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Pointwise convergence and a new inversion theorem
for Hankel transforms

By JORGE J. BETANCOR (Tenerife)
and LOURDES RODRIGUEZ-MESA (Tenerife)

Abstract. In this note we obtain necessary and sufficient conditions for a mea-
surable function f on (0, c0) to satisfy

T — o0
for almost every = € (0, 00) and for every p € (—1/2,1/2), where
T
Sr(f, ;) =/O y?HH @y) T T (@y)hy () (y)dy, @ € (0,00) and T € (0,00),
and
ha(P)@) = [ 2 ) g0 f )iz € (0,00),
Here J,, denotes the Bessel function of the first kind and order p.

Finally we prove a new inversion theorem for the Hankel transformation h, for
p>—=1/2.

1. Introduction

The Hankel transformation appears in different forms ([16], [18] and
[21], amongst others). One of them is that defined by

W W= [ 2 ()T (2y) (), y € (0, 00).
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As usual J,, denotes the Bessel function of the first kind and order
p. Usually p represents a real number greater or equal to —1/2. The h,,-
transformation has been extensively studied in the last years (see, for ex-
ample, [1], [2], [5], [7], [10] and [13]). A. L. SCHWARTZ [16] established an
inversion formula for the transformation (1). More specifically he proved
that if 22#*+1 f(x) is absolutely integrable on (0, 00), z#*1/2f(z) is abso-
lutely integrable on (0, 1) and f is of bounded variation in a neighborhood
of zg € (0,00) then

f(zo+0) + f(xo —0)
2

A S7(f, ps o) =

where Sp(f,u;z) = fOTy2“+1(wy)_“JM(xy)hu(f)(y)dy, T € (0,00) and
x € (0,00).

According to Corollary 1 [19] one obtains (Lemma 2.1 in the next
section) that

Tlim or(f,u;z) = f(z), for almost every x € (0, 00)

provided that z2#*! f is absolutely integrable in (0, c0) and pe(—1/2,1/2),
where

orlfsa) = [ " ) ) (1= (L) )b )i,

for every x € (0,00) and T" € (0, c0).

Other important results are due to D. T. HAIMO [7] and
I. I. HIRSCHMAN [8].

The first part of this note is inspired by the paper of D. S. LUBIN-
sKY and F. MoORICzZ [11] where the pointwise convergence of the Fourier
transforms is investigated. Here we establish relations between St and op.
Those relations allow us to obtain new necessary and sufficient conditions
for a measurable function f on (0, 00) to satisfy TlgnOO Sr(f,mz) = f(x),
for almost every = € (0,00), when p € (—1/2,1/2).

Finally, motivated by the paper of T. G. GENCHEV [6], we will prove a
new inversion theorem for the Hankel transformation h,, when p > —1/2.

Throughout this paper we will denote by L, the space constituted
by all measurable functions f on (0,00) such that x2#*!f is absolutely
integrable on (0, 00).
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2. Pointwise convergence of Hankel transforms

We obtain in this section necessary and sufficient conditions in order
that Tlim St(f,u;x) = f(z), for almost every x € (0,00). We previously
— 00

establish some useful results.
An immediate consequence of Corollary 1 [19] is the following

Lemma 2.1. Let f € L, and pp € (—1/2,1/2). Then

Tlim or(f,w;x) = f(x), for almost every x € (0, 00).

Throughout this section we will assume that u € (—1/2,1/2).

Lemma 2.2. Let f € L,. If for evel”y T € (0, oo) z € (0,00) and
A € (1,00) we define IT(f,M,)\ r) = /\T Y2t (gy)—H ] (y)x

(1= ()" ) hu(H) w)dy. then

2
Sr(f,ma)—or(f,2) = 35— [UAT(f7H§ z)—or(f, mx)| —Ir(f, 1, A )
for each x € (0,00), A € (1,00) and T € (0, 00).

PROOF. Let z € (0,00), A € (1,00) and T € (0,00). It is not hard to
see that

oxr(f, wx) —or(f, psx)

