Attractivity theorems for second order nonlinear
differential equations

By J. KARSAI (Szeged)

1. Introduction

In this paper we give conditions which ensure that all solutions of the equation

(E1) (P(X) +q()f(x) = e(D)
tend to zero as r-ee.

This equation appears in applications very often. For instance, motions of cer-
tain forced mechanical systems of one degree of freedom are described by an equation
of such form. In this case 'lig x(1)=0 means that the system asymptotically

approaches to its equilibrium position. A great number of papers have been devoted
to establish this property. First the linear case was investigated. One of the best of
these results from a theoretical viewpoint is due to G. SANSONE [2]. As the most of
oscillations are nonlinear, the examinations were extended to the nonlinear equations
[ls 29 4) 59 ?) 8]‘

In[7] and [8] F. J. ScotT gave two sufficient conditions of this property for equa-
tion (E1) by different methods. He proposed the question combining these two me-
thods preserving advantages of both of them. In this paper we are going to present
such a method.

Throughout the paper the following assumptions are made for functions in [E1]:

(I) P qQClUOa oo); P(t)’ ‘I(f) = 0;

(In feC(==, =), xf(x)>0 (x#0);
(I F)=2 [ fve (x—e);
@v) €€ Ligc[to, =);
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where [a]* =max (a, 0), [a]” =max (—a, 0).
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The energy

E(1) = "(( )) 22 (1) + F(x (1)

is used as a Ljapunov function. For its derivative the following estimate holds:

1/2
_ [P : _p@) ., (P9 _
(1) £ =2(2) 0205w 0-23 02 0 =
= | | 1/2 [(pq) ]'_

Using this inequality, it can be proved that under assumptions (I) —(VI) all solu-
tions of (El) exist on [f,, ==), moreover for every solution the finite limit
tlim E(1)=/ exists. Hence by virtue of (II), in order to show llim x(1)=0 it is

sufficient to prove A=0.

2. Results

The fundamental theorem is the following:

Theorem 1. Suppose that there is a nonnegative absolutely continuous function o

such that f a=ce and it satisfies the following conditions:

(1.1) ;of (;;q;() ka(:: dt <o for every k= 1;
p 11:; 1

(12 «0(2) O=o(fd) €=

(1.3 S loa=o(fa) =

Then for all solutions of equation (E1) 'lim E(t)=0.

Proor. Let x(7) be an arbitary solution of (E1). First we prove that for every
£=>0 there is a v=0 such that

2) F(x(@)—vx()f(x() <& (1= t,).

Let [a, b] be a bounded closed interval (a=0). It follows from the continuity
of fand F that there exists a constant v=v(a, ) such that F(x)<vxf(x) whenever
x€[a, b]. Let b= sup |x(r)| and choose a so that F(y)<e if |y|=a. Choosing v to

tgs =
this [a, b] we get 82).
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Function E(7) can be rewritten and estimated as follows:

3) E() = p(()) 20+ F(x(0) = (1+v) p((r))xﬂ(:)—
()

_vﬂ(pxx) O+ F(x(0)—vx () f (x (1) +vx (1) —= (t)

< (1+v22

2© x2(0)— —(pxx) ( )+v—-—)x(t)+e

q(r)

Therefore, if W(t)=E(r) fa, then

1/2
) W <—vxdy 0 20 +2(2) 00157 0 f at

q(1) (p )” ?

+v"i_x(t)lx(r)|+sa(f)+tp(!)W(’)“ v(pxx) () =5 ()

a0
o f a-f-vM%(r)+sa(:)+qo(1)W(t),

( )1.“2
where M= sup (Ix(®)), K*= Sup [&X ()]
o

+2K
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a

I (pq) x(0]~
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By virtue of (VI) there is a number 7 such that f le|(pg) ~V?><¢/2K whenever

T
t=T. Integrating (4) over the interval [T, 1] we get

-
T+‘If E pxx+31fa+
i L 4 f 4 . i
+2KTf(‘!a]W%‘(r)dr+vM!%+!$W{

1/2

& {W(T)+v [-;- pxi](T)I-l—vMKa(:)(g] (r)+ana+

) W(t) < W(T)— v% (px%)

oM [ |(2)]ware2k [ ( / ) o (e +

+va@+f‘(pW=:,b(r)+frqol‘V.
" q T T
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Observe that in consequence of conditions (VI), (1.1), (1.2), (1.3) the following esti-
mates hold:

Tvo(f)" <2 [o-r<~

Applying the fundamental theorem of differential inequalities [3] we obtain
w) =y +exp{ [ o} [V@o@exp{- [ p}dr < ¥ (@0)+Le* sup (9),
T ¥ T ot

and ‘lim E(t)=2e+2Le"¢. Since ¢ was arbitary, 'lim E(t)=0. The proof iscomplete.
Applying different methods F. J. Scott has proved two theorems ensuring
tlim E(t)=0 for all solutions of (E1). In [7] he used the condition
im (P9
I
::: rq ( )a{f)

requiring much more than (1.1). In [8] he supposed the boundedness of the functions

g0 [%]m(r), ‘ / ][%][ (pa)*

on [#,, =) instead of conditions (1.2) and (1.3). Thus Th. I is a common improvement
of these results.

Remark 1. If thereis a v=0 so that F(x)=vxf(x)(— se=x= ), then condition
(1.1) has to be satisfied for k=1+v only.

Remark 2. If further differentiability conditions hold for «(z) and ¢(7), then the
proof of Theorem 1 can be refined. Integrating by parts the member v(a/q)*(¢)(pxx)(7)
in (4) we obtain the following modification:

If the conditions

(1.3) f[[[%]p]]m[fa] (t =),
(13) |[%]’p](r)=o[‘nfa) (1 ~=)

hold instead of (1.3) then the statement of Theorem | remains true.

