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On the context-freeness of a class of primitive words

By L. K�ASZONYI (Szombathely) and M. KATSURA (Kyoto)

Abstract. Let Q be the set of primitive words over a finite alphabet X having
at least two letters. It was conjectured in [2] that intersecting Q with the bounded
language Ln = (ab∗)n, we get a context-free language (a, b ∈ X, n ∈ N). We proved in
[2] that the conjecture is true if n is a product of two prime-powers. Here we generalize
this result for the case when n is a product of three prime-powers.

0. Introduction

The properties of primitive words were investigated by several authors.
In the papers [1] [2] [3] the still unsolved problem was studied: whether
the set Q of all primitive words is non-context-free (we conjecture this). A
well-known method to decide on context-freeness is that we investigate not
Q itself, but the intersection of Q with a regular language: If Q is context-
free, then this intersection must be context-free as well. We considered in
[2] the context-freeness of languages Qn = Q ∩ (ab∗)n and proved that if
n is a product of two prime-powers then Qn is context-free. Our results
suggest that Qn is context-free for an arbitrary positive natural number
n, therefore this intersection seems not to be suitable for the proof of the
original conjecture on non-context-freeness of Q. However the problem of
context-freeness of Qn may be a touchstone for methods used to prove
context-freeness of bounded languages.

1. Preliminaries

Let X be a fixed nonempty alphabet having at least two letters. A
primitive word (over X) is a nonempty word not of the form wm for any
(nonempty) word w and integer m ≥ 2. The set of all primitive words over
X will be denoted by Q. Let a, b ∈ X, a 6= b, n ∈ {1, 2, . . . }, and W be an
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arbitrary subset of the language (ab∗)n. For w ∈ W let w = abe0 · · · aben−1

and denote the set of all vectors of the form e(w) = (e0, . . . , en−1) by
E(W ).

The index set n = {0, . . . , n − 1} will be considered as a “cyclically
ordered” set, i.e. the “open intervalls” (i, j) of n are defined by (i, j) = {k |
i < k < j} for i < j and by (i, j) = {k | k < j or k > i} for i > j. We will
use the notations [i, j), (i, j] and [i, j] for the “half closed” and “closed”
intervals defined in the usual manner: [i, j) = {i}∪(i, j), (i, j] = (i, j)∪{j}
and [i, j] = {i} ∪ (i, j) ∪ {j}.

We say that the pairs of indices {i, j} and {k, l} are crossing if k ∈
(i, j) and l ∈ (j, i) or if l ∈ (i, j) and k ∈ (j, i). The subsets R and T
of n are said to be non-nested sets, if there exist two elements i and j
of n for which S ⊆ [i, j) and T ⊆ [j, i) holds. For the expression “non-
nested” we will use the abbreviation n.n. . If there are given more than
two subsets of n, then for the expression pairwise non-nested we will use
the abbreviation p.n.n. . Addition, summation and multiplication in n are
meant as (mod n)-operations.

Using minor modifications of known methods in Ginsburg [5], W can
be proved context-free by proving that E(W ) is a finite union of stratified
linear sets. A set F ⊆ Ns, where N = {0, 1, . . . }, s ≥ 1 is called a stratified
linear set iff either F = ∅ or there are r ≥ 1 and v0, . . . , vr ∈ Ns such that

F =
{

v0 +
r∑

i=1

kivi | ki ≥ 0
}

and for the vector set V = {vi | 1 ≤ i ≤ r}
(1) every v ∈ V has at most two nonzero components,
(2) if u = (u0, . . . , us−1) and w = (w0, . . . , ws−1) are two vectors

from V and {i, j}, {k, l} are crossing index-pairs then uiwkujwl = 0.
Sets which are finite unions of stratified linear sets are called stratified

semilinear sets.

