Powers of the augmentation ideal in the Witt ring
of a field

By RON BROWN?™ (Honolulu)

Let F be a formally real field. Denote the Witt ring of F, its augmentation
ideal, and its nil radical by W (F). I(F), and W,(F), respectively. Pfister's local-
global principle says that W,(F) is the kernel of the total signature map on W(F)
[7, Satz 22].

Theorem. Let s be a positive integer. Suppose F has only finitely many distinct
places into the real numbers. Then I(F)*+ W, (F) is exactly the set of elements of
W(F) whose signatures at every ordering of F are divisible by 2°.

This theorem gives an affirmative answer to Lam’s “Open Problem B” [5, p. 49]
in the case of fields admitting only a finite number of real-valued places.

I believe that in a narrow sense the proof given here of the theorem is the first.
However, M. MARSHALL has recently observed (see [6, footnote on p. 611]) that the
theorem follows fairly directly from work he had done a few years ago [6, Theorem 7].
Even more recently, Tom CRAVEN discovered a third proof [3]. The proof presented
here, which is quite different from that of Marshall or Craven, is an application
of the arithmetic structure theory in [2, § 6] for reduced Witt rings of fields with
only finitely many real-valued places. We hope interest in such a proof is increased
by the recent result of BECKER and BROCKER generalizing this arithmetic structure
theory to arbitrary fields [1, Theorem 6.5]. The methods of [2] will be used to reduce
the proof of the above theorem to that of the following lemma on subdirect products
of integral group rings.

Lemma. Suppose n=2. Let A,,..., A, and 4,, ..., A, be groups of exponent
two and let w;_y: A,_y—~A4; and v;: A;—~4; be surjective group homomorphisns,
for i=2,3,...,n. Foreachi, |=i=n, let I, be the kernel of the ring homomorphism
Jfrom the group ring Z(A)) to Z,=2Z|2Z which maps each element of A; to 1+42Z.
Define ©=0,: NI\ Z(A)~11]..Z,(4) by the formula

O ((Ahsizn) = (@i—1 (i) + 5i(4))2sin-

(For notation, see below.) For each s=0 let J,=Ker@®\ J] I*. Then for each
fml

5=0, Ker @ is a commutative unitary ring, J, is an ideal of Ker ©, and J,=J,".
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In the above lemma #;_, and f; are the compositions of the homomorphisms
ui_1: Z(Ai_y)+Z(4;) and t:Z(A)—~Z(4,) induced by u;_, and r; with the
canonical map Z(4,)—~Z.(4;). We will write u;_, for w;_, and ¢; for ]

o]
(]

We now prove the lemma. It is easy to check that Ker@ is a commutative
unitary ring with ideal J; and that J,2J;. It remains to prove the reverse inclusion.
Let a=(a,, ..., a,) bein J,. We proceed by induction on n. Pick homomorphisms
f:4,~A, and g:A4,—~A, which are right inverses to the surjections v, and u,.
respectively. First suppose that n>2. By induction on n one can assume that
(ay,...,a,-y) isin (Ker®,_,I;Z1I). ©,_, denotes here the obvious analogue
of ©=6,. One checks that a’=(a,, ..., a,-,, fi,_,(a,_y)) is in J;. (The map
by, o by )=y, ..y by, Sfup_y(b,_y)) is a ring homomorphism.) Similarly,
we have a”=(gv,(ay), ay, ..., a,) in Ji. We may suppose without loss of generality
that ;=0 for all i<n (replace a by a—a’). But then a=a" (since a,=a,=0),
which is in J§. Now suppose that n=2. Let b=a,—fi;(a,) and note r.,(b)=0.
Hence vy(b)=2c for some ¢ in Z(4,). Note that since b isin /5, we have 2g(c)
in I, and so g(c) isin I~ (For the last assertion apply [4, Theorem 5.13. (7)
and (8)]: Z(A,) is isomorphic to the Witt ring of some superpythagorean field.)

Write
a = (ay, fin,(ay) +(gr2(b), b) = (2, 0)(g(c), /(c)).
Clearly now, a isin JJ; the lemma is proved.

PROOF OF THEOREM. Let s=0. Let o,, ..., 0, denote the distinct real-valued
places on F, indexed so that

o7 (R)- 67 4(R) S 074(R) - 071 (R)

whenever i=j=n (R denotes the real numbers). For each i=I,...,n let A
denote the square factor group of the value group of o¢;, and let F; denote the
ultracompletion of F at o; (i.e., the maximal extension of F admitting a real-
valued place extending o; and having the same value group as o; [2, Lemma 2.1]).
Further, for i=2, 3, ..., n, let 4, denote the square factor group of the value group
of the valuation ring ¢;-}(R)-o,”*(R); we have canonical homomorphisms u; _;:
Ai_1—~4; and v;: A;—=4; (2, 3.2). Let W, 4 (F)=W(F)/W,(F) and let ¢ dencote
the total signature map from W, (F) to IIyZ (the set of orderings of F is denoted
by X). Let I, .4(F) denote the image of I(F) in W, 4(F). We have a commutative
diagram

Wea F) =[] W(E)"- [ Z

v al

Ker® —o  [JZ(4) 2~ ] Z:(4).

=1 i=2

Here, 1, is induced by the inclusions F—F; and 7, by the total signature maps
on the W(F)) (so, t=1,1, [2, Lemma 3.1]). j denotes the inclusion map and O is
from the Lemma. The map @ is the product of isomorphisms W(F)-2Z(4,)
obtained as follows. For each i pick an ordering P; of F;. Then there is a unique
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isomorphism from W(F,) to Z(A;) which takes each one-dimensional form
{a) to the image of a in A, if a isin P; and to the negative of this image other-
wise [2, Theorem 2.5]. @ induces an isomorphism ¢: W, 4 F)—Ker @, and in fact

I:ed(FJ’ - (VI@‘UM(F)’) o ‘p_l("ls)
[2, Corollary 6.5]. The Lemma tells us that this equals
oy =0 [T 1)
i=1
which by the commutativity of our diagram equals
gro-t 1 1) =t 1T ).
i=1 / i=1

Since the F; are superpythagorean we may apply [4. Theorem 5.13 (7)] to conclude
that

r;‘[fr I(F;)’] =5 (2 Z) =12 [] 2)-
i=1 X B
Thus, [ (F)y=t"%2°{1yZ). which was to be proved.
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