Super geodesic congruence in a subspace
of a Finsler space
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Summary. AMur [1] defined that e hypergeodesic curve is characterised by the property
that the union curvarure vector is orthogonal to the first curvature vector of the curve with respect
to the hypersurface V,, of the Riemannian space V,. This concept was introduced in a Firsier
hypersurface by Prasap [2]. Further the special and hyperasymptotic congruences of a Finsler
subspace w« re defined and studicd by one of the authors [3, 4]. In view of the definition of hyper-
geodesic cu.ves, we consider in the present article that the supergeodesic congruence 1s characterised
by the property that the special curvature vector is orthogonal to the geodesic curvature vector of
the congruence in the Finsler subspace F,,, and study scme of its properties.

1. Introduction. Let a subspace F,,x'=x'(s), i="' 2...n x=1,2...m be
immersed in an n-dimensional Finsler space F,. Consiucr a curve C:x'=x'(s);
dx? au*

of the subspace, s being its are length. The components x"—-—:E and u”=?‘;-

"
of the unit tangent vector to C are related by x"*=Biu’*, where B{:-gs;. A line

element (u, «’) is thus determined at a point of C. All the quantities in our discussicn
are considered for this line element.

The metric tensors g,;(u, ¥°) and g;;(x, x") of F, and F, respectively are
related by
(l'l) l glﬂ(“! u'.] = gij(x! x')B:B,'ﬂ

There exists a set of vectors ng;,(x, x’), e=m+1,...,n, normal to the subspace

and are called secondary normals. These are given by the solutions [7]. .

(1.2) 8iy\x, xIn(s, B] = n{,); Bl = 0,
(1.3) &ij(x, X)nis,n(), = 85¥,, (no summation on v)
and .
(1.4) iy (x, nie)naynih = 1.
Let a set of (n—m) linearly independent vectors u'(x,x’), o=m+1,...,n

(o)
define (n—m) congruences of curves which are such that exactly one curve of each

congruence passes through each point of the space F, and so through each point
of F,. Ata point P of the subspace, we write

(1.5) p;‘ = I, (u, W)Bi+ 3 I, (4, W)nG, .
(e ¥
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Suppose that the vectors p' with m linearly independent vectors of F, form
(o)
a set of n linearly independent vectors in F,, which is possible if |I'(,,|#0.

These vectors u' satisfy the equations
(o)
(1.6) gi;(x, x) W=l
(e)(e)

Using (1.5) in (1.6) and simplifying in view of equations (1.2) and (1.3), we get
(1'7) gﬂﬂ(un u')frc)”c) =1 —ern)w(v)

Consider the contravariant components A'(x, x") of a congruence of curves
which is not necessarily a member of the set of congruences defined by (1.5). At
a point of the subspace, it may be expressed as

(1.8) M=1t"Bi+ g C(,,n‘{,f,
and satisfies
(l .9) gu(x, x’))-ilj = 1.

The covariant derivative of (1.6) with respect to w* in the direction of C is given
by [5].

oM :
(1.10) & o W‘Bj+%‘D(,,nf: )
where
. .o . alil
and
. a,,’p ‘5C(v) a) '8
(1.12) D(,) = Q(')"(u, "')f u +T+§ C(‘)N((,)‘u %

The quantities £7,),, are called secondary second fundamental tensors and Af,),
and N, are defined in [5].

Definition (1.1) The scalar defined by
(1.13) K} = i (%, XN ZDoynih)(Z (Do) nd)

is called secondary normal curvature of the congruence A° in the subspace F,, [6].
With the help of equations (1.3), the above expression can be written as

(1-14) K:tt =2¢(')D%v].

A direction along which the secondary normal curvature of the congruence
A' in the subspace vanishes is called the asymptotic dirsction and a curve whose
direction at each point of it is asymptotic is called an asymptotic line of the congruence
in the subspace [6].

Definition (1.2). The queantity X;, defined by
(1.15) K2 = gos(u, w')W*W?
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is called the geodesic curvature of the congruence A’ along C in F, [6]. If the
geodesic curvature of the congruence A’ in the subspace vanishes at every point
of the curve C, the curve is called a A-geodesic [6].

beﬁm‘tion (1.3). The scalar K, defined by

(1.16) Kt = gy ) (35 (%

is called the absolute curvature of the congruence in the subspace [6]. If the absolute
curvature of the congruence vanishes along a curve C, the curve is called the absolute
geodesic of the congruence in the subspace [6].

With the help of equations (1.10), (1.14) and (l.15), equation (1.16) may be
written as

(1.17) K= K2+K}..

2. Hyper asymptotic and supergeodesic congruences

Definition (2.1). The scalar K,y defined by
gt e
(2.1) Koy = gu(x, -"')(}:) 3

is called hyperasymptotic curvature of the congruence A' on F, [4]. A congruence

A" is said to be hyperasymptotic congruence relative to the congruence pu' if at
(@)
each point of a curve of F,, K,)z=0 [4]. Its differential equation, therefore is

given by
[22) 8ap I‘('«) W’*‘g r(,,)l,(l(,, D(V) =0

where we have used equations (1.5) and (1.10) in (2.1).