= [ (- () b w

T

2 T 2
+ AAQ 1/0 y2““(wy)’”u(wy)(%) hy () ()dy

= /AT ?JQMH(»’U?J)iMJu(x?J) <1 - (%)2 >h#(f)(y)dy

T
A2
+ 22 <ST(f s x ) _O—T(fnu; .’IJ))
and thus the proof is finished. O

Lemma 2.3. Let f be in L, and such that 22k f € L, where k €
NU {0}. Then h,(f) is k-times differentiable on I and

@) (20) b (D) = (~) (£ (). = € (0.00)

T
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for every | € NU{0} satisfying 0 < [ < k. Moreover if we also assume that
Pl Y= L+ and xh12f ¢ L, then

1 \!
x“+1/2+l<;D> hy(f)(x) — 0, as x — oo,

for every l e NU{0}, 0 <[ <k.

3)

PROOF. According to Lemma 5.4-1 [21], in order to see (2) it is suffi-
cient to differentiate under the integral sign. On the other hand (3) is an
immediate consequence of (2) and of the Riemann Lebesgue Lemma for
the Hankel transformation ([20], p. 457). O

We remark here that [15] and [17] established results similar to the
one presented in Lemma 2.3.
In the sequel, for each f € L, we will denote by A the set of all those
x € (0,00) for which Tlim or(f,u;z) = f(x). According to Lemma 2.1
— 00

the Lebesgue measure of (0,00)\ Ay is zero.
Now we obtain a necessary and sufficient condition for the validity of

Tlim St(f,wx) = f(z), for every x € Ay.

Theorem 2.1. Let f € L, and v € Ay. Then Tlim St(f,pwx) = f(z)

if and only if
lim limsup [I7(f, p, A; )| = 0,
A—=1F T 0o

where I7(f, u, A;x) is defined as in Lemma 2.2.

PROOF. According to Lemma 2.2 we have

Se(f. i) = 0w (Fopi )| = | Er(fon A
@ e
< o1 oxr(fyp;x) —or(f, H?x)‘

for every T € (0,00) and \ € (1, 00).
Our result can now be deduced from (4) and Lemma 2.1. O

As a consequence of Theorem 2.1 we obtain new sufficient conditions
to ensure that

Tlgréo St(f,mx) = f(x),

for every x € Ay and f being a function in L,,.
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Theorem 2.2. Let f be in L, such that xr2f € L, z*felL,
and z~HH*=3/2f ¢ [, for some k € NU{0}. If

AT
(5) fim, msup [y b (1) o)y = 0

A=1F Tooo JT

then Tlim St(f,pwx) = f(z), for every x € Ay.

PROOF. Assume firstly k& = 0. Since 27".J,(2) is a bounded function
on (0,00), in case v > —1/2 we have

‘IT(L 1 A; x)‘
< /T ) )l (1 - (Z)") ) o)y

AT
< C’/ y** R, (f)(y)|dy, for every ,T € (0,00) and A € (1,00).
T

Here C' denotes a suitable positive constant.
Hence (5) implies that

lim limsup [I7(f, u, A\;x)| = 0, for every x € (0,00).

A—1+t T—oo

Then according to Theorem 2.1 Tlim St(f,wx) = f(x), for every x € Ay.

Assume now k € N. By virtue of 5.1(6) [21] partial integration leads
to
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[ e[ (1= () s )R <A2fy>2}dy}

A -1
)\2

[ e e (1 () ) (60

AT
+(>\§“)2 /T (wy)““JuH(:vy)yhu(f)(y)dy}

_ 2 {_(;,;Twuw(m hu(F)(T)

A —1

— _T21L+2 (l‘T)ilLflJ#_H (J‘T) T

hu(F)(T)

N /TAT YD () =L () (1 — ()%)2 ) (;CZ/) (h(f)(y))dy

9 AT
+ (\T)? /T y2(“+1)+1 (xy)_#_lju—l-l (zy)h,.(f)(v)dy,

for every z,T € (0,00) and A € (1, 00).
Now we can write

Ir(f, X)) = =T (@T) M1 (2T by (F)(T)

