New classes of almost contact metric structures

By JOSE A. OUBINA (Santiago de Compostela)

In this paper, we introduce two new classes of almost contact structures,
called trans-Sasakian and almost trans-Sasakian structures, which are obtained
from certain classes of almost Hermitian manifolds closely related to locally confor-
mal Kéhler or almost Kdhler manifolds, respectively. In particular, although trans-
Sasakian structures are normal almost contact metric structures containing both
cosymplectic and Sasakian structures, they are different from quasi-Sasakian struc-
tures [1], as it is shown constructing explicit examples, and in fact no inclusion rela-
tion between these classes exists.

1. Almost contact metric structures

A (2n+1)-dimensional real differentiable manifold M of class C* is said to
have an almost contact structure (@, &, n) if it admits a tensor field ¢ of type (1, 1),
a vector field ¢, and a 1-form # such that

n¢) =1 ¢*=-I+10¢,

where I denotes the identity transformation. Then @=0 and ne@=0; moreover,
the endomorphism ¢ has rank 2n. If M has an almost contact structure (¢, &, ),
we can find a Riemannian metric g on M such that

g(pX, oY) = g(X, Y)—n(X)n(Y),

where X and Y are vector fields on M. Then g is called a compatible metric and M
is said to have a (o, &, n, g)-structure or an almost contact metric structure. Clearly,
n is the covariant form of ¢ with respect to g, that is n=g({, ). The 2-form @ on

M defined by
O(X,Y) = g(X, oY)

is called the fundamental 2-form of the almost contact metric structure.
Let V denote covariant differentiation with respect to the Riemannian connec-
tion of g. Then

(1.1) (Vxm)Y = g(Vxi, Y),
1.2) (Vxn)Y = (Vx D) (&, ¢Y).
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The exterior derivatives of # and @ are given by
2dn(X,Y) = (Vxm)Y—(Vyn) X,

If {X;, 9X;,¢&; i=1,...,n} is a frame field on an open subset of M, the coderiva-
tives of # and @ are computed to be

(1.3) 61 = — 3 (Va1 Xik (Vor 1) 0o,

(1.4) 0P (X) = - ‘é {(Vx, D) (X;, X) + (Vox, P) (90X, X)} — (VD) (E, X).

An almost contact structure (@, &, i) is said to be normal if the almost complex
structure Jon M XR given by

(1.5 I(% 0] = (ox-at, nen 12,

where a is a C* function on M XR, is integrable, which is equivalent to the con-
dition [, @]+2dn&® £=0, where [, ¢] denotes the Nijenhuis torsion of ¢.
An almoct contact metric structure (¢, &, 1, g) 1s said to be:
(a) cosymplectic if d®=0, dn=0 and (¢, &, n) is normal,
(b) almost cosymplectic if d@=0 and dn=0,
(c) Sasakian if ®=dn and (¢, &, n) is normal,
(d) a contact metric structure if ®=dp,
(e) quasi-Sasakian if d®=0 and (g, &, n) is normal.
Now, let g be a Riemannian metric on the manifold M with an almost contact
structure (¢, &, ), and define Riemannian metrics h, h° on M XR by

(1.6) h [[X ad—‘i], [Y, bd—‘i]] = g(X,Y)+ab

and
h® = €*h,

where o: MXR-R is defined by o(x,f)=t for all (x,)ée MXR. Then, the
identity of M XR is a conformal diffeomorphism between the Riemannian mani-
folds (M XR,h) and (M XR, h°). Now, one easily proves

Proposition 1.1. The following conditions are equivalent :

(i) g is compatible with the (¢, &, n)-structure on M,
(ii) h is a Hermitian metric on (M XR, J),
(iii) h° is a Hermitian metric on (M XR, J).

Hereafter, we suppose that the equivalent conditions of Proposition 1.1 are
satisfied.
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The Kihler form F of (M XR, J, h) is given by

F[(X dt] [det ]-h[[Xa J[Yb ]],
and hence,
(1.7) F [[X ad—‘i], (Y, bd—‘i]] = ®(X, Y)—by(X)+an(Y),

and for the Kihler form F° of (M XR, J, h°), we have
d d
F° [(X, az] ; [Y, b -ﬂ]] = e¥{®(X,Y)—bn(X)+an(Y)).