Definition (2.2). A congruence A’ is said to be a special congruence with respect
to a curve C in F, such that the surface determined by the geodesic curvature
vectors of the congruence A’ with respect to F, and F,, ateach point of the curve
C contains the congruence ,u; [3]. By its definition we have

(o

2.3) w=A,WB'+B 6—"‘
. ( (o) a (o) ds

i
where the vectors W* and % are respectively the geodesic curvature vectors

of A' with respect to F, and F, and 4, and B, are parameters to be
determined.
Using equations (1.5), and (1.10) in equation (2.3) we have

24 It Bat ; Tenniyy = A)W*Bi+ Bg)(W*Bg+ Dy niy))-

10*
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Since n{/, and B! are linearly independent, we have

(2-5) I‘:,) - A(,)‘F.B(,))W‘
and
(2.6) SR

B(ﬂ) F(,,) .
These equations (2.5) and (2.6) give

e ::c) r(")
al Ao = [V—F‘; -
Multiplying (2.5) by g.5/() and using (1.7), we get
(2.8) (1= 2 Tiow¥w) = (A@y+ Bo))8s W7oy

Eliminating A4, and B, from (2.5) and (2.8) we get
29) We—(1=2 I'tay¥) 88, W liey l{s) = 0

Let us suppose that the congruence yx' be not normal to the subspace,

(o)
the solutions of the system of m-differential equations (2.9) determine the special
congruence of F, with respect to u' [3].
(o)

The vector with contravariant component 7%, called the special curvature
vector of the congruence A' relative to ', is given by
(0)

(2.10) T = W*—(1- g IoyVm) s We ) Is)-

The magnitude of the special curvature vector given by
(2.11) K} = gop(u, u')T*T?

is called the special curvature of the congruence A’ [3].
Using (1.15) and (2.10) in (2.11) we get

2(gsWeI1L,)? Cap Loy 185 (8,sW 1, )2
e (o) af "(o) "(a) \ 578 (2)
R (555 5570 M (£ ) BTW

From (2.12), we have the following

Theorem (2.1). The special and geodesic curvatures of the congruence A, are
identical if the vectors If,), c=m+1, ..., n, are orthogonal to the vector W*°.

Proor. If the vector If,, be perpendicular to the vector W¢, then we have
Zep (1, u) WP =0,

Using this result in (2.12), we get the statement. We shall now define the super-
geodesic congruence. P
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Let W®/K;=L*" then multiplying (2.10) by g.,(u, u")L?, we have

(2.13) g.;(us “')T'L" = Kc"(gya(", u')W"fcl)(S.p If.) L‘)(l —,?,' rfn)"»!’(r))—l-
Definition (2.2). The scalar Kg, defined by

(2.14 Ks= KG-(ngzc]L')(gﬂW?ffﬂ)(l 4 i 'f’(vl)—l

v
be called the supergeodesic curvature of the cdngruence in F,. If Ks vanishes

along a curve C in F,, the congruence relative to u‘ is called a supergeodesic
(o)
with respect to C. The differential equations of the supergeodesics are given by

(2.15) Bap(u, u)T*LF = 0.

Theorem (2.2). The supergeodesic and geodesic curvatures of the congruence
are equal if the vector Iy, a=m+1, ..., n, is orthogonal to the vector W*.

Proor. If the vector /§,, is orthogonal to the vector W*? then we have
Lap(u, W) [y WP =0
Using this result in the equation (2.14), we get

K’ = ‘KG'
This was to be shown.
From theorems (2.1) and (2.2), we have

Theorem (2.3). At a point of the subspace, the supergeodesic and the special
curvatures of the congruence are identical if the vector W* is orthogonal to the vector
llyy, o=m+1, ...,n each being equal to the geodesic curvature of the congruence,

Theorem (2.4). A supergeodesic congruence is characterised by the property
that the special curvature vector is perpendicular to the geodesic curvature vector of
the congruence /' in F,,.

Proofr. The proof follows from the equation (2.15).
Now multiplying equations (2.2) and (2.14), by D, and K; respectively
and in the resulting equation using equation (1.17) we get

g 73 Y ‘Dﬂ' I g @ -
(216) ]\leDtv)'*"KSKG = K2+ 1—»: ! gaﬂ‘(o)W’*(guﬂl(O)W‘)z(l _Z rfm'l’(v)) l'
av) L4

From (2.16) we may have the following

Theorem (2.5). The absolute curvature of the congruence A in F, with respect
to the hyperasymptotic line of the congruence J', is the geometric mean of the super-
geodesic and geodesic curvatures of the congruence if the vector If,, be perpendicular
to the vector W* for a=m+1, ..., n.

ProOF. Since If,, is perpendicular to the vector W*, we have

LaplinW? =0, for e =m+1,..,n
Also
K(C)H = 0.
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Using these results in (2.16), we have
Kz = K5K6°
This proves the theorem.

Theorem (2.6). The absolute curvature of the congruence }* in F, with respect
to a supergeodesic on F, is the geometric mean of the hyperasymptotic curvature
of the congruence and the scalar D,,,, if the vector If,, be perpendicular to the vector
w2 for e=m+1,...,n

Proor. For a supergeodesic. we have
Ks=0
and /7, being perpendicular to the vector W2, gives
SuallaWt=0, for c=m+tl,...n
With the help of these results equation (2.16) reduces to

: K*= KthD(v)-
This was to be shown.

Theorem (2.7). The absolute curvature of the congruence ' in F, is the
geometric mean: of the hyperasymptotic curvature and the scalar D, for a i-geodesic.

Proo¥. For a z-geodesic we have
Ww:*=0,

and consequently we have
KG = 0.

In view of these results, equation (2.16) gives

) K?= (@)t Diy)-
This proves the theorem.

3. Geodesic curvature of the supergeodesic congruence

Since the supergeodesic curvature of the supergeodesic congruence is zero,
we have from equation (2.14) the following theorem.

Theorem (3.1). The geodesic curvature of the supergeodesic congruence can be
expressed in the form.

l:‘-i) ]{G o - glfffﬂ) ””,’ .
‘ I_Z r%m}wh'l
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