AT
o L T e e e )y

+IT(f7M+ 17)‘;:6)7

L2
(

for every x € (0,00), A € (1,00) and T € (0, c0).
By repeating the argument one obtains

k
Ir(f,p Xiw) = =T (@) ™7 Ty (2T )y () (1) T2
j=1

kT
2 . s
g s [ ) e () )y
J

=1
+IT(faM + kv)‘;:l:)a

for every z,T € (0,00) and \ € (1, 0).
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We now analyze each of the three terms of the above sum. Firstly we
note that by proceeding as in the case k = 0 (5) implies that

(6) hm limsup |I7(f, p + k, X\;2)| = 0, for every z € (0,0).
S+

T—o0

Moreover, since for every v > —1/2, \/zJ,(z) is a bounded function on
(0,00), there exists C' > 0 such that

k
(72042 3 @) g (T e (F)(T) T2
j=1

k
< CpH1/2 Z wijjﬂhl/Q\hu+j—1(f)<T)’a

j=1
for every T,z € (0, 00).
Hence, since 2~ (#+3/2=0) f € L, for every j = 1,2,...,k, by virtue of the

Riemann Lebesgue Lemma (Lemma 2.3) for the Hankel transformation we
conclude that

k

(7) S T Z(mT)—“—jJHﬂ- (2T)hyp i (f)(T)T?D =0,
j=1

for every x € (0, 00).

Finally, again taking into account that \/z.J,,(z) is a bounded function
on (0,00) for every v > —1/2 there exists C' > 0 such that

E o paT
2 . s
DE TR Z/T Y2 () T () -1 () () dy
j=1
Cw n=1/2) F AT .
< G o ) R O e
Cx—H=1/2)

< - 79 su ‘h i nti=1/2)
< S g sup |1 () (9)y
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Hence by invoking Lemma 2.3 we infer

A By
(8) k AT ' ‘
«3 / PO () =13 (g () @)y = 0
=177

for every A € (1,00) and z € (0, 00).
By combining (6), (7) and (8) we conclude that

lim limsup [I7(f, u, A\;x)| = 0, for every x € (0, 00).

A—1+ T—o0
Now the result follows from Theorem 2.1. [O

Theorem 2.3. Let f € L, be such that xH12f € L, v**feL,
and x~HtF=3/2f ¢ [, for some k € NU {0}. Then

Tlim Sr(f,px) = f(z), for every x € Ay,
provided that lim y?H+HEFD\p 0 (F)(y)| < oo.
Y— 00

PROOF. It is clear that there exist C' and yp € (0, 00) such that
C
y O by () ()] < o for every y € (o, 00).
Hence for every T' > yo and A € (1, 00) one has

AT . AT dy
/ PERR (P (y)ldy < C / Y — Clog,
T T

Then
AT
lim limsup/ yz(”+k)+l\h#+k(f)(y)‘dy =0,
A=1t Too JT

and by invoking Theorem 2.2 we conclude the proof. [

Theorem 2.4. Let f be in L, such that xH2f ¢ L,, 22k f e L,
and x~HtF=3/2f ¢ [, for some k € NU {0}. If

(9) lim © / Y2 () () dy

z—o0 T Jo

is finite, then Tlim St(f,pw;x) = f(z) for every x € Ay.
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PRrOOF. For every T' € (0,00) and A € (1, 00), we have

AT
/ v Ry () (y)ldy

T

1
< —
- T

AT T
(/0 y2(“+k+1>\hu+k(f)(y)\dy—/0 y2(“+'“+”|hu+k(f)(y)|dy>-

If L= lim 2 [0t D1n, 0 (f)(y)|dy, then for every e > 0

XT—0Q0

AT
/T P () dy < AL+ 6) — (L — o)

for T sufficiently large and A € (1, 00).
Hence, the arbitrariness of € allows us to write

AT
limsup/ y? PR () (9)]dy < (A — 1)L for every A € (1,00).
T—o0 T

Thus we conclude
AT
fim, imsup [ 00 by (1) o)y = 0
A—=1t T oo T
and our result is deduced from Theorem 2.2. O

Note that (9) is equivalent, under the imposed requirements for the
functions f, to the following condition

/ G2 ) ()l dy < oo

Zo

10 li
(10) S

for some z¢ € (0,00). (10) is analogous to the condition that appears in
Theorem 4 [11].

