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Introduction

In [1] it has been proved the existence of variational solutions of boundary
value problems for the equation

> (-D9Df(x,u, ..., D%u, ...)+g(x,u) = F, x€Q

where Q is a possibly unbounded domain in R", |f|=m. The terms f,(x,¢) are
required to have polynomial growth in £, in the term g(x, #), however, no growth
restriction is imposed but it is supposed that g (essentially) satisfies the sign con-
dition g(x,u)u=0 and for all 7=0, \-—-sup |g(x, u)|e L'(Q).

In the present paper it will be proved the existence of variational solutions of
boundary value problems for the elliptic equation

0.1) ,2... D D*f(x,u ..., DPu, ...)+1= & (-1 D*g,(x,u,..., Du,..)=F
where |f|=m, [is an integer with the property !-:m-—-i(l —p+0), p and g are
real numbers such that 1<p<<, p—1<g=p. Functions f, satisfy the same con-
ditions as in [1] and in [2], g, are supposed to satisfy (essentially)

(0.2) 8:(x,8) ¢ =0,

0.3) 18:(x, O = C(&) (K(x)+1£"1°)

where ¢=(&’, ") and &’ contains those coordinates &z of ¢ for which Iﬁlcm—%;

KeLrle(Q).

In [3] and in [4] it is shown that there exist variational solutions of problems
for (0.1) but g, are supposed to satisfy other conditions instead of (0.3). In [5] the
Dirichlet problem in bounded Q for second order equations is considered with /=0
if g,=g satisfies a condition of type (0.3).



76 L. Simon

§ 1. Preliminaries

Let QcR" be a (possibly) unbounded domain, p=1, m a positive integer.
Assume that Q has the weak cone property (see [6]) and for all sufficiently large
u, there exists a bounded Q,cQ with the weak cone property such that
Q,0{x€Q: |x|<p}. Denote by Wm(£2) the usual Sobolev space of real valued
functlons u whose distributional denvatwcs of order =m belong to L?(Q). The

norm on W5 (Q) is
lJeel|wmeay = {I é i ID"ulf’dx}”’ :
a m (]

J
ox;
denoted the closure in | - ||wm@ of Ci (L), the set of infinitely differentiable func-
tions with compact support oontdmed in Q.

Let N be the number of multiindices o satisfying |«¢|=m. The vectors
E=(&yy vus Epy .. )ERY will be written in the form ¢=(n, {) where n consists of
those &, for which |f|=m—1. Assume that

I. Functions f,: QX RN—R satisfy the Carathéodory conditions, i.e. they are
measurable with respect to x for each fixed {€R¥ and continuous with respect to
¢ for almost all x€ Q.

I1. There exist a constant ¢,=0 and a function K;€L%(Q) (where 1/p+1/qg=1)

such that
[fa(x, O = 1[€1P 1 + Ky (x)

for all |al=m, a.e. x€Q and all EcRN.
III. For all (n,0), (n, {)ERN with {#{" and a.e. x€Q

Z [ Ces 1, ) —fa (6,1, D] (G2 — &2) = 0.

where a=(ay, ..., a,), |a]= Zn'c:.,-, D*=D4...Dy", D;= By W ,(2) will be

IV. There exist a constant ¢, and a function K,€L'(Q) such that for a.c.

x€Q and all E€RN
2 .fc(x! é) én cﬂlélp_K2(x)‘

V. Functions p,, r,: 2XRY—+R satisfy the Carathéodory conditions and
gﬂ = p:z +r¢'
VL. p,(x, &)¢,=0 and |r,(x, &)|=h,(x) for all £€RM and a.e. xeéQ where

h,€ LPe(Q).
VII. There exist a continuous function C and a function K¢ LP?(Q) such that

|Pa(x, &)l = C(&) (K(x)+1£"1°)

for all |a|=/, é=(&, ¢")ERY and a.e. xXEQ.
VIII. ¥V is a closed subspace of W (Q) with the property: »€V, @€Cy(R")
imply that @ve V. (V may be e.g. W"‘(Q) or W o(2).)
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Set
Pa(x, €) if |xl =u [pa(x, )] = n,
_ ). p(x8) . Al =
(L.1) Pau(X,€) = TR if x| =, |pa(x, )] = 1,
[0 if |x| = pu,
ra(x! 6) lf [xl E ﬂ, lrc(x: f)' § .u'!
X &
(12) r:l,n(x’ &) =1 au Irg(x-; é)l [f le = lu5 ,r:r(xs E)' ,u,
0 if |xl>p
(1.3) 8a,u (X, §) = Pa,u(X, §) + 14, u(x, &)

Assumptions 1., IL., V., VL. and (1.1)—(1.3) imply that formulas
T),v) = R il P vdy
T = 2 nf 1.

