On the different definitions of Finsler-connection

By Z. KOVACS (Nyiregyhaza)

In the case of tangent bundles, a very elegant Koszul-type definition of a Finsler-
connection was given and discussed by Z. 1. Szabé [8]. A further important develop-
ment is Miron’s recent work [6] in the theory of Finsler-connections, which extends
the notion of a Finsler-connection to an arbitrary vector bundle. In this note we
study a relation between these two theories, comparing them also with Matsumoto’s
well-known theory ([5]).

1. Introduction

Let ¢=(FE.n, B, F) be a real vector bundle of finite rank over the base mani-
fold B. (For notations and terminology, see the monographs [3], [4].) The tangent
bundle of a manifold M is denoted by 1, and its total space by TM; Sec ¢ is the
C=(B)-module of the sections of { and — in particular — X(AM):=Sec 1), is the
module of the vector fields on M. #*(z;) is the pull-back of 75 over .

Our basic starting objects in this paper are the exact sequences

(SEQ 1) 0 — n*(15) > Trp—~ n*(15) — 0
and
(SEQ 2) 0 - v¢ 4 152+ 7*(15) = 0.

We fix a right splitting of (SEQ 1) and one of (SEQ 2) and — for the sake of sim-
plicity — we denote both of them by #. We also need the left splitting ¥ com-
plementary to # (for which Im # =Ker ¥°), the horizontal and vertical projec-
tions h and » belonging to # and finally the almost tangent structure

g = 10#: Trep ™ 1B

In conclusion, we recall the notion of pseudoconnection in & with respect to £,
this will be called simply a pseudoconnection.

Definition. Let the vector bundles ¢=(E,n, B,F) and &=(E, &, B, F% be
given. A pseudoconnection in ¢ with respect to ¢ is a pair (V, 4), where A: {—~1p
is a B-morphism and V: Sec &XSec &-~Sec ¢ is a mapping satisfying the following
conditions:

(D Vi, Y= Vx, Y+ V.Y,
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(I1) V(Y14 Y,) = Vi Y1+ Vi Yy,
(TII) VixY =fVxY,
(v) VefY = (AoX) fY+fVyY¥

(X, X, X,€Secl; V.Y, Ya€Secé; f€C=(B)).
This concept is a generalization of I. Candela’s pseudoconnection. (Cf. [2].)

2. Finsler-connections in 7,

In Szabd’s theory [8] the module of so-called Finsler-vector fields plays a central
role. For our purposes it will be convenient to replace this module by Sec n*(tp).
After this modification Szab6’s definition of a Finsler-connection gets the follow-
ing form:

Definition. A linear connection V: X(7B)XX(TB)—-X(TB) is called a Finsler-
connection if VX, YeX(TB)

(F) VxY = #oVr xuo¥+ AoVE x¥oY+HoVy .x uoY+ AoVy . x ¥ oY
where
(V*, o), V": Sec n*(15) X Sec n*(15) ~Sec n*(75) and
(V°, A), V’: Sec n*(15) X Sec n*(t5) - Sec * ()

are pseudoconnections in the vector bundle n*(zz). In this case we use the notation
V =Lift (V*, V).

We note that the representation (F) of a Finsler-connection is unique; in par-
ticular we have:

(N VY = poVyp.x# oY = YoV, xA0Y,
2 VY = uoV; . x #oY = ¥oV,.xAoY
(X, Y€eSec n* (1))

Now one can make the following simple but useful observation:

Proposition 1. A linear connection in tg is a Finsler-connection if and only if
the conditions

3) VX, YEX(TB): vVyhY = 0,
thvY= 0;
4) VX, YeX(TB): VyxJoY = JoV,xhY,

vuxJOY = JoV,,th
are fulfilled.
Proor. If V is a linear connection in 745 satisfying (3) and (4) then (V*, )

and (V% 1) can be defined by (1) and (2) owing to (3) and then (4) implies that
V=Lift (V*, V°). The converse is a simple calculation. [
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Combining this Proposition 1 with the following result of M. ANASTASIEL, we
get a relation between Szabd’s concept and Matsumoto’s theory.

Proposition 2. ([1], [7].) Let V be a linear connection in tr5. A triad (#,J, V)
determines a Finsler-connection in Matsumoto’s sense if and only if conditions (3) and
(4) are valid.

3. Finsler-connection in a vector bundle

In the case of general vector bundles condition (4) has no meaning (because
we have no canonical almost tangent structure) but retaining property (3) one gets
the following generalization ([6]):

Definition. A linear connection
V: X(E)X X(E) — X(E)
is called a Finsler-connection in Miron’s sense if
(5) VX, YEX(E): vV.hY = 0,
hVyoY = 0.
Thus from Prop. 1 we immediately get the following

Corollary. If a linear connection in ty is a Finsler-connection, then it is a Finsler-
connection in Miron’s sense. [

Now we consider the inverse problem.
Theorem. (i) Suppose that V: X(TB)XX(TB)—~X(TB) is a Finsler-connection
in Miron’s sense. Then there are unique Finsler-connections Vl’ and Vz, such that
VX, YcX(TB)

1 2
(M) VXY= ﬂVxY'f‘th]’.

1 2
(ii) If V and V are Finsler-connections, then (M) defines a Finsler-connection in
Miron’s sense.

Proor. We concern ourselves only with the assertion (i) because (ii) can be
verified by a similar reasoning and calculation. Consider the pseudoconnections

1 1
(th .#), V} Y= ‘VOV,.,XJ.OY,
1 1
(V% 2), V%Y :=%0V, . xA0Y,
2 2
(V', ), VAY i= poV oy #oY,

2 2
(V, 2), V&Y := poV,,x#oY (X, YeSecn*(p)).
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1 11 2 2 2
Let V:= Lift(V* V), V:=Lift (V* V*) then by virtue of (F) we get the relations

(6) Vl’xvY= AoV 0oV popox A0V oY+ 20¥ 0V, o yoxAo¥0Y =
= vV v¥ + 0V x0Y = oVxo¥ = Vyo¥Y (X, YeX(TB))

and in the same way

™ VxhY = VxhY (X, YeX(TB)).

By Miron’s condition (5) implies that

: i 2 v,
Vg Y+ hVy Y 2 oV 0¥ + AV iYL D oV, 0¥+ AV BY =

D VoY +VyhY = V, Y,

i1 32
proving (M). The unicity of the pair (V, V) is clear since (M) implies the relations

1 3
(6), (7) which uniquely determine (V, V). (See (1) and (2).)
Finally we return from the tangent bundle 75 to the general vector bundle ¢.
One can put the question whether or not a linear connection V in 7 is a Finsler-
connection in Miron’s sense. We note that the answer depends again on a representa-
tion (F*) of V very similar to (F). Namely we have the following

Theorem. ([9]) Let V be a linear connection in tg. The following conditions are
equivalent: (i) V is a Finsler-connection in Miron's sense. (i1) There are pseudo-
connections

(Vh, o), V*: Sec n*(15) X Sec n* (1) — Sec n*(z3),
(Vk, #), Vh: Sec n*(15) X Sec VE — SecV¥¢,
(V% i), V°: SecVEXSecVE - SecVe,

(V®, i), V°: Sec VEX Sec n*(t5) — Sec n* (tp)
such that

(F*) VY =#oVh yjoY+VixvY +HoVixjo¥+ Vi xoY (X, YeX(TE).
In this case the representation (F*) is unique. [
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