Extendibility of *-representations from
*-ideals of *-semigroups

By ZOLTAN SEBESTYEN (Budapest)

In a previous paper |3] the author proved a result concerning extendibility
of a *-representation (on Hilbert space) of a *-ideal to the whole *-algebra under
a relatively simple condition known from the same problem with respect to C*-
seminorms [4].

The aim of this note is to extend the extendibility question to a more general
case. First we shall prove that a *-representation of a *-ideal of a *-semigroup is
extendible to the whole semigroup if (and only if) the preceding condition ((1) below)
holds. The case when our *-semigroup is embedded in a Banach *-algebra the
extendibility problem is known from the author’s investigations concerning moment
type problems [5].

Let G be a (multiplicative, associative) semigroup with involution (*), briefly
a *-semigroup, introduced by Sz.-NAGY [2] concerning dilation problems. A sub-
semigroup J of G is a *-ideal if it is closed under the involution and GJCG
(hence JGCG). A *-homomorphism of J into B(H), the C*-algebra of all
bounded linear operators on a (complex) Hilkert space H, is called a *-representa-
tion of J on H.

Lemma. Let T be a *-representation of J on the Hilbert space H and let
Hy={xcH : T\x=0 for each he€J}. Each x¢H orthogonal to H, belongs to the
closed subspace in H spanned by {T,x: h€J}, which is orthogonal to H,.

ProoF. For a fixed 0#x€Hy, where H¢ denote the orthogonal complement
to H, in H, let
H, := V{T\x: heJ}

be the closed subspace of H spanned by elements 7,x,h running through J.
If y denotes the unique element of H, with the property that x—y is orthogonal
to H, we have to show x=y. First of all x—y€H, because

ITax =N = (Twen(x— ), X= ) == (Tys ), X—3) = 0

holds for any & in J since y€H, immediately implies T}, y€H,. Hence we have
that
lx=ylI* = G=y, x=y) = (x, x=y) =0

indeed (because x is orthogonal to H,, hence to x—})). The proof of Lemma is
complete.
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Theorem 1. Let T be a *-representation of the *-ideal J of the *-semigroup
G on a Hilbert space H. There exists a *-representation S of G on H extending
T if and only if

(1 p(g) :=inf {M = 0: |Ty,[| = M|T)||(h€))} <= (g€G)

PROOF. Assuming such an S the condition (1) is obviously satisfied because
of gheJ provided geG, heJ and because

I Tgn“ — "Sgh" = | S,” “ Sk" = "Sg"” T3l

To prove the sufficiency of (1) we take first S to be zero on H,:={xeH: T\x=0
for each h€J}, a closed subspace of H on which T is also trivial. For if x¢€H{,
i.e. x is orthogonal to H,, we know from the Lemma that x belongs to H, :=

=V {T,x: h€J}, the closed subspace spanned by T,x’s as /& runs through J.
It is obvious that for any x in H§ which is of the form ' T),x, (finite sum) with
h

heJ, x,€H, we have to define Sg (g€G) as follows
2) S,x = > Tyx, forany g in G.
g
Since such elements are dense in Hj- by Lemma, we have only to prove that (2)

is correct for S and gives a bounded operator on HJ. The remainder of the proof
is then clear, namely that S establishes a *-representation of G on H. But we have

||§ [t = (2 TyoanXns 2 Tuxy) = ”Z T g | ||Z Ty

so that by induction we have also that

“%‘ Tghx;. gnai = “%‘ T(’.ﬂ!n x,,” ” ‘,,2 TaXs

$n+lo1 _
—=

= 2Tt sl I H; il =

(by (1)) )
= %’ p((g")*")I Tl |l H‘;.Z Ll " =917 ..)

and hence that

® |2 T = lim p((g' |3 Tum]
We need properties for p as follows

4 p(gg) = p(@)r(g) (g £.€06)

(5 p(g*g) = p(g)* (g€G)

The proof of (4) follows by the definition of p since

1750l = P@IT,,ull = p(&) P ()T
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holds for each g, g,€G, h€J. But the estimates
1Tgnll? = | Thegrgnll = ITpell | Tgegnl = p(g*@)IToMI2

for g€G, heJ imply
p(g)?* = p(g*g) = p(gr(g),

p(g) = p(g") = p((g)) = p()

for each g€ G and hence (5) since thus

p(g)* = p(g"g) = p(g)®
holds also for any g¢G.
To end the proof we have by (2), (3), (4), (5) that

”%‘ Tghxh“ = p(g) II%‘ Thxh”
hence that

_ IS, = p(g)
holds for each g€G indeed.

Theorem 2. Let G be a *-semigroup in a Banach *-algebra A such that G
generates a norm dense *-subalgebra in A. Let further T be a *-representation of
a *-ideal J of G on a Hilbert space H. There exists a *-representation S of A
extending T on the same space H if and only if

(6) M :=sup{||3 ¢, Tpl|: heJ, ITyl||Z c,g| =1} <~

holds, where {C,} is any finite set of complex numbers indexed by elements of G.

Proo¥. The necessity of the condition (6) is obvious since any *-representation
of a Banach *-algebra on Hilbert space is automatically continuous (see [1]).

We shall prove that (6) ensures the desired *-representation S on H. Since
(6) clearly implies (1) we have by Theorem 1 a *-representation § of G on H
such that

M I1S,0 = Mllgll (g€G)

We need an extension to (7) for the *-subalgebra A(G) in A generated by G as
follows

(8) IS, = Cllal (a€A(G))

where for an a= 3 ¢,g€ A(G) the representing operator on H is S,and C=0isa

q
constant depending only on A.

&) Se = ?‘}Sf (a = gcngA(G))
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is thus well defined. To prove (8) we shall use the same argument as before: for
x_—‘%' T;,x,, (hEJ, x,,EH)

"Sax”2 = (Sa"‘ax! x) = ”Sa’ax” ”x”!

IS,617*" = DSax] 1™ 5 3 [Swar Tunl 1l -1 =
= %‘ ”Z A‘.T .,,x,,”"x"ﬁ"u_l = %‘ M”Z ;"sgsH” Th” ”Xﬁ” ”xllgnu_] -

= M|(a*a)*| |xf>*"~* %' U7l Il
and thus also that
ISa x|l = lim [[(a*a)*|*~""*||x]| = r(a*a)"?|x],
where r(a*a) denotes the spectral radius of a*a in A, and 2 /g, stands for

(a*a)*".
By the way
(10) r(@a*a)'* = cla| (acA)

holds true, as is known for Banach *-algebras from [1, p. 196], implying (8) indeed.

Since we have thus really a *-representation S of A4(G) on H which is conti-
nuous with respect to the norm of A, the norm denseness of A(G) in A implies
the statement of the theorem; only (unique) continuous extension of S is needed
to A. The proof is complete.
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