On Lie algebras connected with associative P/-algebras

By A. H. KUSHKULEI (Riga)

1. Let X be a nontrivial variety of associative algebras over a field k of char-

acteristic zero. Following [1] denote by X the class of Lie algebras which possess
enveloping algebras belonging to ¥ (such Lie algebras were called special or SPI-
algebras in [2]). It is easy to see that X is a quasi-variety of Lie algebras (cf. [1]).
A question was posed in [2] whether a homomorphic image of an SPl-algebra is
an SPl-algebra itself. In other words: does the variety of Lie algebras generated by

X belong to 9) for some nontrivial variety of associative algebras 9). In this note
we prove that: ol
(1) a quasi-variety X need not be a variety;
(2) all homogeneous algebras of a variety generated by an SPl-algebra are
SPl-algebras (see also [8]).

2. We recall some notations and definitions from [3].

Let U(p) be a universal enveloping algebra of a Lie algebra 0. A homomorphism
¢: ¢—~bh induces a homomorphism ¢,: U(g)~U(h). The ideal Ker ¢, is gen-
erated by Ker ¢ and will be denoted by @ Ker ¢. Let n: S(g)—~U(g) be the
linear isomorphism of the Poincaré—Birkhoff—Witt theorem. For a,, a,, ..., @,€0

1 i ”
letq(alag...a,,)=— 2‘ Ay(1)85(2)--- Aony» Where S, is the symmetric group of the

set {1,2,....,n}. U(p)= @ U'(p), where U’(p) is an image of the subspace S*(g)C

cS(g) of homogeneous polynomxals of degree i. If ¢: ¢o—b is a homomorphism
of Lie algebras then ¢, (U"())cU™(b).

A free associative algebra A(X) with a (countable) set of free generators
X={x;, X, ...} is a universal enveloping algebra of its Lie subalgebra L(X) gen-
erated by X (the commutator brackets are used as usual: [a, b]=ab—ba). L(X)
is a free Lie algebra freely generated by X. 4(X) is naturally graded by the degrees
of its elements which are (noncommutative) polynomials in free variables. An ideal
HcCL(X) (or A(X)) is called homogeneous if it is generated by homogeneous
elements with respect to this grading. A Lie algebra L(X)/H is called homoge-
neous if H is a homogeneous ideal in L(X). An ideal wHcCA(X) is (obviously)
homogeneous if H is homogeneous.

Let A*(X)cA(X) be a set of polynomials with zero constant terms. A linear
mapping n: A% (X)—~L(X) is defined on monomials by the formula (x; x;,...x; )&=
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=(ad (x;)oad (x;,)0...cad (x,))- (x;,-,)- If v€L(X) is homogeneous of degree m
then vn=mv. The following lemma is obvious (it implies that = can be defined on
universal enveloping algebras of homogeneous Lie algebras).

Lemma 1. If H is a homogeneous ideal in L(X) then (wH)n=

3. We need also some basic facts about verbal ideals in universal enveloping
algebras (cf. [4]). An ideal JC A(X) is said to be verbal if it is invariant relative to
all the endomorphisms of A(X) induced by the endomorphisms of L(X). One
can easily verify that verbal ideals in 4(X) are homogeneous (linearization). It is
also clear from the definition that 7-ideals are verbal. Note also, that an intersec-
tion of a verbal ideal of 4 (X) with L(X) is a verbal ideal of L(X) in the usual sense.
Now, let U(p) be a universal enveloping algebra of a Lie algebra ¢. An ideal in
U(p) is said to be verbal if it consists of the elements of the form v*, where v runs
over a certain verbal ideal JC A(X) and u runs over all the homomorphisms
A(X)—~U(g) induced by the homomorphisms L(X)-o. Denote by /, a verbal
ideal in U(Q] which corresponds to a verbal ideal JC A(X). It is easy to see that
if ¥: g—b is an epimorphism then ¥ (/,)=1. Fmally, suppose that I is a T-ideal
of identities which are satisfied by a variety of associative algebras X. Another
obvious fact is

Lemma 2. ¢¢X if and only if ¢NI,={0}.

4. Proposition 1. There exist varieties of associative algebras X for which quasi-
varieties X are not varieties of Lie algebras.

PrROOF. Let o€X. By lemma 2 I,Ne={0}. Let ¢@:o—bh be an epimorphism.
Suppose that we can choose u= v+w€1 with v€g and wé @ U'(g) such that

i=2

@(©)#0 and ¢,(w)=0. Then 0#¢(v)=0,(WELNH and HEX. We see that it
is sufficient to find a variety of associative algebras X, a Lie algebra o€ X, an ideal
e:€¢ and an element v, +v,€/, such that v,€p, v,€ EB U'(g), vy€wp, and v,¢ 0,.

