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Introduction

The fundamental equation of information

O r@+a-01(;2) =ro+a-nsi)

receives much attention in the study of measures of information, and is the sub-
ject of Chapter 3 of the book [1] by AczEL and DAROCzY. The general solution is
known when it is supposed to hold for all x, y€[0, 1[ with x+y=1. In the study
of information measures of higher dimensions Aczél observed that it is desirable
to know the general solution of (1) when it is supposed to hold in a smaller open
domain

D = {(x, y) | x, y€]0, 1[ with x4y < 1}.

We shall solve (1) on D° in the next section. While the deduction will become more
elaborate the essential steps are in line with those reported in [1].
The general solution

Theorem. A function f:10,1[—R satisfies the functional equation (1) on the
open domain D° if, and only if, it is of the form

2) ) =X+l —x)+ax for all xc]0,1[,
where a is an arbitrary constant and @: 10, <<[=R is a function satisfying
(3 @ (uv) = up(v)+ve(u) for all u,v=0.

PRrOOF. Let f be a solution of (1) and define F: ]0, «<s[*-+R by
= v
4 F(u, v)—(u+v)f[——u+v] for all w,v=0.

Obviously F satisfies the homogeneity
(5 F(tu, tv) = tF(u,v) for all t,u,v=0.
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We show that F satisfies
6) F(u+v, w)+F(u,v) = F(u+w,v)+F(u,w) for all w,o,w =0
by the following computations using (1):

F(u+v, w)+F(u, v) =("+”+w)f[‘u_-f'-_vw+_W]+(u+v)f[uiv] =

=(utrtw) [f[u+:+w] T [l 5 u+‘:+w]f[ l—v(fg;(-:::-‘:)w))]] g

=(utoiw) [f [n¢+:f+\1,r]+[l 2 u+af+w)f[ 1—“?{‘(’;‘(:1::)‘"))]] g

v w

= (u+w+v)f u+w+v]+(u+w)f(u+—w] = F(u+w, v)+ F(u, w).
Now we define h: 0, =o[+R and G: ]0, =<[*+R by
(7 h(u) = F(u, 1)—F(1, w) for all u=0,
and
(8) G(u,v) = F(u,v)+h(v) for all wu,v=0.
Evidently h satisfies
) h(1) =0.
We claim that G satisfies the following equations:
(10) G(u,v)=G(v,u) for all u,v=0,
(11) Gu+o,w)+G(u,v) = G(u+w,v)+G(u,w) for all wu,v,w=0.

To support the above, we fix w=1 in (6) and then subtract from it the equation
obtained by interchanging » and v to get

F(u, v)— F(v, ) = F(u+1, v)+ F(u, 1)— F(o+1, #)— F(v, 1).

On the other hand using (6) we have F(u+1,0)—F(v+1, u)=F(1, v)—F(1, u),
and so the above equation leads to F(u, v)—F(v, )=F(1, v)—F(1, u)+ F(u, 1)—
—F(v, 1), proving (10). Adding h(v)+h(w) to the two sides of (6) we get (11).
Next, we proceed to show that the function H: ]0, «=[*—~ R defined by

(12) H(u,v) = G(u,v)+h(u+v)—h(u)—h(@) for all w,v=0
satisfies
(13) H(u,v) = H(v, u) for all u,v=0,

(14) H(u+v,w)+H(u,v) = H@u+w,v)+H(u,w) for all wu,v,w=0,
and
(15) H(tu, tv) = tH(u,v) for all #, u,v=0.

Equations (13) and (14) follow easily from (10) and (11). In order to get (15), we
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first observed that since F satisfies the homogeneity (5) and so
G (tu, tv) —tG (u, v) = F(tu, tv)+h(tv)—tF(u, v)—th(v) = h(tv)—th(v).

Since the left hand side is symmetric in « and v, we get h(tv)—th(v)=h(tu)—th(u).
By fixing u=1 and using (9) we get

(16) h(tv)—th(v) = h(t) for all 1, v=0.
Thus G(tu, tv)—tG(u, v)=h(t). But then we have
H(tu, tv)—tH(u, v) =
= G(tu, tv) +h(tu+rtv)—h(tu)—h(tv) —t[G(u, v) +h(u+v)—h(u) —h(v)] =
= h(t) +[h(tu+tv) —th(u+v)] —[h(tu) —th(u)] —[h(tv) —th(v)] =
= h(t)+h(t)—h(t)—h() =0,

proving (15). By a result of JEssEN, KARPF and THORUP [2] we know that H satisfies
(13), (14) and (15) if, and only if, it is of the form

(17) H(u,v) = o) +o()—@(u+v) for all u,v=0,
where ¢ is a solution of (3).

To obtain the explicit form of &, we solve (16) as follows: Using the symmetry
of h(tv) in t and v, we get from (16) h(t)+th(v)=h(v)+vh(t). By fixing in it 1=2
this implies
(18) h(v) = —av+a for all =0,

where a= —h(2) is a constant. With these known forms of H and h we can deter-
mine f, F and G. In fact,

fxX)=F(1—-x,x)=G(1—-x,x)—h(x) =
= H(—x,x)—h(1)+h(1 —x)+h(x)—h(x) = ¢(1 —x)+@(x)—@(1)+h(l —x) =
= o(1-x)+¢(x)+ax

which is the asserted from (2).
The converse is straightforward.
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