2. Stars, boxes and differences

Let m be a divisor of n and consider the (ordered) subset Sm =
〈s0, . . . , sm−1〉 of n. Sm is an m-star if sk − sk−1 = n/m holds for every
1 ≤ k ≤ m− 1. The index-set n may be partitioned into n/m pairwise
disjoint m-stars. An m-star will be represented by one of its elements: If
k ∈ Sm then we say that Sm is an Sm(k)-star. This notation is ambiguous,
e.g. Sm(k) = Sm(k + l) if l is of the form l = in/m, i = 0, . . . , m− 1. If d
is a divisor of m and Sm ∩ Sd 6= ∅ then Sd ⊆ Sm.
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Let p1, . . . , pν be pairwise distinct prime divisors of n and let ξ ∈ n.
We define the ν-box B(ξ; p1, . . . , pν) as follows:

B(ξ; p1, . . . , pν) =
{

ξ −
ν∑

i=1

εin/pi | ε1 ∈ {0, 1}, . . . , εν ∈ {0, 1}
}

.

For π = {p1, . . . , pν} we will use the abbreviation B(ξ;π) for
B(ξ; p1, . . . , pν). If π = ∅ then let B(ξ; ∅) = {ξ}.

To every vector e = (e0, . . . , en−1) and ν-box B = B(ξ; p1, . . . , pν)
there corresponds a difference ∆(B, e) defined by the rule

∆(B, e) =
∑

ρ∈B

(−1)σ(ρ)eρ, where σ(ρ) =
ν∑

i=1

εi, if ρ = ξ −
ν∑

i=1

εin/pi

In other words, a difference defined for a vector e and a box B is a
signed sum of such components of e the indices of which belong to B, and
if the index-pair {i, k} is an “edge” of the box B then the corresponding
members ei and ek of the sum have opposite signs.

Example. Let n = 105 = 3 · 5 · 7, and select p = 3, q = 5 and r = 7.
Then the set S15 = S15(3) = 〈3, 10, 17, 24, 31, 38, 45, 52, 59, 66, 73, 80, 87,
94, 101〉 is a 15-star and the 5-star S5 = S5(3) = 〈3, 24, 45, 66, 87〉 is a
substar of S15.

Let ξ = 77, ν = 3, then the 3-box B(77; 3, 5, 7) is the folowing set:

ε1 ε2 ε3 ρ = ξ − (ε1 · n/3 + ε2 · n/5 + ε3 · n/7) σ(ρ)

0 0 0 ρ = 77− ( 0 · 35 + 0 · 21 + 0 · 15 ) = 77 0
0 0 1 ρ = 77− ( 0 · 35 + 0 · 21 + 1 · 15 ) = 62 1
0 1 0 ρ = 77− ( 0 · 35 + 1 · 21 + 0 · 15 ) = 56 1
0 1 1 ρ = 77− ( 0 · 35 + 1 · 21 + 1 · 15 ) = 41 2
1 0 0 ρ = 77− ( 1 · 35 + 0 · 21 + 0 · 15 ) = 42 1
1 0 1 ρ = 77− ( 1 · 35 + 0 · 21 + 1 · 15 ) = 27 2
1 1 0 ρ = 77− ( 1 · 35 + 1 · 21 + 0 · 15 ) = 21 2
1 1 1 ρ = 77− ( 1 · 35 + 1 · 21 + 1 · 15 ) = 6 3

B(77;3,5,7)={6,21,27,41,42,56,62,77}
The difference ∆(B, e) corresponding to the box B is the following:

∆(B, e) = e77 − e62 − e56 + e41 − e42 + e27 + e21 − e6
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In order to prove that a given subset of Nn is stratified linear the
following result is useful:

Lemma 1. For i = 0, . . . , n − 1 let the δi be arbitrarily prescribed
“signs”, i.e. let δi ∈ {0, 1,−1} and consider the set E={e = (e0, . . . , en−1) |
δ0e0 + . . . + δn−1en−1 6= 0}. Then E is a stratified semilinear set.

For the proof of Lemma 1 see [4].

Corollary 2. Let B be an arbitrary box.
If E(B) = {e = (e0, . . . , en−1) | ∆(B, e) 6= 0}, then E(B) is a stratified
semilinear set.

