On projective invariants based on non-linear connections
in a Finsler space

By S. C. RASTOGI (Nsukka)

Non-linear connections and their properties in a Finsler space have been
studied by various authors namely VAGNER [9], KAWAGUCHI [2, 3, 4], BARTHEL [l],
Runp [7, 8], MisrA and MisHrA [5] and RasTOGI [6] etc. The purpose of the present
paper is to study the effect of projective transformation on non-linear connections
in a Finsler space. We have also obtained certain entities which are projectively
invariant.

1. Introduction. Let X'(x*) and Y;(x*) be two differentiable -vector fields
in a Finsler space F,, with metric tensor g;;(x, X) and non-linear connections

1 2
Fi(x,X) and I a(x, Y), positively homogeneous of first degree in X and Y
respectively, then we have Runp [7]:

1 1 1 1
(1.1) ra(x, X)=4,Ii, X'Iry =T}
and

2 2 2 2
(1.2) rj't(x, Y) Loy Alrﬂ” Yif'}k = rﬂ‘,

where 4;=9/0X’ and 4'=9/dY;.

Let us suppose that if X' undergoes a parallel displacement then so does
Y;=g; X, such that the length of a vector remains unchanged under parallel
displacement, then we have [7]:

1 1 1

(1.3) 2G' = IiX*+g"Y (I X*—T)).
Assuming geodesics to be autoparallel curves of F, we get
1

(1.4) 2G' = i X,
which implies

1 1
(1.5) Il =2G\—rIjXx*
and

- i 1 . i k 2 i
(1.6) F‘j =G£J+E {SM-—X AJSM‘},
where
1 : |

1 1
‘:k - zrfakj e r;ﬂ:_rih'
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Also the two non-linear connections are related bjf

. ) 1 1
(1.7) . I =Tk+Y,;4°T}.

The covariant derivative of a tensor field 7%;(x, X) is given by [5]:

1 2

(1.8) T x(x, X) = W Tj+(dn T X"+ TP — T ;.

2. Some curvature properties. Since we know that [5):

1 1 11
(2.1) Rin = 2{0p g+ T 1 ),
therefore substituting from (1.5) and (1.6) in (2.1) we get on simplification
1 T 3 1 1 1
(2.2) Ry = 2{an+rﬁ rih_G{um (FE X'+ —0u (i XH},
where [8]: g
(2.3) Hjy = 2{0u4,,G"+(4(;G") Gy }-
Multiplying (2.2) by X*X* and using Hj X/X*=0, we get
1
(2.4) RY X X* =0,
Now applying [5]):
1 1 1
(2.5) Rffu o A,R{,+2(A,Ff,u)X:Tu.
in equation (2.2) and using [8]:
(2:6) Hij = 200w Glujn+ Grae 4y G+ Gl Gl iah
we get
1 X 1 3 1

2.7 Riy = 2{Hiy+ T[4, Thim+ T Thym+

1 1 1 1
+(4; ) Xy = 4,00, (T X') = Gy ) (2T Gy + X4, 1))

Since we know that [8]:

(2.8) ijh+Hkihj+HI:jl: =0

and RasTOGI [6]:
1 1 o ‘

(2.9) (Rixn—Sh,n—ShSix)+cyel (j, k, h) =0,

2 2

where S},=2I, therefore from equation (2.7) we obtain on simplification
1 1 1 1 1

(2.10) {Fad;Tigm+ T Migm+(4; L) X5y —

1 1 1 1 1.8 !
"Ajau(rin')“Gfmm; ilzr:"}:]n""Xt A;rf]:)'rfm.h'rbu S,{,,}+cycl (J, k, h) = 0.
Since we know that [5]:
2 2 1 2
{2.11) Ry = 2000 jpa+ T jmm}s
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therefore by using equation (1.7) in (2.11) we obtain

2 8 1 1 . S
(2.12)"  Ryun=YiRjn+2{Ou YD) Tjiy—(4n i) YiiOn X ™ — Ty g™}
Differentiating (2.12) with respect to Y, and using [5]:
2 2 . A
(2.13) R}u = Al-ij‘i'z(A'r?{k) Y|m|.n},
we get on simplification
2 1 1 1
Rfjkh = jhk+}—idl'R:"H+2[ta[h}’i)(dlr¥j!i])+
1 A ) 1 . .
(2.14)  + i d (@) —(4' 4, T ) (Y0 X il )1 8™)—

r | 2 1 - |
= BT O X™ =Ty 8™ — 4, T Yi{d 0y X — A" (T g™
Further by using (2.9) and [6]:

2 2 : 2
(2.15) (Rin— Sfi.w—Sji Sia) +cycel (j, k, h) = 0,

one can establish a relationship analogous to (2.10).