Remark 3. If the assertion of Th. 1 concerns only the oscillatory solutions of
(El), then condition (1.3") and, in the case e(#)=0, condition (1.2) can be omitted.
Indeed, for oscillatory solutions integrate in (5) from ¢, to #,, where {z,};° is the se-
quence of the zeros of the solution x(7). Then

a) x2 |fn o 3 th
vl—lp—] =0 and v—pxx| =0
[q 21, q 4 P

respectively.
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Another variant of this statement has been proved by L. HATVANI [4].
In the remain part of this paper we give some applications of Th. 1 to the equa-
tions

(E2) i+qf(x)=-e()
and
(E2) X+q()f(x)=0.

It is known [2] that the condition ¢g(¢) 7= as r--eo is necessary but not sufficient
for ‘lim E(1)=0. Hence, to ensure this property further conditions must hold for

regularity of growth of g(7) as 7—<=. G. SANSONE [2] proved that if §(z)=c=0 on
[te, ==) and f 1/g= then each solution of the linear equation
(LE) i+q()x =0

tends to zero as f—e=. I. T. KIGURADZE [5] obtained the following result: If the
condition §(t)/q(t)=0c/(tlog t) is satisfied for all r€[t,, =] and some o=0, then
all solutions of (E2’) approach to zero as t—~<=. Using Th. 1 we prove a generali-
zation of these results.

Corollary 1. Suppose that there is an absolutely continuous nonnegative function

a for which (1.1) and f a=oco hold. If either

J 1
a) there exists a constant ﬁ-r:? such that

[N =3 ==

0o i)
or

then for all solutions of (E2) th*m E(1)=0.

or b)

= a[l_!.'a] (t =)

Proor. First we prove that from (V)

©) lim g() > ¢ >0

follows. Suppose that this statement is false. Then there exists a sequence {,};°
such that ¢,—~<, ¢(t,)=~0, and

f" %‘_ = _% f”% = %(log q(to)—log ¢(1,))

o

as n—oo which contradicts (V).
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We show that all conditions of Th. 1 are satisfied. Because of (6) we have (1.2).
In order to prove (1.3) in case a), by

Sl = @) e a-p f (2) s

t
it is sufficient to present that the members on the right-hand side are of o[f -:t]

as 1<, In view of (6) it holds for the first one. For the second one the follm:ring
estimate results the desired property:

(oo 4 f ]

I

O v
f—,.IQ'fIﬂ ¥ < sup
fy q [, 1]

= sup (%] {2c‘"”2 ';F -[%]!;4- T—_-_%—BC”'W}.

(1,11

In case b) (1.3) follows immediately from

1

Flen= et ot

The corollary is proved.

From case a) of Corollary |1 one gets Sansone’s and Kiguradze’s results with
p=0, a(t)=1/g(1) and «(r)=1/(tlogt) respectively.

In 1978 R. J. BaLLiEUu and K. PerFreR [1] obtained the following statement. Sup-
pose that §(1)=0, §(t)/¢*2(¢) is bounded on [t,, =) and ¢(1)/¢**(t)=a(r), where

a(t) 1s nonincreasing, f ag'®*=o. Then all solutions of (LE) tend to zero as

t —+oo. This theorem is ge;leralized by Corollary 1 (case b), a(r)=a(t)g"%(r). Instead
of monotonicity of a(z) only

[ldl=o(f ag") (t~)

is required. It is easy to see that Corollary | can be applied to equation

I

i’+exp{f %singtdr}xe" =0
1

but the conditions of the result of Ballieu and Peiffer are not satisfied.
Next we formulate some statements for equation (E2”). As is known [3] conditions
(). (II), (ITD), and (V) imply that all solutions of (E2’) oscillate on [z,, ==).
Choosing «(t)=¢q(r)/g(t) in remarks 2 and 3 we obtain
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Corollary 2. Assume that q(t) is absolutely continuous and q(t) / = as t—<o. If
fr [(g=)"1" = o(logq(n) (1 -~==)
i
then for all solution of (0E2') 'lirpo E(t)=0.

A. C. LAzer proved [6] that if g(r) ~ ==(f—+==) and the function f|(q"”2)*“l

[/
is bounded on [t,, =) then all solutions of the linear equation (LE) tend to zero as
t—+co, Applying Remark 1, with a«(r)=¢g(r)g="" "V (1) we obtain a generalization
of Lazer’s theorem to the nonlinear equation (E2’).

Corollary 3. Assume that G(t) is absolutely continuous, q(t)/ = as t—< and
F(x)<=vxf(x) for all —eo=x-=ec and for some constant v=0. If

f [(q_v.l'[v-l-ll)"']"' = o(q””"'”(f)) (f _'m)

then for all solutions of (E2') rlim E(1)=0.

Remark 4. Our results can be sharpened if f(x) is “nearer™ to a linear function
in the following sense: there exist positive numbers y, v such that

(V1) 2xt = F(x) = vxf(x).
If f(x)=x then u=v=l.

By refinements of the proofs of our theorems it can be shown that in this “near-
linear” case conditions (1.3) and (1.3") may be replaced by

t t o
” -1 o M :
42 () ()] o} <4
o o
t N [ . \.1- 2#2
o gl
(1.3) rm[%f]';f 2)? -
respectively.
Statements involving these conditions are real sharpening of the corresponding
theorems. For example, for the equation '

(¥ log 1) %) +312x = 0
condition (1.3")" is satisfied with «(r)=1/r while (1.3") does not hold.
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