Corollary 3. Let B1, . . . , Bz be a collection of pairwise non-nested
boxes. Then the set

E(B1, . . . , Bz) = {e | ∆(B1, e) 6= 0, . . . , ∆(Bz, e) 6= 0}
is a stratified semilinear set.

Let n = p1
r1 . . . ps

rs and Π = {π1, . . . , πγ} be a partition of the
set {p1, . . . , ps}, and let ξi be an arbitrary element of n. To every pair
(ξi;πi) there corresponds a box B(ξi;πi). For every partition Π we consider
such collections of B(ξi, πi)-s which are pairwise non-nested sets. The
union – over the pairs (ξi, πi) for fixed {π1, . . . , πγ} – of the corresponding
E(B(ξ1, π1), . . . , B(ξγ , πγ))-s is denoted by E(Π):

E(Π) =
⋃{E(B(ξ1, π1), . . . , B(ξγ , πγ)) | B(ξ1, π1), . . . , B(ξγ , πγ)

are p.n.n. sets}.
By Corollary 3. the vector set E(Π) is stratified semilinear for every par-
tition Π.

Example. Let n = 30, i.e. p = 2, q = 3 and r = 5. The partitions of
the set {2, 3, 5} are as follows: Π1 = {{2}, {3}, {5}}, Π2 = {{2}, {3, 5}},
Π3 = {{3}, {2, 5}}, Π4 = {{2, 3}, {5}} and Π5 = {{2, 3, 5}}.
E(Π1) =

⋃{{e = (e0, . . . , en−1) | eξ1 − eξ1−15 6= 0, eξ2 − eξ2−10 6= 0,
eξ3 − eξ3−6 6= 0} |
{ξ1, ξ1 − 15}, {ξ2, ξ2 − 10} and {ξ3, ξ3 − 6} are p.n.n. sets}.

E(Π2) = ∅ since the boxes B(ξ1; 2) = {ξ1, ξ1 − 15} and B(ξ2; 3, 5) =
{ξ2, ξ2 − 6, ξ2 − 10, ξ2 − 16} are for every choice of ξ1 and ξ2 nested sets.
Similarly, E(Π3) = ∅.

E(Π4) =
⋃{{e = (e0, . . . , en−1) | eξ1 − eξ1−10 − eξ1−15 + eξ1−25 6= 0,

eξ2−eξ2−6 6= 0 | {ξ1, ξ1−10, ξ1−15, ξ1−25} and {ξ2, ξ2−6} are n.n. sets}.
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E(Π5) =
⋃{{e = (e0, . . . , en−1) | eξ − eξ−6 − eξ−10 − eξ−15 + eξ−16 +

eξ−21 + eξ−25 − eξ−1 6= 0} | ξ ∈ n}.
Chains of boxes. Let B1 = B(ξ; p1, . . . , ps) and q a fixed element

of the set π = {p1, . . . , ps}. Consider the sequence Λ = Λ(B1, q) =
(B1, . . . , Bτ ) where Bi = B(ξ + (i − 1)n/q; π) if i = 1, . . . , τ . We will
refer to Λ as a chain of boxes. If τ = q then we will say that Λ is a full
chain.

In our proofs we will frequently use the following

Lemma 4. Let Λ = Λ(B1, q) = (B1, . . . , Bq) be a full chain of boxes.
For i = 1, . . . , q we consider the differences ∆(Bi, e) corresponding to Bi.
Then

q∑

i=1

∆(Bi, e) = 0 holds for every | e ∈ Nn.

Proof. Let Bi=B(ξi;π) and q ∈ π. Then

∆(Bi, e) = ∆(B(ξi; π\{q}), e)−∆(B(ξi − n/q; π\{q}), e)
holds by the definition of ∆(Bi, e). This means, that in the sum

q∑

i=1

∆(Bi, e) =
q∑

i=1

(∆(B(ξi; π\{q}), e)−∆(B(ξi−1; π\{q}), e))

every term ∆(B(ξi;π\{q}), e) appears twice but with opposite signs.

