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1. Introduction

Given an endofunctor F: .o/ - on the category &/ the construction of the
category o (F) of F-algebras is well known (see e.g. in [1—S5, 7, 11, 14—15]). For a
morphism &: Uld’, k')~ U(a, h) ({(d’,}’), {a; h) are F-algebras and U: o (F)—~o/
is the canonical forgetful functor) one can define the U-lifter of ¢ as in [10]. If U
is presemitopological then the existence of this U-lifter is clear since presemitopologi-
city was defined by requiring U-lifters for all UoD-U{a, h) cones, where D ranges
on functors into o/ (F) (cf. [9—10]). Originally the more gencral notion of a G-lifter
(G: # -4 1s a functor) for a single morphism first appeared in [8] under the name
(14, G)-quotient.

The main aim of the present paper is to give sufficient conditions for the existence
of certain U-lifters. The first result (2.1) concerns the general case of G-lifters. In
(2.4) an image factorization system (&, .#) will be used in order to obtain U-lifters
of morphisms &€é&. Finally the condition in (2.6) that F preserves certain colimits
will give the existence of all U-lifters (of single morphisms).

2. Constructions providing lifters

Let G: #—+<f be a functor and &: Gb"—~Gb be a morphism in &/ ; then we say
that ¢ has a G-lifter if there is a triple (¢’*, z*, e*) with z*¢|#|, " : b"—z*, e*: b—+2z"
and (Ge*)ol=Ge™ such that for each triple {¢,z,e) with z€|®|, €:b -z,
e: b~z and (Ge)ol=Gé¢ there exists a unique morphism 7:z*—~z with toe*=e
and toe’*=¢" (cf. [10]).
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2.1. Proposutlon. Let # have pushouts and V: of -2 be a left adjoint to the
functor G: B~ with counit d:VoG—+1g4. Then each f Gb’—-Gb has a G-lifter.

Proo¥. Take the following pushout in 4. ||

VGb" —=- VGb —2+ b
@/2) ol o 5
b’ ' o
ew

2.2. Remark. Clearly —G in the above proposition can be replaced by the
following weaker condition: —1G. The latter relative adjointness (for relative

adjomts see [16]) is equivalent to the existence of mltlal objects in the commacate-
gories (Gb\G) for be|2|. |

2.3. Corollary. Suppose that < (F) has pushoursland fr_ée a.’ge:'bra.r (i.e. rheré is a
left adjoint to U: o/ (F)~sf), then there exists a U-lifter for all &:U{d@,h')—~
—'U(ﬂ,h) Il 2 A X .

24. Theorem. Let <of be a cocomplete &-cowell powered category with an
image factorization system (&, .#). If the functor F: of ~o preserves & then
each morphism &: U(a',h"y~U{a, h) with €& admits a U-lifter.

ProOF. Let (2./3) represent the «7/-colimit of the noncommutative triangle
(NC) with the colimit morphisms ¢ and 7.
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At first we claim that ec&. If e=moe is a factorization of ¢ with ec& and me .#
then there is a unique morphism p: Fa—y making (2./4) commute.

/{””
|

' o x

h.'

a
. : 1
(2./4)

|

> Fa
Fiee

Since the morphisms e and p create a cocone for (NC) there exists a unique k: x-—+y
with kog=e and kom=p. komoe=koe=1,ce implies kom=1, and the equations
mokog=moe=g, mokon=mop=n imply mok=1,. Thus m is proved to be an
isomorphism, consequently ¢€& by meEé.

It follows from Fecé& that the free completion (2./5) of the partial F-algebra

x <% Fa-=+ Fx exist: the pushout construction will stop).
£ Fa-=. Fx
f‘ I FI.
(2./5) ! !
@* «~—— Fo*

u*

It can easily be seen that (f*oeol, (w*, u*), f*oe) will be the U-lifter of &. |

2.5. Remark. For the basic properties of image factorization systems in cate-
gories see [3, 5—6, 11, 13, 15]. The result on free completions of partial F-algebras
used in the proof of (2.4) can be found e.g. in [5, 11]. ||



40 Jend Szigeti

Let 4 be the following category. Objects: |A'|={0,1,2,....,n,...}. Mor-
phisms: the units, and for each n=1 there are n distinct morphisms d}:n—0
(i=0,1, ...,n—1). Composition: obvious.

2.6. Theorem. Let </ be N -cocomplete (each functor N~ has a colimit
in /) and let F preserve these colimits, then each &: U{a’, h’)—~U{a, h) has a U-
lifter.

ProoF. Define the functor N: A= by n—0—F""'d —-a with Ndi=
=hoFho...oF'*=*hoF'(oF'Ko...oF"*K (F°=1, and F~! is irregular). Let
g*: N—-w* be a colimit cocone then Fg*: FoN—Fw* is a colimit cocone too.
Define Q: FoN—-w* as follows: Qy=qggoh, and for n=1 let Q,=Q,0FNdj.
Clearly, Q is a cocone since hoFNd;=Nd!}'! (0=i=n-1). Hence there is a
unique «*: Fo*—-w* with u*oFg*=0Q. Now ¢;: (@, h)~ (", u"*) and qgo¢:(d,
h)—~{w*, u*) are o (F)-morphisms because of ggoh=Q,=u*oFg; and (ggo)oh’=
=qsoNdi=qsoNdi=qsoho FE =u*oF(q3o&). We prove that {gjo¢, (w*, u*), qs)
is the required U-lifter. Let (¢, {w,u), e) be a triple with (o, u)€ | (F),
e:d,h)~{w,u), e: {a,h)~{w,u) and (Ue)oé=Ue then define q: N~ as fol-
lows: g,=e, and for n=1 let g,=q,0Nd{. q is a cocone: for 0=i=n-1 we have
gooNd!'=eohoFho...oF'~*hoFi¢oF'ho...0oF*2*h'=ucFuo...oF ~'uoFie’oFlo...
. OF" W =¢’ol’oFlWo...oF'~WoFiWo...oF* 2k =eokoh’o Fh'o...0c F" 2k’ =qy0
oNdy=gq, since ¢ =eoé and eoh=uoFe, ¢’ oh’=ucFe’. Hence there is a unique
1: 0" ~w with tog*=gq. Then togs=g,=e, to(ggol)=ecé=¢€" and t:{(w* u*)—~
*(iu, u) isin o/ (F) by toQ=uoFgq. Moreover ? is uniquely determined already by
togs=te. ||

At a first glance theorem (2.6) seems to be weaker than the corollary (2.3).
However this is not the case. In the following example a very simple situation will
be given for which (2.6) is applicable but (2.3) is not.

2.7. Example. Let Set;, denote the full subcategory of Set consisting of all
finite sets and consider U: Setg,(1)-Sety;, where 1: Sety,—~Sety;, is identical.
For a functor N: A4 '-Set;, let 4,=Nn (n=0) then the colimit of N is of the
form A,—A, <2222, 4,/©, where © can be obtained as an intersection of appro-
priate equivalences.

Suppose that a nonvoid X€Set,;, generates a free algebra X L4
in Sety,(1). Let A={0, 1,...,n} and h(})=i+1 (0=i<n), h(n)=0 with n=|4"|.
Let f: X+~ A be a constant (e.g. f=0) then there exists a unique k: A*—~A4 making
the following diagram commute.

X0 A W A

@./5) AT - k k
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This is a contradiction since for an ac A" we have n+1 different elements k(a),
hk(a), ..., h"k(a), consequently a, h*(a). ..., (h*)"(a) are different elements in A*. |
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