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Abstract

Let m,n be fixed positive integers, not necessarily distinct, and let R be an mn-torsion-free
ring with identity. Suppose that for all x, y in R, (i) x"y"=y"x" and (ii) (xy)™—(yx)™ is in the
center. Then R is commutative. As a corollary, it is shown that if m=n above and if instead of
(i) and (ii), R is assumed to satisfy the identity (xy)"=(yx)", then R is commutative, and this
recovers a recent result of Bell.

Recently, AWTAR [1] showed that if R is an n!-torsion-free ring with identity
1 such that for all x, y in R, x"y"=)"x", then R is commutative. Subsequently
BELL [2] gave an example of an n-torsion-free ring with 1 which satisfies the identity
x"y"=y"x" but which is not commutative. BELL [2] also observed that in an n-torsion-
free ring with 1, the identity (xy)"=(yx)" necessarlly implies the identity x"y"=y"x",
and this led h1m to prove that an n-torsion-free ring with 1 which satisfies the stronger
identity (x))"=(yx)" is commutative. Our objective is to generalize Bell’s result
by showing that an mn-torsion-free ring R with 1 which satisfies the weaker identity
x"y"=y"x" and for which (xy)"—(yx)™ is always in the center of R is necessarily
commutative. We also give examples which show that none of the hypotheses of
this theorem can be dropped.

In preparation for the proof of our main theorem, we first consider the following
lemmas. We use the usual notation [x, y]=xy—yx. Our first lemma is well known
[4; p. 221].

Lemma 1. If [x, y] commutes with x, then [x*, y]=kx*~[x, y] for all positive
integers k.

Lemma 2. Let R be a ring with identity 1 and let x, ycR. Suppose that for
some positive integer n, x"y=0=(x+1)"y. Then necessarily y=0.

PrOOF. The proof of this lemma has already been given in [5], but for con-
venience we reproduce it. Multiply the equation (x+1)"y=0 by x"~! on the left
and expand the binomial to get

since x"y=0. Similarly, write x"y=0 in the form (—1+4(x+1))"y=0. Expand
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this and multiply by (x+41)""! to get

0= 31y} ot vty = Corerty.
k=0

Hence we have shown x""1y=0=(x+1)""1y. Continue this process to obtain,
eventually, xy=0=(x+1)y, and hence y=0.

We are now in a position to prove our main theorem. We state this theorem
in a somewhat more general form in that we merely assume that commutators are
mn-torsion-free (instead of R being mn-torsion-free).

Main theorem. Let m,n be fixed positive integers, not necessarily distinct,
and let R be a ring with identity 1. Suppose that for all x,y in R, (1) x"y"=)"x",
(i) (xp)"—(yx)™ is in the center Z of R, (iii) mn[x, y]=0 implies [x, y]=0.
Then R is commutative (and conversely).

ProoF. Let x€R and suppose that u is a unit in R. Then, by hypothesis (ii),
[(xu=Y)u]"—[u(xu—1)]™c Z[=center of R],
and hence x™—ux™u~! commutes with u. Thus,
™ —ux"u"Yu = u(x™—ux"u"r),

and hence x™u—ux™=ux"—u2x"u"'. Therefore,

(x"u—ux™u = (ux™— w*x"u="Yu = u(x"™u—ux™).
We have thus shown that
m [x™, u] commutes with u, (u=unitin R, x¢R).

By hypothesm (i), [x™, «™]=0, and hence by (1) and Lemma 1, mnu™ ~[x™", u]=0.
Since u is a unitin R and in view of hypothesis (iii), we conclude that [x™, u]=0.
Thus,

2 [x™, u]=0 for all units » in R and all x in R.
Let a be a nilpotent element of R. Then u=1+a isaunitin R, and hence by (2),
3) [x™, a]=0 for all nilpotents @ and all x¢R.

Let N denote the set of nilpotent elements of R. Suppose that u is a unit
in R, and suppose a@<N. Then there exists a minimal positive integer p such that

4 [@*, u)=0 for all integers k=p, p minimali.
Suppose p=1. Since u is a unit in R, we have by (2),
(%) [(A+a?=)™, u] =

which by (4) reduces to mn[a”~!, u]=0. Therefore, by hypothesis (iii), [a”*, u]=0,
which contradicts the minimality of p [see (4)]. This contradiction shows that
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p=1, and hence by (4), [a, u]=0. We have thus shown that
(6) |a, u]=0 for all nilpotents a and all units » in R.
Next, suppose that « is a unit in R and x€R. By hypothesis (ii),

[(x™ = 1w) x]" —[x (x™~u)]"€ Z[= center of R],
and hence
@) [X™ Lux™ ux™ux™ ... ux™ux—(x™u)*|cZ.