123

3. Projective transformation. l.et P(x, X) be an arbitrary scalar function
positively homogeneous of the first degree in X', then the projective change of

G' is given by [8]:
3.1) G'=G-P(x, X)X'.
Transforming equation (1.4) projectively and using (3.1) we obtain

p | . |

(3.2) It = ri—2psi.
Differentiating (3.2) with respect to X/ we get

1 1
Further transforming equation (1.7) projectively and making use of (3.3) we
obtain
2 2
(3.4 = r?k_wdip”zya(dkdip)-

1 1
Now. defining Rj, corresponding to [, in analogy to (2.1) and making use

of (3.2) and (3.3) we obtain after some simplification

1 1 1
3.5 R}, = RL,+26,®, —25;®,—2PS},,
where '
1
(3.6) b, =0 P+2PAP-IDA,P.

From equation (3.5) we establish:
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1
Theorem (3.1). A necessary and sufficient condition for the tensor R, to be

-
invariant is given by f;,,,=-r7 o1 ;.

Multiplying equation (3.5) by X*X* and using (2.4) one easily obtains

1
(3.7 _ RLY Y =0,
: 1 1

Putting g*" Rj,= R’ and multiplying equation (3.5) by g**, one easily observes
1 i
R'=R'.

1 1

Using equation (2.5) and defining R, corresponding to Rj, we get by virtue

of (3.3) and (3.5), the following relation:
i 1 1
(3.8) Rigy = Ripy+2{20 84— 4, P, +
l- 2 .
+(AJI";,[,)X"',',]—25[',‘X_",:](AJAMP)+4P5[‘,A__,A,]P},

where ¢jl’=dj¢k°
Now using equation (2.9) and observing that

] 1
and
2 2 3 -
(3.10) S;t — Sjk—4{5ikAJ]P+Y[k(A'Aj] P)},
we get on simplification
(3-11) [5{,,{2PA_,A,.]P-X"=] AjAmP_¢|j|h]“(dj]P)sh+ZAk]P}_
1 1

. j[kdh].P—S};Y[tA!A*]P_MJPY[,'AlAl]P+26}AIPY[*A‘A*]P_
1 1 2 2
—2{(4;P)Sin—(4; Ty ) Xy — Sin4; P+ 6% 4, PS} ) +cyel (j, k, h) = 0.

2
Defining a tensor R, (x,Y) in anlogy to (2.11) and using equations (3.4) and

L] “

(3-12_) -:'a =Iy—2Y,(4;P),
we obtain
2 2
(3-13) Rm,(x, Y)= Rju'i'wj[t Yh]—4(AJP)Y[h.I]’
where
2 2

From equation (3.13) we easily establish:

2
Theorem (3.2). A necessary and sufficient condition for the tensor R, to be
invariant is given by Y,y ;=2(4;P)Y, ;.
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2 2
Further using equation (2.13) and defining Rj, corresponding to R,
we obtain

F ] 2
(3.15) Rfm = R},‘,,+2A‘(|,bm Yfr])_4[dl(dj PYy ) —

2
— (AT Yo O P+{074'4; P+ A (Y 474, P)}Y ) )

Remarks. 1) A relation similar to (3.11) can also be established from equations
(2.15) and (3.15).

ii) Identities analogous to Bianchi can also be established for the projectively
transformed curvature tensors as in [6]. :

4. Some projective invariants. By contracting equations (3.2), (3.3) and (3.4)
one can easily obtain the following equations

1 1
4.1 I =ri-2Pn,

T
(4.2) h, - r:k_zdtP,

1 ¥
(43) i( — I'},,-—2ndg P,

2 2
(4.4) Ik =TIh~-2n4,P
and

2 2 5

(445) r:l=r:k—2AkP—2Yk(d"A,,P).

By eliminating P from equations (3.2) and (4.1) we can easily define
1 s | 1
(4.6) T} = rg-%a;r{.

