A theorem on the product of distributions

B. Fisher (Leicester)

In the following ¢ denotes a fixed infinitely differentiable function having the
following properties:

(1 o(x)=0 for |x|=1,
(2) eo(x) =0,
(3) o(x) = eo(—x),

1

@ [ e®dx=1.

-1
The function é, is now defined by
da(x) = ne(nx),

for n=1, 2, .... Itis obvious that {4} is a regular sequence of infinitely differentiable
functions converging to the Dirac delta-function 4.
If now f is an arbitrary distribution, we define the function f, by

1/n
L) = %8, = [ flx—=ns,(n)ar,
=1/n
for n=1,2, .... It follows that {f,} is a regular sequence of infinitely differentiable
functions converging to the distribution f.
In [1], the product of two distributions f and g was defined as the limit of
the sequence {/,g,}, provided that this sequence was regular so that the limit did
in fact exist.
With this definition of the product of two distributions we have

Theorem. Suppose that f and g are even and odd distributions respectively and
that they are ordinary continuous functions on every open interval not containing
the origin. Suppose further that there exist constants %, p, ¢ and k with a+f=>—2
and ¢, k=0 such that

£l < k|x|*, |g(x)| <k|x/’, for O0<|x]<c
and
|fa(X) < kn™®, |g.(x)| <kn™®, for |x|=2/n and n > 2c.

Then the sequence {f,g,} is regular and so the product fg exists.
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Proor. We will choose ¢, such that O0<=c,<c. Then if 2/n=x=c,—1/n, we

have
|(1X1D)a| = |x]* %6, (x)

1/n

= [ (x—075,(0dt

~1/n
1/n

= sup{l5,())} [ (x—0rdt
—1/n

= nsup {e(0)2(x—a)/n

on using the mean-value theorem for integrals, where —1/n=a=1/n. It follows
that
[(1x]%)al = 2hc5, for 2/n=x=c,—1/n

h = sup{e(1)}.

where

By the symmetry, it now follows that
|(Ix19)s| = 2he§, for 2/n = |x| =c;—1/n.
We therefore have the results

|[fa(x)ga(x)] < k®n—*"8, for |x|=2/n and n=2/c
and
|fa(x) ga(x)] < 4h2KEc*P, for 2/n = |x| = ¢, —1/n.

We now note that since f is an even distribution and g is an odd distribution,
Jn8, must be an odd function. Thus if ¢ is an arbitrary infinitely differentiable test
function with compact support, we have

o8 @) = [ £(®)28X{p(x)—p(-x)}dx
0

and so

|Fagns ) f F1()2a () {0 (x)— ¢ (—x)} dx|

= I f‘ Fa(X)gn(x) {0 (x) — @ (—x)} dxl
o

2/n (51
= [ 1fi®a@lle@—oxldx+ [ [fa(x)g)llo(x)—o(=x) dx

2/n

2/n €y
= kn=*? [ lp@)—o(-x)|dx+4h*k*ci*? [ |o(x)—p(—x)|dx
[1] 2/n
for n=3/c,.
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Using the mean value theorem we have
lo(x)—@(—=x)| = b|x|
for |x|=c, where
b = sup {l¢"(x)+ o' (—x)|: |x| = c}.

It follows that for arbitrary £=0,
4h2k2catP rf |@(x)—@(—x)| dx = 4bh*k2c3+P /‘ xdx =
2/n 2/n

= 2bh*k*ci*? (c} —4/n®) = 2bh*k3citeth <

for all ¢, with 0<=c¢;=n, for some fixed n=0, since 2+ a+f=0. Further

2/n 2/n

kn=*=t [ o) —@(—x)ldx = bk*n=*~? [ xdx =2bk*n=*"*"F <¢
1] L]

for all n greater than some N. Thus

(fngm (P)_ f fn(x)gn(x) {fp(x)—qo(-x)} dx| < 28

if n=N and ¢;=.
Using the fact that f and g are continuous functions for x=¢,, the sequence
{ f,(x)g,(x)} converges to f(x)g(x) and so

Jim f Sa@)ga(¥) {p(x) —@(—x)} dx = f (X)) {e(x) —@(—x)} dx.

Since ¢ is arbitrary, it now follows that the sequence {(f,g,, @)} is convergent for
all test functions ¢ and so the sequence {f,g,} is regular. This proves the existence
of the product fg.

Having shown that the sequence {(f,g,.®)} is convergent we have the extra
result that

lim
n-=oo

(fa2ns @)= [ Fa(D2(®) {0 () — 0 (—x)} dx| =

= /2 - [ F®2x) fox)—o(—x)}dx| = 2¢
for all ¢;=n, n depending on &. Since ¢ is arbitrary it follows that
(N (fg, 9) = lim [ f(x)g(x) {p(x)—(-x)dx.

The conditions imposed on f and g in the theorem are stronger than necessary.
It is in fact easy to see than the conditions imposed on f and g need only hold
on the open interval (—c, ¢). Outside of this interval we only need to know that
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the product fg exists. Equation (1) would then of course not necessarily hold. The
theorem can of course also be generalized by translation.
We will now consider particular products of distributions.

The distribution 6*” is an even distribution for r=0, 1,2, ... and 6% (x)=0
for |x|=0. Further

8% (x) = n¥ 10 (nx)

and so
sup {|¢*’ (X)|}n**?, for |x| <1/n

0, for |x] = 1/n.

