On the conditional laws of large numbers Il

By I. G. KALMAR (Debrecen)

I. This paper, which is a continuation of our previous publication [3], is con-
cerned with the strong laws of large numbers for a conditional probability field of
RENYL. We shall deal with the generalizations of some classical strong laws. The
proofs are based on a generalization of Kolmogorov’s inequality, and a generaliza-
tion of the inequality of HAJEK and RENYI [2]). Naturally, in the special case of a
probability space (in the sense of Kolmogorov) we arrive at some well-known laws
of large numbers.

We shall use the same symbols as in [3]. A conditional probability field will
be denoted by [H, T,,T,,p). Throughout this article we employ some constant
notations:

Let &,,&,, ... be random variables on the conditional probability field
[H, Ty, Ty, p] and Q be a Borel set of the real line. Let C<7, and let us assume that

e SYCE C In=12,.:)%

Let B,=¢;Y(Q), p,=p(B,[C), E,=E(C,|B,), D,=D(,B,) provided that E(C,|B,),
D(,|B,) (n=1,2,...) exist. Finally let

= _-{ ’ éiE(?

A ‘ LI R Q

T, = 21' &, and vy, = _21' &(&,—E)

-

If the sequence ¢&,,&,, ... converges to a random variable ¢
(with respect to C), it will be denoted by ¢, -+¢
A more detailed list of notions and notations can be found in [3].

with probability |

2. The following result is a simple generalization of Kolmogorov's inequality.

Lemma 2.1. Let &,,&,, ... be independent with respect to C and assume that
the conditional expectations and variances E;=E(;\B), D;=D(\B) (i=1,2,...)
exist. If @y, w,, ... are random variables such that 0=m,=w,=... and there exist
E(@?C)=0, then for all ¢=0

Vi s, pD}
_I EIC] Y Z E(®flC) "
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k
PROOF. Let n be fixed and &=eg;(&;—E). Then v,= > &. Let
i=1

Ay = {In| = o1} {|ve| = @8} ... ({{vgoa| = Opr8} (1 {I0i| = a8}

k=123, .40
and

= () (Il < e,
i=1

We need the following computations:
i
If k=i=n, then v,=v,+ 2 ¢} and

J=k+1
i i
(22) ‘»’?=V§+ 2 ﬁ}.+2 2 vkc;+2 Z 6}‘1{;:
J=k+1 i=k+1 k<jy<lioEi
Let now h€é H and
h {l' h:E Ak
%N =1a g A

Then, if k<i<j=n and p(4,/C)=0
.« Adp(AA;IC
E(E&714,C) = f & & dp(A14C) = [ & p(A4,IC) _

J S @0
|

_— — e s d AC =0
2(A1C) ;i[g‘ ¢iodp(A|C)

because £/, &7, «, are independent with respect to C and E(¢}|C)=0 (i=1, 2, ..

In a similar way we get

EWENIAC) =0 (k<j=n) if p(4IC)#0.
Thus by (2.2)

(2.3) E(vil4,C) = E(v]4, C)+K,,; (k=i<n),
where
ki=E(2] 2 wg+ 3 aellac)
i=k+1 k=Jy=<iy=i
and
K.i=0 if p(4,]C) #0.
Let
— 2 et n
=2 "*[E(wﬂm E@ia10)) T E@io)
Since
i
E(v|C) = jZ’ p;D;
=1
" : p.02

., n).
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By (2.3) it follows that

S  EOGHAC)
E(w?[C) E(wrg-l-llc)i E((D,flC) I
n-1 I i E(2|4,C)
E(W}A.C - + 2 =
2 B4 ey ~ Farao) T Ewio)

n=1 e | E(2|4,C)
2 s
2 E0lA O\ Fame) ~ Eard0) T EwiO)

o I l Kk.ﬂ
+ 2 K [E(w?IC) G E(w?+1|C)]

s E(}|C)
E(wi|C)

n—1
EM,|A4C) = :—21 E(vi|4,C)

IV

IV

T E@iO)

_ E0il4©)
 E(w|C)

where L,=0 if p(A,|C)=0.
Hence
(2.5) E(n|A4,C)=e*+L, (k=12 ....n),

+L.i:§£ +Li :£2+L* (kzl, 2,..., "),

where L,=0 if p(A4,/C)#O0.
Since {A,, A,, ..., A4,} is a complete group of events
which implies

E(n,|C) = kg; szp(Aa[CHk.__Zl’ L, p(4C) =

=8 3 p(AJC) = &p [ () A,-IC].
k=1 i=1
Hence by (2.4)
2 n " lD?
P [.-91 4ic) = 2 E@iC)’

which proves (2.1).