The manifold (M XR, J, h) (respectively (MXR, J,h°)) is almost Kéhlerian
if dF=0 (resp. dF°=0) and, as it is well known, an almost complex manifold is
Kihlerian if and only if it is almost Kéhlerian and its almost complex structure is
integrable. Thus, taking into account

(1.8) 3&[[3’:: ] [Y i [ %]]=

= 3d®(X, Y, Z)—2{cdn(X, Y)+adn(¥, Z) +bdn(Z, X)}
and

3dF°[[X,a ][def) Zc ]] e (3d® (X, Y, Z)+

we obtain

Proposition 1.2. (i) (¢, &, n, g) is almost cosymplectic if and only if (M XR, J, h)
is almost Kdhlerian,

(ii) (@, &, n, g) is cosymplectic if and only if (M XR, J, h) is Kdhlerian,

(iii) (@, &, n, g) is a contact metric structure if and only if (M XR, J, h°) is
almost Kdihlerian,

(iv) (@, &, n, &) is Sasakian if and only if (M XR, J, h°) is Kdhlerian.

2. Trans-Sasakian and almost trans-Sasakian structures

In the classification of A. GrRAY and L. M. HERVELLA [3] of almost Hermitian
manifolds, there appear, in particular, two classes named w; and w,@®w,. The
former is a class of Hermitian manifolds which contains locally conformal Kiéhler
manifolds, and the latter is a class of almost Hermitian manifolds which contains
locally conformal almost Kéhler manifolds. Moreover, these classes are preserved
under conformal diffeomorphisms. Thus, (M XR, J, h°) belongs to the class w, if
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and only if (MXR, J.h) does too, and this is equivalent to

@) Ouain?) (1545, (7. c)) =
L) o D)l
(et e forfn)
e 2o )bl

d d d
where D and J are the Riemannian connection and the coderivative, respzctively,

of (MXR,J,h). Note that dim (MXR)=2n+2.

Definition 1. An almost contact metric structure (¢, &, n, g) is called a trans-
Sasakian structure if (M XR, J,h) (or, equivalently, (M XR, J, h°)) belongs to the
class w; of almost Hermitian manifolds.

Because of (ii) and (iv) of Proposition 1.2, both cosymplectic and Sasakian
structures are trans-Sasakian.

Definition 2. An almost contact metric structure (¢, &, n, g) is called an almost
trans-Sasakian structure if the almost Hermitian manifold (M XR, J,h) (or, equi-
valently, (M XR, J, h°)) belongs to the class w,@®w,, that is

(2.2) dF = FAG,
where 0 is the Lee form of (M XR, J, h), given by

0(x.a1) = %w[;[x,adit]]

If {Xi,...,X,, ¢Xi,...,9X,, &} is an orthonormal frame field on an open
d
subset U of M, then {(Xl., Uhnseq B DN 00T ), 0ap L0, DX A6 0% [O, d_r]}
is an orthonormal frame ficld with respect to 4 on the open subset UXR of M XR.
Now, a simple verification yields

d
(2.3) SF[X, a E] = 0@ (X)—adn,
and hence

(2.4) G(X, ad—‘i] = %{Mi(ch)—r;(X)ﬁq—aédi(f)}.
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Theorem 2.1. (@, &, n, g) is trans-Sasakian if and only if

(Vx®)(¥, 2) =
@2.5)

o5 —% {(e(X, Y)n(2)—g(X, Z)n(Y))6® (&) + 8 (X, 0Y)n(Z)dn — g(X, 9Z)n(Y)dn}

for any vector fields X,Y,Z on M.
PRrOOF. By using (1.5), (1.6), (2.3) and the formula

d d
OuaioP) (£ 61): (7. c41)) = GO D-cOm¥+ b T2

the equation (2.1) is separated into the equations
@) (GBE 2) = —o{g(X, V)60(2)~5(X, 2)50(Y) ~ (X, ) 50(pZ) +
+&(X, oY) (Z)on +g(X, 9Z)59(¢Y)—g (X, pZ)n (Y)on},
(®) (Vxn)Y= —%(g(X, Y)on —g (X, 9Y)d® (&) +n(X) 5P (¢Y) —n(X)n(Y)dn},

(© —nX)oP(pZ)+n(Z)od(pY) =0,
(d) —0@(Y)+n(Y)o®(&) = 0.