Remark 1. Results established in Theorems 2.1-2.4 complete well-
known results about convergence of St (f, u;z) (see, for example, Corol-
lary 2 [9] and Corollary 3.2 [4]).

Remark 2. The results in this Section hold when —1/2 < p < 1/2.
This condition allows to establish Lemma 2.1. It is well-known ([19]) that

for every f € L, Tlim Gg(f,u; x) = f(z), a.e. € (0,00), provided that
—1/2 < p< B —1/2, where
16} T 2u+1 —u Y2 p
orfma) = | ) P ulay) (1= (GR) ha(F) )y,
z € (0,00).
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However our technique is not suitable when ( is not equal to 1. It
is an open problem to obtain results similar to the ones established in
Theorems 2.1-2.4. Thus we could obtain conditions to reconstruct a radial
function f from the Fourier transform of f because the n-dimensional
transform of radial functions reduces to Hankel transform.

3. A new inversion theorem for the Hankel transformation

Different inversion theorems for Hankel transformations have been es-
tablished (see, for example, [7], [8], [14], [16] and [20]). We now prove,
inspired by the work of T.G. GENCHEV [6] on the Fourier transform, a
new inversion theorem for the Hankel transformation. We note that our
inversion theorem holds for those measurable functions f on (0,00) such
that 2=#~Y2f and 2=#~Y/2h,,(f) are in L,. However the inversion for-
mulas for h,, established earlier by other authors apply to other functions.
Specifically Theorem 1 [14] (adapted to h, by making a single change
of variable) holds provided that z=#~1/2f € L, and f is continuous on
(0,00). A.L. SCHWARTZ [16] established that if f € L,,, x7#~1/2f is abso-
lutely integrable on (0, 1) and f is of bounded variation in a neighborhood
of z then

y
A1) tim [ (2) ()22 () (2)ds = LEFO T @ =0)
y—oo fq 2

In Theorem 5.1-1 [21] it is showed that (11) holds provided that

rHT2f L, and f is of bounded variation in a neighborhood of x.

Inversion theorems proved in Corollary 2.10 [7] and Corollary 2.e [8] hold
when f € L, and h,(f) € L.

Theorem 3.1. Let p > —1/2 and let f be a measurable function
on (0,00) such that 2= #~1/2f ¢ L, and x=#~'/2h,(f) € L,. Then
hu(huf)(z) = f(z) for almost every x € (0, 00).

PROOF. Let 0 < a < b < oo and define
= #V2if x € (a,b)
‘Pmb( ): .
0, otherwise.

By invoking [16] we can obtain

T

(12) A e (wy) T T (2y) by (9ab) (@) de = 0ap(y)

for almost every y € (0, 00).
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By invoking Fubini’s Theorem it is easy to see that

13 [ ) @pas@e? e = [ (1)@ (s 2)?
Also, for every m € N one has
| mD@han e
= [ s [T ) b o) )y,

Let m € N. According to 5.11 (8) [20] we have

x#+1/2/ Y () T (2y) By (0a) (y)dy
0

— /ab(acz)l/2 /Om yJu(2y) I, (wy)dydz = /b (22)1/2

2
o T2—z

X (a:m.]uﬂ(xm),]u(zm) - szM(xm)JuH(zm))dz, z € (0,00).

Hence by virtue of Lemma 7 [12] there exists C' > 0 such that

x“+1/2/ y2“+1(xy)_“Ju(wy)hu(s%,b)(y)dy’ <C,
0

x € (0,00) and m € N.

Then, since z~#~1/2f € L,,, by (12) and (13) the dominated conver-
gence theorem leads to

/OO hy(hy f) (@) pa b ()2 da = /OO f(@)pap(z)x? da.
0 0

We conclude that if ¢ is a step function with compact support on
(0,00) then

[ a2 @) - 5@ etarde =0
0

Hence h,(h,f)(xz) = f(x) for almost every x € (0,00) and the proof
is finished. O
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