k
Corollary. If w,= 2'¢;, then Lemma 2.1 means that
i=1

k
2e(&—E)
= l " D
(2.6) p | max e |=fC| = -y Z-—Q—g
=k= ‘Zci i=1 (ij]
i=1 i=1

because of E[[ g’: t:j]ﬂ= C];i[;é; pj]g by Lemma 3.1 of [3].
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Our following two theorems (Theorem 2.2 and Theorem 2.3) are analogous
to a classical result of Kolmogorov [6, Theorem 2.7.5a]. A similar result was obtained
by RENyl who proved the following (see [4, pp. 401]):

If &,,¢&,... are independent with respect to C with finite expectation and
variance E,=E(|By), Dy=D(&By)(k=1,2,...), and

a) .2?‘“ = oo
k=1
b = s <o,
()
Jj=1
then
k
‘leiéi
- — E (k=)
&
iml

Our theorems will be proved under somewhat different conditions and by a
totally different method.

Theorem 2.2. Let the random variables &, &, ... be independent with respect
to C and suppose that E;, D; exist (i=1, 2, ...). Moreover let us assume that

o0 2
) z%}{w, B0 dan =L
k=1

Then

k
‘Zsi(gi_Ef)
= 2—1—-—*——-—C+ 0 (k=)
y 2 &

i=1

Proor. Let

Vi

—, 0,,p = max
Tﬂ

az=n=h

If dy=¢ and 2°=N<2°*' for an integer s, then there exists /=s such that

&
52:2“:%-5, and so

p(ﬁ_-\‘ = SIC) = ':Z;p[égl_glnl = %‘C] if 25= N < 25+1,
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Furthermore

p(égl glel = .‘:lC) = p[

e T

_“7;;2’1‘ |C] P[z'-skczm

= max
p [lsk#zl +1

T

.rwl

~2 gt+1_1

P
é—g[Zpk 2 PDi,
k=1 k=1

Zp.

= 3fc) = oo mes. Em

Vi

1.' _..2.;

k

=1

S'PIIC =

=2 al41.1

D!
C] s ] .
| Z )2 EGEO

4 aelgi-tl].

where 71, ="7% Hence
> p
i-:lpl
gif+1_1
4 oo .kzl kaE
p(oy = €C) ?;Z = 2
o ZP&]
k=1
- [ L *S " pavis 3
= = s,
- a8dE\ 4! kg’; Kt Zlkz
2 Di
=1

Now by the Kronecker lemma :

converges to zero which implies our theorem.
The classical form of the following lemma is due to HAJEK and RENYI [2].

=FElw g D=

k=1

Di

k=214

33

= -0 (n—+<=), consequently the last expression

Lemma 2.3. Let us assume that the conditional expectations and variances of
D;= D((ft!Bf)"‘:‘”, and

1s fes--- exist, i.e. Ei E({ile)-ﬂ:m

i

Z p'. = oo,

Then for every £=0 and 2 p;=0

i=1

2.7 [sup = le]

k=n

ib

S piDP
.-g; _: S <o,
ZPJ]
j=1
n
D?
igl' P& S mDi

e (E(30)

2 E@O) )
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Proor. First of all we remark that the right hand side of equation (2.7) is
defined because by Lemma 3.1 of [3] we have

(2.8) E(2C) = [é}'p‘) =1k

We need some calculations. Let &=g;(¢;,—E;). then

k
C] = 2 f(éi"Ef)gdP(A|C)+

l=lBI

EGIC) = E[(z"«:r]g

i=1

k k
+2 3 EE&GI0) =3 [ EypdP(AIB) = 3 piD}

1=i<j=k i=1 g’

because E({fIC)=0 (i=1,2,...) and &, {] are independent with respect to C.
Hence

k
(2.9) EMVIC) = 3 p,D}.
i=1

Let now

= | |
=2 vz[E(rEIC) ¥ E(rmo]'
Then
E(IC)  E(C)
E(xC) ~ E(t;,1IC)

E(vp.1/C) = E(vy4/C)

E(n,|C) = E(t},1]C) E(z2,.4C)

¥ +(=)... =

n+1 n+1

g; pD} z,l‘ p:iD} 2.: p: D; 2 piD;

=E@IC) E@nLIC) T E@.LC) E@aC) T

(=)=

n‘ D2
T k.
E(©}|C) * «nt1 E(}IC)

and these series are convergent by the Kronecker lemma and our conditions. Thus

IZ”'IPID:E < pl‘DE
2.10 En,|C) = —=——— s .
(2.10) ") = Famey t o2, EGIO)