The distribution 6*~? is an odd distribution for r=1,2,... and 8%~V (x)=0
for |x|=0. Further

o™~V ()| = {

16527 (x)] = {

sup{le® -V (x)[}n*, for |x| <1/n
0, for |x|=1/n.

The distribution |x|* is an ordinary summable even function when «=>—1 and in

this case we have
1/n

(xDal = [ Ix—11*5,(r)at
—1n
1/m

=sup{5,()) [ |x—1*ar

~1/n

= nsup {oO}(a+1)"{|x—1/n[** 4 |x+1/n]**1}

=2:3""(a+1) " sup{e()}n~"

for |x|=2/n.
Similarly, the distribution sgn x|x|* is an ordinary summable odd function
when o= —1 and in this case we have

1/n
=| [ sen(x—1)lx—13,(0 di
—=1/n
= fnlx—zl‘é,.(:)dt

—1/n

=2:3"(a+1) " sup fe()}n~"

for |x|=2/n. We also obviously have

|(sgn x|x|*),

|sgn x|x*| = |x|*

for |x|=0 and all values of «.

Now suppose that either —2r—1<ua<—2r or —2r<a<—2r+1, for some
positive integer r. Then |x|* is an even distribution, |x|*** is an ordinary summable
function and

l [ - ﬁ ')—l d& a+2r
x| =i (x+1i dx—*'[xl :
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It follows that

(117

or 1n
= [T la+il| [ Ix—tI*t*5@ (1) di

fe=1 ~1/n

1/n

2r
= J] latil 7 sup (8O} [ x—e1*+de

—1/n

2r+1

= JI |2+i]'ln=r+151'1p{|g(2r)(!)|}[lx_ljnlﬁzrﬂ_l_lx_'_”n|=+2r+1}
i=1

2r+1
i 3o Jeerd g Ja+i] 2 Slrlp{lg‘z"’(t)l}u"

for |x|=2/n.
Similarly, if either —2r—1l=u=—2r or —2r=oa<=-—2r+1, then sgn x|x|*
is an odd distribution and

2r+1
(g xlxta] = 235441 [T Ja+il " sup {le® ()l}n~*

for |x|=2/n. )
When o takes the value of a negative integer —r, we have |x|™" is an even
distribution, In |x| and sgn x In |x| are ordinary summable functions and

dl‘
S 7 In |x], for r even

r=D!xl""= >
7= (sgnxIn|x]), for r odd.

It follows that
1/n

r=D1x™)% = [ [In|x—1|6P ()| dt =

—1/n
1/n

= pr+l (r) — =
=nt SI'.lp{lg 0N} f |In |x—t||dt =

~ifn
= w1 sup {|o® (O)H{(x— 1/m) In [x—1/n| —(x+1/n) In |x+1/n] +2/n}) =
= sup {lo”()|}(6In3+6Inn+2)n" =
= syp{[g("(r)l](ﬁ In 3+8)n'Inn = ISSI;Ip {lo® (¢)|}n"+
for |x|=2/n and arbitrary £=0, provided » is larger than some N which of course
depends on &. The distribution |x|™" can therefore be made to satisfy the conditions

of the theorem by choosing ¢ small enough.
Similarly, sgn x|x|~" is an odd distribution and

(r=1)![sgn x|x| "), = 15 sup {10 (1)|}n"+*

for |x|=2/n and arbitrary &¢=0, provided n=N.
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We will now consider the product of the distributions |x|* and 6®* %, It is
easily seen that k can be found so that these two distributions satisfy the condi-
tions of the theorem for r=0, 1,2, ..., provided that «=2r. The product |x|*§*+V
therefore exists provided o=2r.

Further, we know that for an arbitrary test function ¢

(Ix|*6®+D, @) = lim [ 1x76* 0 () {g (x) — @ (—x)} dx = 0,
n

since
lx]:a(zrﬂ}(x) =0

for x=0. It follows that
lxlaa(b+1) =0

for a=2r and r=0,1,2,.... This result was given in [2].

Similarly, it is easily seen that the two distributions sgn x |x|* and 6" satisfy
the conditions of the theorem for r=0,1,2,..., provided that a=2r—1. It is
easily proved that we then have

sgn x|x[*6®) = 0.

This result was also given in [2].
Again it is easily seen that k can be found so that the two distributions |x|*

and sgn x|x|? satisfy the conditions of the theorem provided that a+f=—2. It
then follows that for an arbitrary test function ¢

(IxI*(sgn x[xI%), @) = lim [ x***{p(x)—@(~x)}dx =

= [ x**{p(x)—¢(—x)} dx = (sgn x|x["**, p)

and so
|xI*(sgn x|x|’) = sgn x|x|**7,
for a+p=>—2.
We finally note that the above results can in fact be generalized. It can be

shown that k=0 exists such that

|(IxI* 10” |x])a, [sgn x|x[* In? |x],| = kn~*In? n < kn=***
for all eé=0 and sufficiently large n, for p=1,2,... and

|(Ix1* In® |x]),|, |sgn x|x|* In? |x]),| = ke*(—Inc)? < ke*~*

for 0<c=<1, 2/n=|x|=c—1/n, e=0 and sufficiently large n, for p=1,2,....
By choosing ¢ sufficiently small it follows that we have

(Ix]* In? |x]) 6@ +V = 0
for a>2r and p,r=0,1,2, ...,
(sgn x|x|* In? |x])6*) =0
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for «a=2r—1 and p,r=0,1,2,... and
(1x|* In” |x])(sgn x |x|” In? |x]) = sgn x|x|**” In?*7 |x|

for «+pf>—2 and p,q=0,1,2,....
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