1
which is a projectively invariant entity such that 'I''=0.
Further by similar eliminations of P from (3.3), (3.4) and (4.2), (4.3), (4.9)
and (4.5) we define the following projectively invariant entities:

ll-i def 1; i Ii
(4.7) Iy = T—&Ti,
1 l_ 1 5 1
(4.8) L Th——8T),
: .
(4.9) f;,, ... Ty ——38, %,
2 def 2 1 1

s def zi 1 i N lll
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and

2

) a 2 2
(4.12) L= F}g-;l; okl +Y, 47Ty}

From the definitions of these invariants it is observed that the first three invariants
1
are related with the last three in the same manner as I, is related with F Also

one can observe that

A ='1: __,l_-f T
(4.13) Tk I'Jt ~ 0 Y, 4'IY
and
2 0
(4.14) s It -—nl— {orY, A"'I':,,,+l' 4a*(Y, A"'Ff,,.)}

Thus we have:
Theorem (4.1). 4 necessary and sufficient condition for the invariants 1‘ f
1
‘T, to be identical is given by

. aind

1
Y,4'T", = 0.

Remark. Some other invariants which are trivial can be obtained by eliminating
P from (4.2), (4.3), (4.4) and (4.5).

Corresponding to these projective invariants defined by (4.7) to (4.12), it is
possible to define three types of projective covariant derivatives. The covariant

 §
derivative of a tensor Ti(x, X) for the projective connection I'j{ is given by
] 2
(4.15) Tin Z KT+ (4, THO X+ TP —Til}r

h | 2 2
Remmlx Other two can be defined by replacing I'j{ and I'ji by T, T

and 1’,,(. ik and will be denoted by 7}, and Tj,, respectively.
From equations (1.8) and (4.15) we obtain

1 1 1
(4.16) Thy = Ti +Til+Y, T 4" [}, =3 TP T,

Similarly the other two derivatives are related by

(4.17) T =T} k+- {Tk Y T A'"rj,,—?'"ok 1)
and
(4.18) Ij“—TJ = {T,‘FEJ-LY,.T‘,A'"I" T’"o;" ,}

From equation (4.15) one can easily obtain the following commutation formulae

(419} ;|lkh1 T Qru- )Ua JirS
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where
l .
(4.20) Qjkn = zlalaruu]‘!'(d I‘ i) Oy X +r} Imlk]}
and
(4.21) Q:nfn = 2{0{krljjt]4‘(dm 70051 Y +rj{k rruuﬂ

2 2
and Sy =2I7.

Substituting from (4.7) in (4.20) one obtains on simplification

» I |
(4.22) qu = R}u'*‘rf;s;x k{aﬂru"'(ﬁ I’,)@,.;X r:..ruru+ru plh]}
Similarly from (4.10) and (4.21) we obtain

2 2 1 1 1 1
(423) Q}‘ = R:’u_zah{aﬂr +(A"r})3,,])’ +ru'm]r rf;,,,,]r,'j—rgm}’,,ld"'rb}“

=8
—"{3[1.(Ynd'-'";)+3ml’ 4”(Ya14‘f':)+f Ypd' I‘.,,,,‘,— T Y 4T pw —

- 2. 3
= Yu (@™ Ti) T} + STl
Remarks i) ln analogy with (4.20) and (4.21) we can also deﬁne Q,,‘,,, Qm

and Q,,,, and Q,,,, by replacing the coefficient of connection F by ’I‘ iy and

I' ‘x respectively. One can observe that all the six entities defined by equations
ana.logous to (4.20) and (4.21) are projectively invariant entities.

ii) By taking two different types of covariant derivatives one can easily establish
certain commutation formulae, as well as some other projective mvanants can be
defined.

If we contract equation (3.5) for i and h we get

: 1 1 1 )
(4.24) Ty = 0 {Ru—Ru+2PS}.

2(n—
Also it is easy to observe that
i .3 1 1 1 1 £} 1
(4.25) F7(93 Sk — 048k — (n—1)8}) = I7(8.Si— 8L Shi— (n— 1) Si)-

therefore subatltutmg from (4.24) in (3.5) and using the value of P from (4 1) we
define the following invariant entity:

2 lfi defl li 2 lr 1[ 1 lrli
(4.26) Win £ Ry~ 0 [ Ry = T Shy) = T35

1
From (4.26) it is easily observed that Wi=0.
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Differentiating equation (4.26) with respect to X’ and using (2.5) we define
the following invariant entity:

l,- def b 2 s l; ]| i
(4.27) Wik = }u*m {0tn Ry — (4, Toe) X104 —
1 ‘ 2 i 3 1 ] 5 4
—4;T X.T]‘si}“*'n(n—_l) tn(4; Sy r:}-'Z(A,-ﬂ..[&)X,T.I"? 4;(I; S

p !
Remark. Wj, is a tensor analogous to Weyl’s projective curvature tensor in
a Finsler space. Here one can easily establish the relationship between these two
1

curvature tensors and also study the properties of W}‘k,, analogous to Weyl’s
proiective curvature tensor.
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