Relations preserving semi-continuities of relations

By A. MUNNICH and A. SZAZ (Debrecen)

In this note, we give some sufficient conditions under which homeomorphisms
or more general realtions of product spaces preserve lower or upper semi-continuity
of certain relations.

Definition 1. Let X, Y, Z, W be topological spaces and & be a family of relations
in XX Y. A relation F from XX Y into ZX W is said to preserve lower (upper) semi-
continuity of relations belonging to & if F(S) is a lower (upper) semi-continuous
relation in ZX W for each lower (upper) semi-continuous relation S€%

Remark 1. Concerning lower and upper semi-continuity of relations, which are
usually called multifunctions in this context, the reader is referred to [7]. Note that a
relation S in XX Y have to be called lower (upper) semi-continuous if it is a lower
(upper) semi-continuous relation from its domain D, which is considered as a sub-
space of X, into Y in the sense of [7]. (See also [2].)

Theorem 1. Let X, Y, Z, W be topological spaces, ® an open (closed) relation
from X into Z and ¥ a lower (upper) semi-continuous relation from Y into W. Then
the relation F from XX Y into ZXW defined by F(x, y)=®(x)X¥Y(y) preserves
lower (upper) semi-continuity of all relations from X into Y.

PRrROOF. Let S be a lower (upper) semi-continuous relation from X into Y and
T=F(S). Then a straightforward computation shows that T=%oSo®~!. Thus,
we have T-Y(V)=®(S~(¥~1(V))) forany ¥ W. Hence, it is clear that T~1(¥)
is open (closed) in Z if V is open (closed) in W, which is a little more than the lower
(upper) semi-continuity of 7, since the domain of 7" may be a proper subset of Z.

Corollary 1.1. Ler X, Y, Z, W be topological spaces, ¢ a continuous function
from Z onto X and ¥ a lower (upper) semi-continuous relation from Y into W. Then
the relation F from X XY into ZX W defined by F(x, y)=¢ (x)X¥(y) preserves
lower (upper) semi-continuity of all relations in XX Y.

PROOF. Let S be a lower (upper) semi-continuous relation in XX ¥ with domain
D. Since ¢ is a continuous function from Z onto X, the restriction @=¢ D is
an open and closed relation from D onto ¢ ~*(D). Thus, by Theorem 1, F(S) is a
lower (upper) semi-continuous relation in ¢ (D)X W, and thus also in ZXW.

Corollary 1.2. Let X, Y, Z, W be topological spaces, ¢ a homeomorphism of X
onto Z and y a homeomorphism of Y onto W. Then the function f defined on XXY
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by f(x, y)=(@(x), Y (»)) is a homeomorphism of XX Y onto Z X W which preserves
both lower and upper semi-continuity of all relations in X X'Y.

Example 1. Let f be the function defined on [0, 1]* by f(x, y)=(y, x). Then f
is a homeomorphism of [0, 1]* onto itself which preserve neither lower nor upper semi-
continuity of all relations from [0, 1] into itself.

To see this, define the relation S from [0, 1] into itself such that S(x)=[1/2, 1]
if 0=x=1/2 and S(x)=[0,1] if 1/2=x=1. Then S is lower semi-continuous, but
f(S)=S"" is not lower semi-continuous, and S ! is upper semi-continuous, but
f(S~H=S is not upper semi-continuous.

Namely, S~'(A) is open and (S~')"'(4)=S(A4) is closed in [0, 1] for any
Ac[0,1], but S~1(0)=]1/2, 1] is not closed and (S~)~*([0, 1/2[)=S([0, 1/2]) =
=[1/2, 1] is not open in [0, 1].

Theorem 2. Let X, Y, Z, W be topological spaces and F be a lower semi-conti-
nuous open relation from XX Y into ZX W such that F({x}xY)c {z} X W whenever
(z, w)€ F(x, y). Then F preserves lower semi-continuity of all relations from X into Y.

PrROOF. Let S be a lower semi-continuous relation from X into Y and T= F(S).
To prove that T is also lower semi-continuous, suppose that (zy, wo)€7T and Q is a
neighborhood of w, in W. Pick (x,, ¥,)€S such that (z,, wo)€ F(x,, ¥o). Since F is
lower semi-continuous, there are neighborhoods U and V of x, and y, in X and Y,
respectively, such that UxX V< F~'(Zx Q). Furthermore, since S is lower semi-con-
tinuous, there is a neighborhood U,c U of x, in X such that U,cS~(V). Fi-
nally, since Fis an open relation, there are neighborhoods X and €, of z;and wyin Z
and W, respectively, such that X< Q,c F(U,x V). Thus, it remains only to prove
that £ 7 '(Q), which shows that T is lower semi-continuous at z,.