Example. Let n = 105 = 3 · 5 · 7, and consider the 2-box B(58; 3, 5) =
{58, 37, 23, 2}. The chain Λ(B(58; 3, 5), 3) is the following:
Λ(B(58; 3, 5), 3) = {{58, 37, 23, 2}, {93, 72, 58, 37}, {23, 2, 93, 72}}.
The sum of the corresponding differences is

(e58 − e37 − e23 + e2) + (e93 − e72 − e58 + e37) + (e23 − e2 − e93 + e72) = 0.

We need to define some special subsets of a given chain Λ of boxes,
consisting of such members of Λ which are non-nested relative to a given
pair {i, j} of elements in n: Λ ]i, j[ = {B | B ∈ Λ, B and {i, j} are non-
nested sets}.

3. The main theorem

This section is devoted to the proof of the following:
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Theorem 1. Let a, b ∈ X a 6= b and n = pf1qf2rf3 , where p, q and
r are pairwise different prime numbers, f1, f2, f3 ≥ 1. Let further L =
(ab∗)n. Then Q ∩ L is a context-free language.

Proof. Without loss of generality we may assume that p < q < r.
As we have seen in the special case p = 2, q = 3 and r = 5, the set {p, q, r}
has five different partitions: Π1 = {{p}, {q}, {r}}, Π2 = {{p}, {q, r}},
Π3 = {{q}, {p, r}}, Π4 = {{r}, {p, q}} and Π5 = {{p, q, r}}. Let

(2.1) E(n) =
⋃{E(Πi) | i = 1, . . . , 5}.

We will prove that

E(Q ∩ L) = E(n) if pq 6= 6 and(2.2)

E(Q ∩ L) = E(n) ∪ C if pq = 6,(2.3)

where C =
⋃{{e = (e0, . . . , en−1) | ej2−ei1 6=0, ej1−ei2 6= 0, ej3−ei3 6=0} |

i2 − i1 = i1 − j2 = j2 − j1 = n/6, j3 − i3 = n/r, the sets {i1, i2, j1, j2} and
{j3, i3} are n.n. sets}.

If e ∈ Nn\E(Q ∩ L) then the function ϕ defined on n by the rule
ϕ(i) = ei is an n/p, n/q, or n/r-periodic function of i. Using this fact it is
easy to show that e /∈ E(n) and – in case of pq = 6 – that e /∈ (E(n)∪C).
Therefore E(n) ⊆ E(Q∩L) if pq 6= 6 and E(n)∪C ⊆ E(Q∩L) if pq = 6.

In contradiction to (2.2) and (2.3) let us now assume that

e∗ = (e0
∗, . . . , e∗n−1) ∈ E(Q ∩ L)\E(n)

holds if pq 6= 6, or

e∗ = (e∗0, . . . , e∗n−1) ∈ E(Q ∩ L)\(E(n) ∪ C) holds if pq = 6.

Step 1. Since e∗ ∈ E(Q ∩ L), there exists an index-pair {i, j} such
that j − i = n/r and e∗j − e∗i 6= 0 holds. Let Sr(i) = 〈s0, . . . , sr−1〉.
From the definition of Sr(i) it follows that j ∈ Sr(i). We will show that
there exists another index-pair {k, l} with the same properties, i.e. such
that l − k = n/r and e∗l − e∗k 6= 0 holds. Let us consider the equality
(e∗s1

− e∗s0
) + . . . + (e∗s0

− e∗sr−1
) = 0. If on the left side of the equality one

term differs from zero, then another such term must exist as well.

Step 2. We say that the pq-star Spq = 〈s0, . . . , spq−1〉 is a rigid star
relative to the vector e = (e0, . . . , en−1) if for the elements sα, sα+q, sβ ,
and sβ+q of Spq

(2.4) esα+q − esα = esβ+q
− esβ

holds whenever α ≡ β (mod p).