Let us denote the events 4,, (m=n,n+1,...) by

{2 -

Since E(v3|A,C)=E(%eA,C)=E(1%e%C)=6*E(;|C) we can state
(2.11) E(V:|A,C) =E(2IC) (m=n,n+1,..).

v Y v
el ;- PO T A o ” T B

»

Tn+l Tm—l m
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On the other hand, if k=m then
E(V{lAn C) = E(v}, 4+ 2V (vs— V) + (Vs — V)4, C) =

= E(|Ap C)+ E(2v, (0 — V)| 4, C),
where

k
= ZaG—E) and w—ve= 3 a&—E)

f=m+1

are independent with respect to C.
Let
I, acA,,

ag(a) = 0. a6 A

Then v,—v, and «, are also independent with respect to C, so if P(A4,,C)=0
we get

E(vn(k—VmlAnC) = [ vu(vi—V,)dP(4]4,,C) =
H

< f Vm(\"t'_vm) dP(AAmlc) e flM amdP(/ﬂC} —

H P(A4,|C) g P(A4,]C)
|
= WE(","’JMC)E(W—\!,,{C) = 0.

Denoting K,, , (m=k by K,, ,=E(2v,(v,—v,)|4,,C)) we have

> E@ENALC) if m<k and P(A4,|C) =0

2
(2.12) XK. :{ 1=i<j=k .
0 if m=k or PlALC) 0.
Hence
E(v}|4,C) = Ev3|A4,C)+K,, (k=m)

so with the help of (2.11)

o ; ] |
E(ﬂulAmC) =z l;,: E(VﬂAmC) [E(TEIC) w E(T£+1'C)] G

I

T k l = | ] o [ | o |
2 E(v"‘IA’“C)[E(tEIC) eI ) AR Ve To) E(rEHIC)}?‘:

k=m

- I 1 - l I 8
2, CEERIC) ( E@IC) E(r:“IC)]*.%,. K’"'*[E(rﬂ(:) - E(rzﬂl(:)] 7

I

v 8 | 1
. +;§m K"‘"‘(E(tﬁIC) a E(TEHIC)]'

3‘
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Let

|
=3 % o)
ké:u *EG}C)  E(1},,C)
then
(2.13) EM4,C) = &+L, (m=nn+1,...).

Now it is evident by (2.12) that

(2.14) L,=0 if P(4,|C) 0.
Let A0=C\D A;. Then E,, E, E, ., ... isa complete group of events, so there
follows i
EM,|C) = 23 E(n,|4,C)P(Au|C)+ E(n,| AyC)P(A4,|C) =

= 3 EMAnC)P(A,JC) = 3 (2 + L) P(A4,[C) =

=& 3 P(4JC)+ 3 L.P(A,|C) =

= a*P[ L} A IC] = s’P[sup = sIC].

m=n k=n
Hence
(2.15) E,|C) = a=P[sup Bl = e[C].
kzn | Tg

Finally, by (2.10) and (2.15) our statement follows.
As a straightforward consequence of the previous lemma, we can now state
the following result.

Theorem 2.4. Let &, &,, ... be independent with respect to C and assume that
E,=E(&|By), D,=D(&|By) exist. We also assume that

and
oo p DZ
) G
P P:‘]
f=1
Then
2 &(&—E)
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PrROOF. It is enough to prove that

D?
.|’=Zl' PilJy - PkDf

EEC) T2 B0 0 @)
But from (2.8)
n Dlz n 'D‘S
f=21'p£ + > mDi _:‘_g;p & S- P D
E(C) s S EGIC) T (& VU 5 Al
ki1 E(T [l,g':p"] k=n+1 [J;;pf]

and the right side of this inequality tends to zero by the Kronecker lemma.

Remark. Beside the hypotheses of Theorem 2.4, assume that

]
i=1

> DilEi—E|

— - OO,

bss

pPi

=

Then the reader can readily verify that

= E (n-—+<).

In the following three theorems we shall prove that the strong law of large
numbers holds not only for mutually independent random variables. If &, ¢&,, ...
are not assumed to be mutually independent then, of course, we need some stronger
hypotheses.

Theorem 2.5. Let ¢&,,&s, ... be identically distributed random variables and let
any four of them be independent with respect to C. Suppose that

a) E(@HB) =E® <=, E(§IB)=0 (k=1,2,..),

Then -
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PrOOF. Apply Lemma 3.1 and Lemma 3.2 of [3]. Then

zu'siii
< I EGYC) _ 1 EMIC
P E =) = w rde = v T
" (37)
i=1
2 PEW+6D' > pip; K[Z pi+2 P:Pj]

__ =1 1=i<j=n e i=1 l=i<j=n 2
e n : " = n 4 =
EQ[ZP' ZP;]
jm1 i=1
(53 (5 e

= r=2'1p‘ o iglp _,: =|P .3 2K

- n 1 b= n 1 e " 2
P4 p.-] [2} p.-] [Z p;]
i=1 i=1 i=1

where the constants K, K do not depend on n. Hence

-——’&ICJ-«ZKZ s
[ ,2 )
which implies the theorem.