If z€ZXZ, then (z, w))€ZXQ,c F(U,XV). Thus, there exist xéU, and yeV
such that (z, wp)€ F(x, y). Since xeU,c S '(V), there exists y,€V such that
xSy, 1e., (x, y,)€S. Moreover, since (x, y,)eUXVc F~Y(ZXQ), there
exist z,6€Z and w,€Q such that (x,y)EF~Y(z, wy), i.e., (2, w)EF(x, ).
Hence, since F({x}x Y)c {z}xX W, it follows that z,=z. Consequently, we have
(z, w)=(zy, m)E€F(x, y,)c F(S)=T, and hence z€T~'(w,)cT~(R).

Remark 2. For a relation F from XX Y into Zx W, the following properties
are pairwise equivalent:

(i) F({x}XY)c {z}xX W whenever (z, w)€F(x, y);

(11) goFop~', where p and ¢ denote the projections of XX Y onto X and
ZX W onto Z, respectively, is a function:

(iii) there exist a function ¢ from X into Z and a relation ¥, from Y into W for
each x€X such that F(x, y)=¢(x)xX¥.()) for all (x,))eXxY.

However, we could not use this fact to simplify the above proof.

Corollary 2.1. Let X, Y, Z, W be topological spaces and f be a continuous open
mapping of ZXW onto X XY such that f~'({x}XY)={z} X W whenever f(z, w)=
=(x, y). Then the relation ! from X XY onto Z X W preserves lower semi-continuity
of all relations in XXY.

PrOOF. Let S be a lower semi-continuous relation in XX Y with domain D.
Then, by the assumptions on £, it is clear that f~' (DX Y)=EXW for some ECZ
and the restriction F=f"'|DxY is a lower semi-continuous open relation from
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DX Y onto EX W such that F({x}xY)={z} < W whenever (z, w)€ F(x, y). Thus,
by Theorem 2, f~'(S)=F(S) is a lower semi-continuous relation in Ex W, and
thus also in ZxW.

Corollary 2.2. Let X, Y, Z, W be topological spaces and f be a homeomorphism
of XXY onto ZXW such that f({x}xY)={z} X W whenever f(x,y)=(z,w). Then
[ preserves lower semi-continuity of all relations in X XY.

Example 2. Let f be the function defined on [0, 1]* by f(x,»)=(x, y.(),
where . (»)=(x+1/2)y if 0=y=1/2 and Y,(»)=0G2—x)p+x—-1/2 if
1/2<y=1. Then fis a homeomorphism of [C, 1]* onto itself such that f({x}X[O 1D=
={x} %[0, 1] for all 0=x=1, but f does not preserve upper semi-continuity of all
relations from [0, 1] into itself.

To see this, define the relation S from [0, 1] into itself by S(x)=[0, 1]\{1/2}.
Then S is upper semi-continuous, but 7=/(S) is not upper semi-continuous. Namely,
we have T(x)=[0, IN{(1/2)x+1/4} for all 0=x=1, whence it is clear that for
any x,€[0, 1], T(x,) is a neighborhood of itself in [0, 1], but T(x)d4 T(x,) for each
x€[0, 1]\ {xo}, and thus T can not be upper semi-continuous at x,.

Theorem 3. Let X, Y, Z, W be topological spaces such that Y is regular and W
is compact, and let F be a closed relation from X XY into ZXW. Then F preserves
upper semi-continuity of all closed-valued relations from X into Y.

ProOOF. Let S be an upper semi-continuous closed-valued relation from X into ¥
and T=F(S). Then, by [2, (3)], S is closed in X< Y. Thus, by the assumption, 7 is
closed in ZXx W. Hence, by [2,(7)]. T is also upper semi-continuous.

Corollary 3.1. Let X, Y, Z, W be topological spaces such that Y is regular and W
is compact, and let f be a continuous function from ZXW onto XXY such that
FU{x} X Y)={z} X W whenever f(z, w)=(x, y). Then the relation f~* from XxY
onto ZX W preserves upper semicontinuity of all closed-valued relations in X <Y.

PROOF. A similar argument as in the proof of Corollary 2.1 can be applied.

Corollary 3.2. Let X, Y, Z, W be topological spaces such that Y is regular and W
is compact, and let f be a homeomorphism of X XY onto Z X W such that f({x}*Y)=
={z} X W whenever f(x,y)=(z,w). Then f preserves both lower and upper semi-
continuity of all closed-valued relations in X < Y.

Remark 3. Note that, by Example 2, closed-valuedness is an essential require-
ment in the above assertions.
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