In Steps 1–7 we will show that every Spq-star of n is a rigid star
relative to the vector e∗.
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Case 1. In the following Steps 3–5 let p = 2.

Step 3. Let {i, j} and {k, l} as in Step 1, and consider the 2q-star
S2q = 〈s0, . . . , s2q−1〉. Denote the set of all one-boxes of the form B(ξ, 2) =
{ξ, ξ−n/2} contained in S2q by Φ and consider the subsets of Φ consisting
of such boxes B = {sα, sα+q}, for which B and {i, j} are non-nested sets
by Φ(i, j) (in case of {k, l} and {sα, sα+q} by Φ(k, l) respectively). We will
say that the star S2q is well-positioned relative to the intervals [i, j] and
[k, l] if

Φ = Φ(i, j) ∪ Φ(k, l)(2.5)

Φ(i, j) ∩ Φ(k, l) 6= ∅.(2.6)

We will show that
(2.7) If the 2q-star S2q is well-positioned relative to [i, j] and [k, l] then S2q

is a rigid star relative to the vector e∗.
Let us consider the chain Λ = Λ(B1, q) = (B1, . . . , Bτ ). Here B1 and

Bτ satisfy the following conditions:
(2.8) B1 = B(σ + n/2 + n/q; 2, q) = {σ + n/2 + n/q, σ + n/2, σ + n/q, σ}
and σ is the element of the set S2q\[i, j] which lies – according to its cyclic
order – nearest to j.
(2.9) Bτ = B(ξ; 2, q), where ξ is that element of the set S2q\[i, j] which
lies – according to its cyclical order – nearest to i.

Let us consider the vector set
E(Π4) = {{e = (e0, . . . , en−1) | ∆(B(ξ1; 2, q), e) 6= 0, ∆(B(ξ2; r), e) 6=

0} | B(ξ1; 2, q) and B(ξ2; r) are n.n. sets}.
Here B(ξ1; 2, q) = {ξ1, ξ1 − n/q, ξ1 − n/2, ξ1 − n/q− n/2}, B(ξ2; r) =

{ξ2, ξ2 − n/r} holds by the definition of boxes, while ∆(B(ξ1; 2, q), e) =
eξ1 − eξ1−n/q − eξ1−n/2 + eξ1−n/q−n/2 and ∆(B(ξ2; r), e) = eξ2 − eξ2−n/r

holds by the definition of differences.
It is easy to show that – for every m ∈ {1, . . . , τ} – the sets Bm and

B(j; r) = {i, j} are non-nested sets, therefore

{e = (e0, . . . , en−1) | ∆(Bm, e) 6= 0, ∆(B(j; r), e) 6= 0} ⊂ E(Π4).

The vector e∗ is choosen such that e∗ /∈ E(n), therefore
e∗ /∈ {e = (e0, . . . , en−1) | ∆(Bm, e) 6= 0, ∆(B(j; r), e) 6= 0} holds as well.
But i and j are such that ∆(B(j; r), e∗) = e∗j−e∗i 6= 0, hence ∆(Bm, e∗) = 0
for every m ∈ {1, . . . τ}. Using this fact it is easy to show that (2.4) holds
for the elements of Φ(i, j). By similar arguments as in the case of Φ(i, j),
(2.4) can be proved for the elements of Φ(k, l) as well. Finally using (2.5)
and (2.6) we can check the validity of (2.4) for the elements of Φ.
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Step 4. Let S2qr be an arbitrary 2qr-star of n and let us represent
S2qr by its greatest element (n − s): S2qr = S2qr(n − s). Without loss of
generality we may assume that (in Step 1) i, j, k and l are chosen such that
i = 0, and k− j < i− l holds. We will show that if q < z < r, then the 2q-
star S2q(−s + z(n/(2qr)) is well-positioned relative to [i, j] and [k, l] (See
for the definition Step 3). Let {φ1, φ2} ∈ Φ. We prove that if φ1 ∈ [i, j]
then φ2 6∈ [k, l].