Setting Z=¢ in (¢) we obtain d®(¢Y)=0, and hence 6P(Y)=n(Y)dP(&); there-
fore (c) implies (d). Conversely, replacing ¥ by @Y in (d), we obtain d®(¢Y)=0
and (c) becomes an identity. Thus, the conditions (c), (d) and ¢*(6®)=0 are mu-
tually equivalent. Now, it is easy to prove that (a) and (d) imply (2.5). On the other
hand, from (2.5) and making use of (1.4) we obtain (c) and hence (a). Finally, setting
Z=¢ and replacing Y by ¢Y in (2.5), and using the equation (1.2), we obtain (b).
Thus the equation (2.5) is equivalent to the system of equations (a)—(d).

Corollary 2.2. If (¢, &,n,g) is trans-Sasakian then ¢*(5®)=0.
Now, we define a 1-form w on M by w(X)=0(X,0), that is,

o = +(p* (59) — Gryn),
by virtue of (2.4).

Theorem 2.3. (¢, &, n, g) is almost trans-Sasakian if and only if the following
conditions are satisfied:

2.6) 7SO PR W %{6@({)45—24/\(,0*(6(15)}.

ProOF. By (1.7), (1.8), (2.3) and (2.4), the equation (2.2) is separated into the
equations (2.6).
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Since w,=w,®0,Nw;&w, ([3]), where w;@w, is the class of Hermitian
manifolds, an almost contact metric structure is trans-Sasakian if and only if it is
almost trans-Sasakian and normal. Then, by Corollary 2.2 and Theorem 2.3, we
obtain

Theorem 2.4. A normal almost contact metric structure (¢@,&,n,g) is trans-
Sasakian if and only if the following conditions are satisfied:

dd = —% on(@Ay), dn= -21?5¢(¢)¢, @*(6) = 0.

3. Relationship between quasi-Sasakian and trans-Sasakian structures
For a quasi-Sasakian structure (¢, , n, g) we have ([1])

3.1 Vxn)Y = —(Vyn) X.
This together with (1.3) gives
Proposition 3.1. If (¢, &, n,g) is a quasi-Sasakian structure then én=0.

Theorem 3.2. A trans-Sasakian structure (@,C,n,g) is quasi-Sasakian if and
only if on=0.

Proor. This follows from Theorem 2.4 and Proposition 3.1.

Lemma 3.3. Let {X;, X, &; i=1,...,n} be an orthonormal frame field on an
open subset of the manifold M with an almost contact metric structure (@, &,1,8).
Then

60(pX) = —3 Z{dO(X,, 9Xi\ X0}-+1(X)31— (Vem) X

for any vector field X on M.
We omit the proof, which is straightforward.
Proposition 3.4. If (¢, &, n,g) is a quasi-Sasakian structure then ¢@*(6®)=0.

Proor. It follows from (1.1) and (3.1) that if (¢, &, n, g) is a quasi-Sasakian
structure then V,n=0. The result is now a consequence of Proposition 3.1 and
Lemma 3.3.

Theorem 3.5. A quasi-Sasakian structure (¢, ¢, n,g) is trans-Sasakian if and

only if a'r;=—217,— 5(Z) B

Proor. This follows from Theorem 2.4 and Propositions 3.1 and 3.4.

Finally, we shall prove that the classes of quasi-Sasakian and trans-Sasakian
structures are not related by inclusion.
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For instance, if (M, J, h) is a Kihler manifold and (¢’, &, %', g’) is a Sasakian
structure on a manifold M’, then the almost contact metric structure (@, ¢, 7, 2)
on MXM’ defined by

o(X, X") = (JX, 9'X"), ¢&=(0,¢), n(X,X")=n"(X),
g((X, X), (Y, Y)) = h(X,Y)+g' (X', Y'),
is quasi-Sasakian but not trans-Sasakian.

Conversely, let (¢, ¢,n,g) be the almost contact metric structure on R*+?
given by

! o Ve, i n i__a_ — p—xIn+l a
o(Z 45w = 2l gm-rrgah =g

P‘,‘ = e.::"""'l dxgn.}.l, g . egx!uilk’

where (x, ..., x™*+') are Cartesian coordinates and k is the Euclidean Riemannian
metric on R**+1, Then (¢, &, n, g) is a trans-Sasakian structure on R**! which is
not quasi-Sasakian. In particular, this also provides an example of trans-Sasakian
structure which is neither cosymplectic nor Sasakian.
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