F loop of order p°
By FOOK LEONG (Penang)

Abstract. Tt is known that a Moufang loop G of order p* is a pE loop,
p aprime (G is in fact a group for p=3, see [4]). This paper proves that a Moufang
loop of order p® is a pE loop for p=3; an F loop of order p°® is a pE loop;
an F loop of order p% isa pE loop for p#3.

Definitions. Let G be a loop. The associator subloop G, and the commutator
subloop G, are defined as follow: G,={(x,»,2)|x,» 26G) where xy.z=
=(x-yz)(x,5,2). G.={x,y]|x,yEG) where xy=(yx)[x,y]. An F loop is
a Moufang loop such that if H is a subloop generated by any three elements x, y, z,
then ((x,y,z))CZ(H), the centre of H. (It can be shown easily that H,=
={(x,3,2)).) A pE loop G is a Moufang loop such that G/N is commutative
of exponent p, where N is the nucleus of G. All other definitions and notations
follow those in [1], except otherwise stated.

Remark. An F loop satisfies all the equivalent identities of Lemma 5.5, [1, p.
125]. As this lemma is repeatedly needed, we shall quote it as Lemma F. Clearly
a pE loopisan F loop. A Moufang loop of order a prime power is nilpotent, [3, p.
397] and [3, p. 415].

Lemma 1. Let x,y,z be elements of an F loop G. Then: (a) zR(x, y)=
=2z(z, x, ). (b) (x»a=xuya(xa, ya, ™) where « is a pseudoautomorphism of
G with companion c.

Proor. (a) zR(x, y)=zL(x%, y V=2z(z, y L, x ) by [l, p. 124, L. 54].
=z(z,x,y) by Lemma F. (b) (xy)x-c=xa-yxc by definition of a. (xp)a=
=(xa - yac)e = (xoxa - ¢)(xat, ya, €)1 ¢ '=xaya(xa, ya,c”') by Lemma F.

Lemma 2. Let G={(x,y,z) be an F loop such that [[u,v],w] isin N for all
u,v,w in {x,y,z}. Then G.CN.

Proor. By Lemma F (5.23) [[u, v], w]€N for all w,v,w in {x, y, z} implies
that [[f, g), h]€N for all f, g, h in G. By Lemma I,

JeR(h, [u, v]) = fg(fg, h, [u, v]) = f(f, h, [u, v]) - g(g, h, [u, v]) Pk
since the companion c¢=[h, [u, v]|€N, : % =fg- (f, h, [u, v])(g, h, [u, v]) as G,C Z(G).

Therefore (fg, i, [u, V])=(f. h, [u, v](g, h, [u, v]). By repeating the expansion for
associators on the R.H.S., we see that (fg, A, [x,y]) is a product of associators
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of the form (e, d, [x, y]) where e, d are from {x, y, z}. By Lemma F, (e, 4, [x, y]) =
=]. Thus [u,v] isin N forall u,v in {x, y,z}. By Lemma F, {g, &] isin N for
all g,h in G. So G.CN.

Theorem 1. Let G be a nonassociative F loop of order p°. Then G is a
pE loop.

Proor. If |[N|=p?® then G=(N,x,y) for some x,y€G. As a Moufang
loop is diassociative, G would be a group. Suppose |[N|=p® As G is non-
associative, G/N must be generated by three elements and G/N=C,XC,XC,.
So G isa pE loop.

Suppose |N|=|Z|=p. If |G’'|=p, then G'=Z =N since it is a minimal
normal subloop of a nilpotent loop. As G is nonassociative, G,#1. Thus
G,=G'=C, and (x,y,2)’=1 for all x,y,z€G. By Lemma F, (x%,y,2z)=1.
So xPeN for all xeG. G/N=G/G" is obviously commutative.

If |G'|=p?% then G=(G’, x,y) for some x, y€G. By [I, p. 98, Theorem 2.2,].
G’ @(G) where ¢(G) is the Frattini subloop of G. Thus G={(x,y) would be
a group by diassociativity of G.

Suppose |G’|=p% Then there exist x,),z€G such that G=(G', x, ), 2z)=
=(x,y,z). Let Gy=(x"', x0|x€G’, 0cI(G), the group of inner mappings of
G) be the third term of the lower central series of G. As G is nilpotent, |G,|=p.
So G,cZ=N. By Lemma 2, G.CcN. As G is an F loop generated by three
elements, G,cZcN. Thus G'=(G,, G.,)C N, a contradiction.

Corollary. A Moufang loop of order p* is a pE loop for p=5. As G is
nilpotent, |Z|#1. Thus |G/Z|=p*. By [4, p. 33), G/Z is a group. So G,—Z and
G satisfies Lemma F. Therefore G is an F loop. By Theorem 1, G is a pE loop.

Theorem 2. Let G be an F loop of order p°. Then

(@) xPEN for all x€G,
(b) G isa pE loop for p#3.

Proor. (a) Suppose Ix€G such that xP¢ N. Then (x?, y,z)#1 for some
y,2€G. Let H=(x,y,z). Then |H,|=|{(x,),2))|=p* as (x?, y, 2)=(x, y, 2)"=]1.
As H is an F loop, H,cZ(H). If H#G, then |H/Z(H) =p® Clearly H is
nonassociative. So H/Z(H) must be generated by three elements and is an ele-
mentary abelian p-group. Thus xP€Z(H) and (x%, y,z)=1, a contradiction.
Hence H=G=(x,y,z). As (x?,y,z)#1,y? and zP arenotin N by Lemma F.
Since |G,|=p* and G,cZCN, |G/N|=p* and G/N is a group with three gene-
rators xN, yN, zN all of whose orders are not less than p® By [2, p. 145], such
a group does not exist. Thus xPeN for all x€G.

(b) For p=2, G/N is of exponent 2 by (a). But a Moufang loop of exponent 2
is commutative. We assume p=3. Suppose G is generated by at least four elements.
As G'co(G), |(G’, x, y)|=p* for any x, y€G. By [4, p. 33], (G', x,y)=1. So,
G’cN and G/N is commutative. Suppose G={(x,y,z), x,»,z6G. Assume
Gyt Z. Then |Gy=p* As G'ce(G) and G is nilpotent, |G’|=p® Clearly
ZcG'. Now G'=ZG,. But Gy={(x"1'-x0|x€G’, 0¢1(G) which is the group of
inner mappings of G)={g '-g0|g€G,, 0€1(G))=G, as G'=ZG,. Since G is
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nilpotent, this is a contradiction. Thus G,cZcN. By Lemma 2, G.< N. Therefore

G/N is commutative.

Remark. This proof fails for p=3 because an F loop of order 3* is not
necessarily associative.
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