arbitrary L-measurable sets of positive measure such that (Z4*+(1—2)B*)% is
L-measurable.

The inequality (1) contains the classical Brunn—Minkowski inequality as a
special case (take o;=1, i=1, ..., n). In fact, the inequality (1) is the simplest special
case of a more general integral inequality for functions. In the paper this more general
inequality is proved.

MiLUSEVA, Sz. D.—BaiNov, D. D.: Oéocnosanue memoda ycpeowenus 04
00H020 Kiaacca ougdepenyuaivio-hyHKyuoHAAbHBIX YPAGHEHUI ¢ UMRYALCAMU

B paGote obocHoBan meTon yepenHenus anas auddepenunanbHO-GyHKIIHOHATb-
HLIX YPaBHEHHI ¢ UMMyJbCaMH M C Npeobpa3oBaHHBIM aAPryMEHTOM, ABJISAIOLIMHICS
(dynkumeil He3aBUCHMOrO NMEPEMEHHOr0 H HEH3BECTHON (PyHKLHH.

Bainov, D. D.—HRIszTova, Sz. G.: O Hexomopsix uHmezpaibHolX HEPAGeHCMs
0151 PYHKYUil HECKOABKUX NEPeMEHHbIX

PaccMoTpHBaKOTCA HeIMHEIHbIC HHTErpa/ibHble HEpaBeHCTBA Tuna buxapu s
CKaJISIPHOI (YHKIHH BEKTOPHOIO apryMeHTa.
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MATKOWSKI, J.: On the iterations of some entire functions

POWASKA, Z.: Uber differenzierbare Lisungen einer Funktionalgleichung

In diesem Vortrag iiberlegen wir die Funktionalgleichung

(1 Y(x+y) = F(U(x), o(»))
und die Funktionalgleichung
2 e(x+y) = Flo(x), (1)),

wo x, y reelle Zahlen sind, yy: R--7/ und ¢: R-7 sind die unbekannte Funktionen
und die Funktion F: IX7I—1 ist gegeben. [ ist ein Interval von reelle Zahlen.
Wir charakterisieren die differenzierbare Losungen von (1).

SZEKELYHIDI, L.: Almost periodic functions and functional equations

Let G be a topological group. A bounded complex valued function on G is said
to be almost periodic if the set of its left translates is relatively compact in the Banach
space of all bounded complex valued functions on G. Let us consider the functional
equation

(1) flxy) = Z' gi(x) h;(y)

on G where the unknown functions f, g;, 4; are bounded. One of our characteristic
result is that f is almost periodic. Similar results can be obtained for more general
equations.

In the case of commutative groups using Fourier transformation all bounded
solutions of (1) and similar equations can be obtained.

SMAIDOR, A.: On iterations of analytic functions

Let E be a complex Banach space. We assume that f is an analytic function
in an open set GC E, 0€G, f(0)=0 and s: —f (0) is an invertible mapping of the
space E onto E with | s|*||s7Y <1.

Under above conditions W. Smajdor proved that the sequence {s~"f"(x)} is
uniformly convergent in some neighbourhood of zero to an analytic solution of
the Schréder equation

(nH o[f(x)] = so(x).

This solution is invertible in a neighbourhood of zero.

Definition. A continuous iteration group { f*} of fis called an A-iteration group
of fiff all functions f*(x) are analytic with respect to x.
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Theorem 1. If {f*} is an A-iteration group of f and s*=(f"*)'(0), then s* is a
continuous iteration group of s and
(2) J'(x) = o7 [s"a(x)),
where a(x):Jim & x)

Conversely, if {5} is a continuous iteration group of s and functions f*(x) are
defined by (2), then f* is an A-iteration group of f.

Theorem 2. Let M be a set of positive integers with 1€ M. If for every nc M
there exists an analytic function f, such that

Ja' (%) = f(x)

then there exists an A-iteration group {f"} of f for which the equality

1
fux) =f"(x)
1
holds if and only if there exists a continuous iteration group s* of s such that s™ =s,

for every nc M, where s,=f, (0).

Theorem 2 gives the solution of a problem raised by Professor LUbDWIG REICH
in 1973.

Zpun, M. C.: Differentiable iteration semigroups

Let {f*, t=0} be an iteration semigroup (i.s.) of continuous functions in a
closed interval 7. Assume that for every x€/ the mapping 7—f*(x) is measurable.
Put x,:=inf | f*[I], xy:=sup |J f*[{]. Every function f* has the following prop-
erties: =y =

fia) = x, fi(x)=x,,

f* has at x, the absolute min and at x, the abs. max,
f* is increasing in (x;, x,), but f' can be constant
only in a neighbourhood of its fixed points.

Put A4,:={x|f(x)=x}.

Definition. An i.s. {f*, t=0} of f (i.e. f*=f) is said to be of class C*(C}) if all
functions f* are of class C' in the set I(/"\A4/).
Further assume that fis strictly increasing in (x,, x,).

(H)

Theorem 1. If a function f of class C' satisfies condition (H) with some points
X1, Xy, [(X)#0 for x€(X,, Xo)UA, and flix, =, has an i.s. {g', =0} of class C*,
then there exists exactly one i.s. {f*, 1=0} of class C* of [ such that [z, z,=g".

Theorem 2. Let a function f: (a,b)—~{a,b) of class C* be strictly increasing.
If there exists a continuous solution of the functional equation

e =f"(x)e(x) for xe(a,b)UA,
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different from zero in (a, b)\ A, and differentiable in A, such that ¢’(x)#0 for xc A,
then f has an i.s. of class C* in {a, b).

Some other sufficient conditions for the existence and uniqueness of i.s. of
class C! of a given function will be given too.

PALES, Zs.: Means defined on a linear normed space

Let X be a linear normed space and CC X be a convex set.

A function E: CXC-X is called a differentiable deviation on C if the follow-
ing conditions are satisfied
(1) E(x,y)=0if and only if x=y,

(2) for every fixed x€C y—E(x, y) is a differentiable mapping and %E(y, y)is

an invertible linear operator,
(3) for every x=(xy, ..., X,)EC" the set

My (x) = {vels] 3 ECxi, ) = 0}

is not empty. ([x] denotes the convex hull of xy, ..., x,.) The set Mg(x) is called a
deviation mean of x,, ..., x,.

Let KC X be a closed convex cone such that x, —x€K imply x=0. By the
help of K a partial ordering can be defined in X: for x, yeK

x=y if y—x€k

We investigate the following problems:

(1) Which functions are differentiable deviations on C?

(i) Let E, F be differentiable deviations on C. Find conditions for E, F such that
the inequality e=/ holds, where e€ Mz (x), fEMy(x), xcC", nEN.
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