Therefore, by (2) and (7), we have

[xm*n=1ym x — xminymc Z,
and hence
xmn-1ym xJ€Z.
Thus, in particular,
x(x* =1y x]) = (™1™, xDx,
and hence
®) X" =1 (x[u™, x]—[u", x]x) = 0.

Replacing x by x+1 in the above argument, we see that (8) becomes

9) (x+ )™= (x[u™, x]—[u™, x]x) = 0.

Now, by (8), (?), and Lemma 2, we conclude that x[u™, x]—[u™, x]x=0, and hence
(10) [u™, x] commutes with X, (#=unit in R, x€R).

But, by hypothesis (i), [#™, x™]=0, and hence by (10) and Lemma 1, mnx™" 1.
- [u™, x]=0. Therefore,

(11 X" =1[mnu™ x] = 0, (u=unitin R, XER).
Replacing x by x+1 in (11), we obtain
(12) (x+ D™= mnu™", x] = 0.

Hence, by (11), (12), and Lemma 2, we conclude that [mnu™, x]=0, and hence
mn[u™, x]=0. Therefore, by hypothesis (iii), [¢™, x]=0. Thus,

(13) [wm™, x]=0 for all units » in R and all x€R. J

Now, by a theorem of Herstein [3], hypothesis (i) implies that the commutator
ideal of R is nil, and hence the nilpotent element [u, x] commutes with u [see (6)].
Combining this fact with Lemma 1, we see that (13) yields mnu™ [u, x]=0, and
hence mn[u, x]=0 (since u is a unit in R). Thus, by hypothesis (iii), [¢, x]=0.
Therefore,

(14) [u,x] =0 for all units ¥ in R and all x€R.

4
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Let a be any nilpotent element of R. Then w=1+4a is a unit in R, and hence
by (14),
(15) [a, x] =0 for all nilpotents a€R and all x€R.

To complete the proof of our theorem, let xeR, yeR. By hypothesis (i),
[x", y"]=0. Moreover, as we have remarked above, [x, y] is nilpotent (see [3])
and hence [x, y] is in the center of R, by (15). Hence, by Lemma 1, [x", »"]=0
now yields nx"~![x, »"]=0 and hence x"7'[x, ny"]=0. Replacing x by x+1,
we see that (x+1)""'[x, m"]=0, and hence by Lemma 2, [x,n)"]=0. Thus,
n[x, y"]=0, and hence by hypothesis (iii), [x, »"]=0. Repeating the above argument
to [x, "]=0, we see that "~ '[x, y]=0=(y+1)""'[x, y], and hence by Lemma 2,
[x, ¥Y]=0. This completes the proof.

It was shown in [2] that in an n-torsion-free ring with identity, the identity
(xy)"=(yx)" necessarily implies the identity x"y"=)"x". Combining this fact with
our main theorem (with m=n), we obtain the following result of BELL [2]:

Corollary. Let R be an n-torsion-free ring with identity such that, for all x, y
in R, (xy)"=(yx)". Then R is commutative.

We conclude with the following

Remark. Our main theorem need not be true if any of the hypotheses is deleted.
To see this, first let

a b ¢
R =1|0 a* Ol|a, b, cEGF(4)¢.
0 0 a

Note that the ring R is not commutative. Also, R with m=n=3 satisfies all
the hypotheses of our main theorem except hypothesis (ii).
Next, let

(x]

B = d||a, b, ¢, dcGF(3)}.

oo a
o a8 o

=

Note that the ring R, is not commutative. Also,

(a) Thering R, with m=n=1 satisfies all the hypotheses of our main theorem
except hypothesis (1).

(b) Thering R, with m=n=3 satisfies all the hypotheses of our main theorem
except hypothesis (iii).

(c) Let N, be the subring of R, consisting of the nilpotent elements. Note
that N, with m=n=2 satisfies all the hypotheses of our main theorem except
the hypothesis that the ring has an identity.
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