On a lemma of P. Erdés and A. Rényi
about random graphs

By E. GODEHARDT (Koéln) and J. STEINEBACH (Marburg)

In 1959 P. ErRDOs and A. RENYI stated some theorems on random graphs using
—— as they called it — ‘a rather surprising lemma’ which is given below.

Lemma 1 (Erdds—Rényi). Let I', y_ be a ‘random graph® with n possible (la

belled) vertices and N, edges, i.e. all [ 2]] possible graphs are equiprobable. Further

let P(A, n, N.) denote the probability !har I', n, does not consist of om’ connected
graph having n-—l\ effective vertices and k isolated points (k=0,1,2, ...). Then for

N, = [-z—nlogn +~<’n] it holds true that lim P(A, n, N)=0.
ProoOF See [2], 292—295.
This basic lemma has recently been used by WRIGHT (1976)to obtain further

results about random graphs (see [3]). The first part of Erdds’s and Rényi’'s proof
was mainly based on the inequalities
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which were pointed out to hold true for all n=n,, where n, may depend on ¢ but
not on s. Here (2) follows from (1) by symmetry.

But the following arguments indicate that the uniform estimates in (1) and
(2) cannot be valid:
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Let .'E[O, %] be fixed, and consider the N_-th root of

e(s—&')[m]

b”(f) - a,,([m])/-—-[m]—!.
Setting a=[;], d=[nt](n—[nt]), Nc=[%nlogn+cn], and using Stirling’s for-
mula n!~)2nnn"e-", we get
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From this

=(1=21(1—-1)e* = b(»)

is an immediate consequence. Since b(0)=1 and b'(1)=47*¢* =0 (1+0), we have
b(1)=1 for 1€ [0, —;-] which contradicts (1), i.e. (1) cannot hold true for such s

with s=[nt] (¢ as above).
But though the inequalities (1) and (2) are false, Lemma 1 remains true since

it suffices to find another sequence {a(s)),-¢,  with > a(s)=< such that

s=0
(1) holds true if e®~*"/s! is replaced by a(s) (cf. [2], (16)). Such a sequence will
be given in the following lemma.

Lemma 2. There is an integer ny(c) such that for all n=ny(c)

e!3—2c,'|s d . n
(la) a,(s) = ] if s= g’
and
. o - = 5 = i
(1b) a,(s)=qg |if oen = 5= 3

where 0=qg=1.

Proor. Using an inequality in BoLLoBAS and SAUER ([1], p. 1340) we find that

(3) a,(s) = —:—l;—c s(n—sIN‘./(;)‘
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Underestimating n—s by n—lL in the first case it follows immediately that
(1a) holds. e

For

=S

n
logn 2

IIA

and n sufficient large the inequality

oot = ls logn

follows. Furthermore Stirling’s formula yields

(4)

(5) s!=s'e"

Taking (3), (4), and (5) together we have
a,(s) = [_e I:Jg 22 ]s

Vn

(for that range of s named above) from which (1b) is obvious.
Now, to retain Erdds’s and Rényi’s lemma, inequality (16) in [2] can be re-
placed by
P(Ey,n,N)= 2 a(s)+ J a(s) for n=n,,
s=M

2N,
n

S
where
(3=2¢c)s

g, 2=0,1,2 i

a(s) = =

Then B
lim P(Eygi0gnsns N) =0

still holds, and the lemma remains true.
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