An extension theorem for a functional equation

By LASZLO SZEKELYHIDI (Debrecen)

In this note we deal with extension theorems concerning a functional equation.
This problem and the first results are due to Z. DARGCzY and L. Losonczi [1] con-
cerning Cauchy’s functional equation. Since then several results and applications
have been found ([2], [3], [4]). The present paper contains a new extension theorem
for the functional equation A43*'f(x)=0. In what follows R denotes the set of
real numbers. If f: DCR-—R is a function, n is a positive integer and x, y€D,
then let for x, x+y, ..., x+m+1)y€D

n+1
A:+-f(x>=,§, "Z—rl](—n*_r[x+(n+l—kn'l-

If f is a function then dom f and rg f denote the domain and the range of £,
respectively.

Theorem 1. Let =0 and n be a positive integer. Let [: [0, r)—=R be a function
such that
4+ f(x) =0
Jor x,y=0,x+(n+1)y<r. Then there exists a function F: [0, «)—=~R such that
(i) 4*F(x)=0 for x,y=0,
) J&F

Proor. The proof is based on Zorn’s lemma. Let # denote the set of all func-
tions ¢ with the following properties:

a) fSeo

b) dome¢ =[0,p) for some p =0,

c) rge SR,

d) A"'e(x)=0 for x,y=0 and x+(n+1)y <p.

As fe F, so F #0. The set Z is partially ordered with the obvious inclusion of
functions. Moreover, if €< %, €=0 and % is an arbitrary chain, then for h=U®%
we get he #. Thus by Zorn’s lemma there exists a maximal element FE%. Let

dom F=[0, R) and suppose that R<= + <. Let z€ [0, n-: : R]
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and
n+1
F(z) = Z(—l)“*'["+l] [( +1—k
k=1
If zG[O i R] then for k=1,2,....,n+1
5= n+l—-k3}i n S o
n+1 n+1

hence F is defined at the point z. Further if z€[0, R) then

n+1
Fo = 3 (- (") Pl -0 o] =
k=1

n+1

:F(:)—Z(—1)*[":1]F[(n+1—k) ] F(z)—4"t' F(0) = F(2)

k=0 n+1
that is FCF. Let x,y=0, x-!-(n+l)y<:£;rﬂR,
and by FEF we have

then by the definition of F

nl A -
Sy (") Fe 1= =

= El(—l)f”["“] "f( et "*']f{( +1_k)"+“'+'_”"]]

j=1
2R S wer (1) (n+1 n+l N !+|—k
_j?”g( )i +1(— )+( j ][ ] [ x+(n+l J Foeatetorng ]
" (L ""‘1] [M <5 ,]_
;Z’ —1) F —wm x+(n+1-k)y| =

2 n+1 x+n+1)y]l » 4
_‘;5; (=1)k+? ]F[(1+1—L)—-T+—l———]—- Flx+(n+1)y]

which implies
n+1

0= }_21 (=1 [";’l] Flx+(n+1—j)yl+ Flx+(n+1)y] = A2* 1 F(x).

It follows that FE# and by gt

R=R this is a contradiction.

Theorem 2. Let n be a positive integer and let f: [0, =)—~R be a function such
that A3*' f(x)=0 for x,y=0. Then there exists a function F: R—~R such that

(i) A*F(x)=0 for x,ycR,
(i) fSF.
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Proor. Let F,=f, m be a nonnegative integer and suppose that we have de-
fined the function F,:[—m, <)~R such that for —m=x+m+1-i)y
(i=0,1, ..., n+1) the equality

A" F(x) =0

holds and F,2F,_,. Let x=—(m+1) and

Foii(x) = té;(* l)"”[n: l] F,(x+n—k+1).

Then obviously F,2F, _,.
If —~(m+1)=x+n+1-i)y (i=0,1,...,n+1) then

- " I
2(—1)”'["}’ ) Euslxt (et 1] =

Jj=0
.- 1 E 1
= S (" [ S (MY Rt a1 -k a1 =] = B
k=0 i=0 J
thus A3*1F, . ,(x) =0.
Finally we define F= | F,, it is obvious that F is a function fulfilling the

m=0
required conditions.

Theorem 3. Let r=0 and n be a positive integer. Let f: (—r]/l+(n+l)*,
rY1+(n+1)*)=R be a function such that

B f(x) =0 for x2+y* <rd,
Then there exists a function F: R—R such that

(i) 43**F(x)=0 for x,ycR,
(i) 1S P,

PrROOF. Let r,= ]flr_ . If x*+4y*<ri and x, y=0 then x+iye[0, r, V1 + n*)=
'14+n*
=[0,r) (i=0,1, ...,n). It is obvious that
A f(x) =0 for x,y=0, x+(m+)y<r

thus, by theorems 1 and 2 there exists a function F: R—R such that (i) holds and
F(x)=f(x) for x€[0,r). If x*+)y*<ri and x, y=0 then
s : n+1
foctern = 3 0 (") i1 —n =

= ;ﬁ:(—l)"“[n:l] Flx+(n+1-=k)y]l = Flx+(n+1)y],
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Vi4(n41)

V1+4n®

VI+(n+1)

iaa Tea

that is F(x)=f(x) for x¢ [O, r ] Now let r,=r

by a similar argument we get that

y1+(n+1)" ]’]

Fix)=f(x) for =x€ [0,
V14n?

H+(ﬂ+1)2

=1 continuing this process we arrive at
H+n

F(x) = f(x) for xe[0, r V1+(n+1)).

If x€(—ry1+(n+1)% 0] then by a similar method we get

F(x) = f(x).
Thus fC F.

Definition. If DS R? and n is a positive integer then let for k=0,1,2, ...,n+1
D, = {x+(n+1—k)y: (x, y)ED}.

Theorem 4. Let D R* be an open and connected set with (0,0)eD. Let n be
n+1
a positive integer and f: | ] D,—~R be a function such that
k=0

A3 f(x) =0 for (x,y)ED.

Then there exists a function F: R—R such that

(i) 45*'F(x)=0 for (x,y)ER?

(i) FEF.
n41
Proor. Since D is open and connected, and (0, 0)€ D, it is obvious that | ) D,
k=0

n+1

is an open interval containing 0, for instance | ) Dy=(—a,b) where a,b=0.
k=0
As (0, 0)€ D there exists an r=0 such that {(x,y): x*+)*<r*}C D and

{xy): x,y=0, x+y <r} S D.

By theorem 3 there exists a function F: R—~R for which (i) holds and F(x)=f(x)
for xe(—r,r). Let

po = sup {p: F(x) = f(x) for x€[0, p)}.

n+41

Obviously r=p,=b. Assume that p,<b. As |J D,=(—a,b) for every t€(p,,b)

k=0
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there exists (x, y)€ D such that

xy=0 x,x+y,... x+ny < p,, x+(+1)y =1=p,.
Then

n41

|
flx+(n+1)y] = *Zl’ (—1)t+1 [n: ]f[x+(n+] -k)y] =

- nZﬂ(*l)‘*'”[n:‘i-]]F[x+(n+|-k)y] = Flx+(n+1)y]
k=1

which contradicts the definition of p,. Consequently p,=b. Similarly we obtain

—a = inf {q: F(x) = f(x) for x¢€(q,b)}.
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