Let us begin with the free algebra A(X)=U(L(X )) The set P, of multilinear
polynomials in » variables x,, Xy, ..., X, 1s a left and right kS, -modulc Let Pi=
=UYL(X))NP,,i=1,2,...,n. Clearly, the P} are left (but not rlght) kS, -modules.
The mapping n restricted to P, acts as a right multiplimﬁon by an element n,EkS,
[5]. Let /CcA(X) be the T-ideal generated by the element u(l+oan,), where u€P:
and «ckS,. Let also Ly=L(X)NL.

Lemma 3. oL, P,={0}.

Proor. First, observe that wL,NP,=L,NP,, as, clearly, L,NP;={0} for
i<n. Now, INP,=kS,u(l +an,) and if Pu+ Puan,€ L(X) for some PEkS, then
Pu=0 and Puarn,=0.

Lemma 2 and the remarks that precede it show that L,=L(X)/L,€X. In view
of lemma 3, there remains to find a homogeneous ideal H¢ L(X) such that wan,§ H
and quH An example can be found for n=4. Let u=[[x, x,), xs]x4
+x4[[x1, Xg], X3]. Let the ideal HcL(X) be generated by [[x, X,], xs] and
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€S, be the cycle (4321). A straightforward calculation shows that
UdTy = -2 [[xl') xts]) [xSr xd]] +[[x1l xS]'s [xls x]] “+
* [[xlv x4, [xq, xa]] -2 [xas [xs, [x1, xa]]] (mod H).

Using Hall’s basis in L(X) (see [3]) one can easily verify that uan,¢ H. This proves
proposition 1.

5. The following lemma may be interesting on its own.

Lemma 4. For any associative Pl-algebra A with a unity there exists a nontrivial
variety of associative algebras %) such that if uc A(X) is an identity of 9 then urn is
an identity of A.

PrOOF. Let A° be the algebra opposite to 4 and let B=A°® A. The vector
space A of A can be endowed with a B — B-bimodule structure if we define (a®b) - c=
=ach and c-(a®b)=0 for all a, b, cc A. Convert 4 into the algebra with trivial
multlphcatlon and take the semidirect sum C=A®B (the multiplication in C is
given by the rule (a,+b,)(ay+bs)=b,8,+b, by, where a,, a,€ A; by, by B). A theo-
rem of A. REGEv [6] shows that C is a Pl-algebra. Let c¢;=a;+b;, aEA b€ B;
i=1,2,...,n. One easily obtains that c¢,c,...c,=b;b,...b,_a, +b1b= b,. It is
clear now that if U=u(Xy, Xgy cces X)= 2, A,:,,___;“XEIX;,...X,MGA(X) then

byyigs rerfo

u(ey, Cgy ey €)= 2 Ayip...inbibiy-- by, _,a; +u(by, by, ..., by). If u is an iden-
%, N

tity of C then u(by, by, ..., b)=0 and u(cy, Cay -.vy €)= 2 Aineinbiby--

b, @, for all c€C. Set b;=1Q®a;—aq;®1, —1"5 o . n. Obviously,

im=1

0=u(cy, C3, - ,C..)—' fZ,' Miria :,..(ad(ah 0. oad(a;,,._.))(a;,.. =(un)(ay, ag, ..., ),
where the right hand s,ide 1s calculated in 4.

Proposition 2. Any homogeneous Lie algebra from a variety generated by a spe-
cial Lie algebra is itself special.

PRrROOF. Let A4 be an associative enveloping Pl-algebra of a special Lie algebra L.
One can assume that A possesses a unit element. We will show that a homogeneous
algebra L, which belongs to the variety generated by L is contained also in ), where
9 is the variety obtained from A with the use of the construction of Lemma 4.
Let L,=L(X)/H, where H is a homogeneous ideal in L(X). Note, that
H o {identities of L}. Suppose that L,¢9. This means that some homogeneous
element f€ L(X)\H equals u+a in A(X), where u is an identity of 9) and a€wH.
One obtains from this equality that nf=urn+an, where n=degf#0. But uncH
by lemma 4 and an€H by lemma 1, QED.

Corollary. A4 relatively free Lie algebra which belongs to a variety generated by
a special Lie algebra is itself special.

Concluding remarks. Proposition 1 suggests an interesting problem of char-
acterizing varieties of associative algebras X for which X is a variety. On the other
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hand, it is unknown to the author whether proposition 2 can be extended to cover
the case of nonhomogeneous algebras. Some examples of SP/-algebras can be found
in [2] and [7].
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