Theorem 2.6. Let &, Cs, ... be identically distributed random variables with
finite conditional expectations and variances

E= E(éile)a D= D(‘fi'Bl) (i = 1, 2, "‘)'

Furthermore, let us suppose that a) &,,&,, ... are pairwise uncorrelated random
variables, i.e., E(g(&—E(&|B))e;(¢;—E&;|B)IC)=0 (i#j), b) 0=<d=p,
(i=1,2, ...}, Then

2 8¢
i=1

n

ProOF. Let &f=¢(E—E) (i=1,2,...). For every positive integer N there
exists n such that n*=N<(n+1)2. Thus

N
*
:g‘;éi 23 |C1+§s+ -+ &l _!§;=+1+..-+C§r|

Ty T"-g Tng
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This inequality shows that it is enough to prove that

nt
2 &

VY, =
(2.]6J T“’ —, ;‘ < 0 (n —h-oo)
and
2.17) WV 0 (n =),

T2

By Lemma 3.1 and Lemma 3.2 of [3]

B :

ol 1 Eotjc) 2 DA
Pl =e | R reey & = =

3 . Ig;Pi] 21' Pi

Hence
=) oo 2 oo
SP|2lzec|=p 3 : éizls-ﬂm
n=1 Tn’ n=1 “Z'p* d n=1 N
i=1 ’

which implies that (2.16) holds.
On the other hand

p[ e Mﬂ,c]gp[mﬁw]
mM=N<(n+1* T, Tne

thus it is sufficient to show for (2.17) that

}"'N — vn’l

P[’l’éf{’r-l:a(n+1)i T, S5 8|C] -1 (n —-co)

But this last condition is fulfilled if

5 |V~—v,al =4 ]
(2.18) n;'l Y [u’i}{rr-l:it;({_ - -—T = g|C| <o
By Lemma 3.2 of [3]
‘;5:'- - ZN e
12 (n+1)2—1 : i
P li=n +1 = EIC = i=n®+1 = £|C
nf=N<=(n+1)* Tpe N=n? Tne
1\‘-
_CeERpeR ] i__'g,:ﬂ Pi _ D2@tD}-1 N_p? D (+1)P-1 9y

-

- = £ — = e W S s
T NS gl nt ]z =8 S atnt Ed? oSy M e2d® n®

4D?

1

39
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Hence

S [vy— vn’f ]
2 P[n==N<(n+1)’ Tyt it > tfg Z

n=1
i.e., (2.18) is fulfilled which was to be proved.

Theorem 2.7, Suppose that the following conditions are fulfilled for the random
variables &,,&,,...: a) There exist E=E((|B), D;=D(|B) (i=1,2,...),
b) &, &, are pairwise uncorrelated,

3
o i B
¢) 0<d=p;, (i=12..), d) ;ZIP‘D%/[;;;FJ] b
Then

D &(é—E)

_—:—_—-—?0 (n —u-r:-o)_

Proor. It is sufficient to show that (2.16) and (2.17) hold. Using Lemma
3.2 of [3]

é'pipﬂ 2
Vo D - |
Srlelsac)s g S A - 22 5
[5‘ ] o IZ{J"’i]

—_
=

v, 5m0 3 (5]

Since Z—-*:l and 0<d=p, (i=1,2,...) we have

A [ | | ] | k.3 | |
—— s _—-_r_:__--- = —————
.;,..[Zp’] =F (m+l)“+ S m T dmrT @(py+...+p)

Hence

1.e. (2.16) holds.
For (2.17) it is enough to prove that

oo

% p(,_pug, 1=
oy | nt=N=(n+1)2 Tpe
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But
N
2%
*0 vy~ u=| ] oo (n+ 1)2-1 ; Si & s
";'IP[R‘-:}.\P&%-!-I)’ !C = ] Nm= =HC =
'5’ D; 2
(+10-1 1 i= n'+1 ik - ;- 2 V;pmo:n

Zp.

< VP|++pm mefn = 2 < me:!
w=1 Vd (py+...+ L3 Vd w1 s
P P [ZP:]

- ng; ,\‘=§+1 FE- ]., Y IR

-

which implies (2.17). Thus the theorem is proved.
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