Assume indirectly that φ1 ∈ [i, j] and φ2 ∈ [k, l]. Using (2.10) it is
easy to see that n/2 ≤ φ2 < n/2 + n/2r. But then 0 ≤ φ1 < n/2r holds
for φ1 = φ2 − n/2, contradicting the fact that S2q ∩ [0, n/2r] = ∅ by the
choice of z. We conclude that if {φ1, φ2} 6∈ Φ(i, j) then {φ1, φ2} ∈ Φ(k, l)
and therefore (2.5) is valid. It is easy to prove that |S2q ∩ [i, j]| ≤ 1 and
|S2q∩ [k, l]| ≤ 1 therefore |Φ(i, j)\Φ(k, l)|+ |Φ(k, l)\Φ(i, j)| ≤ 2. According
to (2.5) Φ = (Φ(i, j)\Φ(k, l)) ∪ (Φ(i, j)\Φ(k, l)) ∪ (Φ(i, j) ∩ Φ(k, l)) holds
and therefore |Φ(i, j) ∩ Φ(k, l)| ≥ |Φ| − 2 = q − 2 > 0. Thus (2.6) is valid.

Case 2. In Steps 5-6 let p > 2.

Step 5. Without loss of generality we may assume that (in Step 1)
the indices i, j, k and l are chosen such that l = n − 1 and k − j ≤ i − j
hold. Let Spqr be an arbitrary pqr-star and Spq = Spq(θ) be a pq-substar
of Spqr such that the element θ satisfies the inequalities k−n/pqr ≤ θ < k.
Consider the full chain Λρ = Λ(B(ξ; p, q), ρ) = {B1, . . . , Bρ} where ξ ∈ Spq

and ρ ∈ {p, q}. The subsets Λρ(i, j) and Λρ(k, l) of boxes in Λ(B1, ρ) are
defined by Λρ(i, j) = Λρ ]i, j[ and Λρ(k, l) = Λρ ]k, l [ respectively.

Let ξ ∈ Spq and B = B(ξ + n/p; p) be an arbitrary one-box in Spq.
We say that B is q-reducible if there exists a one-box B(η + n/p; p) such
that ξ ≡ η (mod n/q), 0 ≤ η < n/q and ∆(B, e∗) = ∆(B(η + n/p; p), e∗).

It is easy to see that for ρ ∈ {p, q} and (µ, ν) ∈ {(i, j), (k, l)} Λρ(µ, ν)
is a chain of boxes. We show that for every B ∈ Λρ(µ, ν), ∆(B, e∗) = 0
holds. Note that e∗ /∈ {{(e0, . . . , en−1) | ∆(B, e) 6= 0, eµ − eν 6= 0} | B

and {µ, ν} are n.n. sets} by the definition of e∗. But B and {µ, ν} are n.n.
sets and eµ ∗ −eν∗ 6= 0 therefore ∆(B, e∗) = 0. Let Λq(µ, ν) = Λ(B(σ +
n/p + n/q; p, q), q) = {C1, . . . , Cτ}, then for 1 ≤ ϑ ≤ τ ∆(Cϑ, e∗) = 0
i.e. e∗σ+(ϑ−1)n/q+n/p − e∗σ+(ϑ−1)n/q = e∗σ+ϑn/q+n/p − e∗σ+ϑn/q holds. We

conclude that if for suitable ϑ and one-box B = B(ξ1; p) B ⊂ Cϑ holds,
then B is q-reducible.
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Step 6. Let Ω = Λ(B(ξ, p), p) = {B1, . . . , Bp} be a full chain of one-
boxes in Spq. According to the result of Step 5 and using the fact that
n/p > n/r we can state that all but possibly one element of Ω are q-
reducible. Without loss of generality we may assume that B1, . . . , and
Bp−1 are q-reducible. We will show that Bp is q-reducible as well. Let us
consider the function ψ which is defined on the set of all one-boxes of the
form B(ξ + n/p; p) in Spq as follows:

ψ(B(ξ + n/p; p)) = B(η + n/p; p) where η ≡ ξ (mod n/q)

and 0 ≤ η < n/q.

