On the Lebesgue function on infinite interval, II.

By S. A. N. ENEDUANYA (Minna)

1. In this paper we shall continue our previous investigations [1] and obtain a
bound for the Lebesgue function on the interval (— o, +<<). Moreover, we shall
establish a convergence theorem for the Lagrange interpolation on this interval.

Let a weight function p(x) be given such that

(L.1) fx*p(x)dx <o (k=0,1,2..),

then there exists one and only one system of orthonormal polynomials {w,(x)}%o
such that w,(x) has exactly n simple real roots and

(1.2) -0 R W X g e Ry By oy T Ng € Xy e L,

For the orthonormal Hermite polynomials defining the n-th polynomial as

(1.3) 0 () = Hy(x) = — L ext -2ty

V2'ntVz
the weight function is p(x)=e™*.
We define the Lebesgue function using the roots (1.2)

(1.4) () _2"1[1.(::)!
where
(1.5) L) i i)

@, (x,)(x—x,)
Griinwald and Turédn [2] proved that given a system of orthonormal polynomials

{@,(x)};=o with weight functions p(x)=m=0 on the interval [—1, 1], the Lebesgue
function using the roots of @,(x) can be estimated thus:

W@ =cVn, x€(-1,1)
Ay(X) = c3n x€[—1,1]

and

where ¢; and ¢, are constants independent of ».
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In the first of this series [1] we extend our investigation to the interval [0, <)
and the bound
Ccax@D=AIDp18 o g—-%-, for fixed x€(0, ),
2n(X) = 1
an'’h, —l<a=-5, for fixed x€[0, )

if the weight function satisfy the condition p(x)x~%*=m=0. The ¢; and ¢, con-

stants are independent of x and n.
We now state the following

Theorem 1. Let p(x)e®*=m=0 and
[ @r@dx <= (k=01,2,..),

then the Lebesgue function, using the roots of ®,(x)
Ia(x) = O(1)n'4, x€[—A, A]
where A is an arbitrary fixed real number.
Remark. If p(x)=e™*, then m=1.

2. The following results, the proofs of which may be found similar to those
in [1], are true.
(a) The Cotes numbers

S L@p@dx = [ 1L, p(x)dx = g,

(2.1)
Ve LEkame=1.03.)
(b) From the orthogonality of {w,(x)}i=e
r _[0 i#j
Jiwn@eeds={ (77

(2.2)
(i'j =12..,nn=123..).

Using (2.1), (2.2) and the fact that

SLE=1 (1=1,23..)
ym]
we have

[{Z1@Yrmdx= [ {3 B@}pe)dx =
(2.3)

= f {21} pe)dx = [ p(x)dx <.
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Let us define ¢, £ sign {l,(xo)}, where x,=0 is an arbitrary fixed value and let
.4 w,() = 3¢l ().
y=1

The polynomial ¥,(x) is of degree n—1 and can be expanded by the Fourier
series of orthonormal Hermite polynomials {w;(x)}. Hence from the inequality
Cauchy’s we get

2.5) (¥, = ["_2: ot (]t = 2 & ‘2 [wf (I

Thus, and from (2.4), (2.3) we have

f [P, ()]~ dx = ;2_': = f {véx' g, l,(x)e~*"dx =
2.6)

):7 e,l,()p(x)dx = % f p(x)dx <eo,

v=1 —0

1 o0
. _!: {
This value which is also independent of n.

From (2.5) and (2.6) we get
n=1
2.7 (Y. = 0(1) ‘_Zo [wf (X))

Considering [3] (formulas (5.5.1), (5.6.1), (7.6.9) and (7.6.10)) it is easy to verify that
(2.8) lof(x)| =0M)([i+1)"", —-A=x=4

where A is an arbitrary real number.
From (2.7) and (2.8) the following inequality
(2.9) [P,x)P=0()n'?, —A=x=A4

holds.
Hence, from (2.4) and (2.9) we have

|Pa(x)| = 4a(x0) = O()n', —A =x,= A.
Thus, the theorem is proved, because x, is an arbitrary value.
3. We shall in this section consider the Lagrange interpolation polynomial of a

continuous function f(x) on the interval (— o, ).
It is interesting at this point to consider a function

G.1) F(x) =e"o(x) (@>0,—w<x <)

where ¢@(x)€Lipy 7y, -;—-ﬂ'pél.
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Let us define polynomials L,(x, f) of degree n—1, satisfying the following
equalities on the roots of Hermite polynomials

L,(x,; f) = e ™f(x,) = o(x,) = y,
S e AR TR B ) N S,

(3.2)

The polynomials L,(x; f) have the explicit forms

(3.3) L(x; f) = ): o)
where
(3.4) L) g )

oy’ (x,)(x—x,)
From [3] (formula (5.6.1)) we have, if n is even

ol . IGWGE N
o) S oy’ (x)(x—x,)  2x,L{EM () (x—x,) Sz bden®)
and if n is odd
(3.6) f..(x) = w, (x) = f”’))!’(xa) (v T AW n)

CD: 4 (xv) (x 253 xw) = sz L{:n)l),-‘% (x’) (x X v)

where L{”(x) is the polynomial Laguerre’s.
We shall now prove the following statement.

Theorem 2. If f(x) satisfies the condition (3.1), then the inequalities
|f(x)—e**'L,(x; f)| = 0(1)nWH=0D xe[—A, A]
hold where A is an arbitrary fixed real number.

Proor. Let x, denote the roots of polynomials wj(x), then the following
inequalities are true (SzeG6 [3])

75 <m=aye (0=v=[3])

and x,= —X,—y41, if [%]+1§v§n, where ¢, and ¢, constants are independent

3.7 ¢

of v and n.

Let @(x)€Lipy 7, %{yél, and X€[—Xp/21, Xpy21], then by using [1] it is

easy to verify that there exists a polynomial Q,(x; @) of degree n—1, for which

the relations
lQu(x; (0)"";0(1)] = O(l)n"‘?ﬂ
hold.
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It is well known that

(3.9) 0.(x; ) = 2 0.(x,: 9)1,(x)

is true.
From (3.9), (3.8) and (3.5) we have, that for x€[— A4, 4], n even

() —Lu(x; @) = |0(x)— Qulx; cp)|+'_2"1 10,(%; @)= (x| [1,(¥)] =
(3.10)

=0(Mn~"+0M)n~"* 3 |L@I+0Mn"* F LED ()| |ILE (x3) .

0=x,=24 x,>24

The following inequalities are taken from SzeGO [3] for x€[— A4, 4]

G1) 3L = Ve { S G = 0nam-en
and b i
(3'12) |L£!—=lf2)(x2)| — O(l)n—-lﬂ’ |xL{,l,’_”1};g(x’)[ — 0(1).

Using (3.1), Theorem 1, (3.10), (3.12) and (3.11) we get for x€[—A4, 4], if n is even

lf () —e™'Ly(x; )l = e |@(x)—L,(x; @)| = O(1)nWO=E
(3.13)
by ). 2300

These relations are also true, if # is odd. The proof is similar to that of (3.13).
Thus Theorem 2 is proved.
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