The q-reducibility of B1, . . . and Bp−1 means that ∆(Bm, e∗) =
∆(ψ(Bm), e∗) holds if m = 1, . . . , p− 1. By Proposition 6

(2.14) ∆(Bp, e
∗) = −

p−1∑
m=1

∆(Bm, e∗).

To prove that ∆(Bp, e
∗) = ∆(ψ(Bp), e∗) it is enough to show that

(2.15)
p∑

m=1

∆(ψ(Bm), e∗) =
p−1∑
m=0

∆(B(ξ0 + mn/pq + n/p, p), e∗) = 0,

where ξ0 is the smallest element of Spq.
Let us consider the full chain Ω′ = Λ(B(θ+n/q; p), p) = {B′

1, . . . , B′
p},

where k−n/pqr ≤ θ < k holds (see the definition of θ in Step 5). Here the
one-boxes B′

2, . . . , B′
p are q-reducible by the result of Step 5. Box B(θ +

n/q; p, q) and set {k, l} are n.n. sets, therefore ∆(B(θ + n/q; p, q), e∗) = 0,
hence B′

1 is q-reducible as well. It follows by Proposition 6 that

(2.16)
p∑

m=1

∆(ψ(B′
m), e∗) =

p−1∑
m=0

∆(B(ξ0 + mn/pq + n/p, p), e∗) = 0

and therefore (2.15) is valid.

Step 7. In Steps 1–6 we proved that every pqr-star contains a rigid
pq-star as a substar. Let Spqr be an arbitrary pqr-star of n, and Spq(s) a
rigid substar of Spqr. We prove that all pq-substars of Spqr are rigid stars.
For m = 0, . . . , r − 1 let us consider the pq-stars Spq(s + mn/r). Assume
that there exists an m0 for which Spq(s+(m0−1)n/r) is rigid, but Spq(s+
m0n/r) is not, i.e.: there exists a j0 such that j0 ∈ Spq(s + m0n/r) and
e∗j0−e∗j0−n/p 6= e∗j0−n/q−e∗j0−n/q−n/p holds. It is easy to see that j0−n/r ∈
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Spq(s+(m0− 1)n/r) and therefore e∗j0−n/r− e∗j0−n/r−n/p = e∗j0−n/r−n/q−
e∗j0−n/r−n/q−n/p holds by the rigidity of Spq(s + (m0 − 1)n/r). But then

∆(B(j0; p, q, r), e∗) 6= 0, therefore e∗ ∈ Π5, which is a contradiction.

Step 8. Using the fact that e∗ ∈ Q it is easy to prove that there
exist boxes Br = B(ξr; r), Bq = B(ξq; q) and Bp = B(ξp; p), such that
∆(Br, e

∗) 6= 0, ∆(Bq, e
∗) 6= 0 and ∆(Bp, e

∗) 6= 0 hold. Let us fix the box
Br and consider for µ = 1, . . . , p the boxes Bq(µ) = B(ξq + (µ− 1)n/p; q)
and for ν = 1, . . . , q the boxes Bp(ν) = B(ξp + (ν − 1)n/q; p). Using the
fact that every pq-star is a rigid star it is easy to prove that for every µ ∈
{1, . . . , p}, ∆(Bq(µ), e∗) = ∆(Bq(1), e∗) 6= 0 and for every ν ∈ {1, . . . , q}
∆(Bp(ν), e∗) = ∆(Bp(1), e∗) 6= 0. An elementary computation shows that
if pq 6= 6 then there exist indices µ0 and ν0 such that the boxes Bq(µ0),
Bp(ν0) and Br are p.n.n. sets. But then e∗ ∈ E(Π1), again a contradiction.
Similarly, the case pq = 6 leads to the contradiction that e∗ ∈ C. ¤

4. Conclusions

The proof of Theorem 1 has some ad hoc elements. To get a devel-

opment in the general case the systematic investigation of properties of

boxes and differences seems to be necessary.
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