(S,(w),v) = IIZ fg,.,(r,u, iy PR as ) DPOEX
=l o

define linear continuous functionals T'(x) resp. S,(x) on V for any fixed (sufficiently

large) p.
By assumptions 1.—V. and (1.1)—(1.3) operator T+S, satisfies the conditions
of [2] for (sufficiently large) fixed u and thus we have

Lemma 1. For any FEV™ there exists u,€V such that
(T+S)(u,) = F.
Lemma 2. Assume that (u;)—~u weakly in V and for any bounded domain o< Q

(1.4) lim mfh"dx =0
where

hj(x) = I lz‘ [_f;(x,uj, ceny .D?HJ, ...,D"Uj, ..,)"'
(1.5) —fo(x, 4y, ..., D'uy, ..., DPu, ...)](D*u;— D*u)

lyl<m, |Bl=m. Then there is a subsequence (u;) of (u;) such that DPuj—~DPu a.e.
in Q for all B with |p|=m.

ProOF. Since (u;)—~u weakly in V thus there is a subsequence (&;) of (u))
such that
D'G; -~ D'u ae.in Q for |y|<m

(see e.g. [7]). Further, by assumption III. h;=0 and so (1.4) and Fatou’s lemma
imply that
h; -0 ae. in o.
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Thus there exists w,Cw of measure 0 such that for xco\ o,

(1.6) IDPux)] <o, |Ky(x)| <o, [Ky(x)| <o

and

(.7 Dy (x) = D'u(x)(|y| < m), hy(x) - 0.
Set

ED(x) = (..., DPity(x), ...)
where |f|=m. By assumptions 1., 1L, IV. and by (1.6), (1.7)
EJ(X) = Zf;(x,ﬁj,...,D?ﬁj, ....,.Dﬂﬁj, .)D"'ﬁj—
I

¢|=l”|

- 2 falx, 45, ..., D'aj, ..., D*ay, ...) D*ul —

i Z If;(x, !7_,, ...,D?ﬂJ, reny Dﬂu, ...)(D'ﬂj—D’H) E

= lEPX)IP — ¢5(x) [1+[EP )P+ LD ()] if  x€w\,.

D7ii;(x) is bounded for a fixed xcéw\w,.) Since by (1.7) A;(x) is bounded for a
ed x€o\w, thus {¥(x) is bounded, too. Consequently, (£Y(x)) contains a
subsequence which converges to a vector &*(x).
Now we show that

(1.8) &) = E®) = (oo Du(x), ...).
Indeed, applying (1.5) to the subsequence of (4;(x)) and letting j—~<-= (by (1.7))

we obtain
0= 1 g [fa(x, u(x), ..., D'u(x), ..., &*(x))—

—fa(x,u(x), ..., D'u(x), ..., £ (%)) [Z (%) — &, (%)]

which implies (1.8) in virtue of assumption III.
So we have shown that all convergent subsequences of (¢“’(x)) tend to &(x).
Therefore lim Y (x)=¢(x) and thus by (1.7) D?@i;—~DPu a.e. in @ for all g with
Jj+eo

|fl=m. Hence (by a ‘‘diagonal process™) easily follows Lemma 2 since ® is an
arbitrary bounded subset of €.

§ 2. The existence theorem

Theorem. Suppose that conditions 1.—VI111. are fulfilled. Then for any FeV*
there exists u€V such that

.1 ¥ ff,(x, u,...,DPu, ..) D*vdx+
lzj=m g
+ 2 fg,(x,u, eves DPUy... ) Do dx = (F, 9)
|la]=1 0

JSor all veV.
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PrOOF. By Lemma 1 for any j=j,,jo+1,/y+2, ... there is u;€V such that
(22 T+ S))(u;),v) = (F,v) forall veV.

From assumptions 1V., VI. and (1.1)—(1.3) it follows that (#;) is bounded in V.
Thus there exist a subsequence (u;,) of (¥;) and u€V such that

(2.3) (uy,) -~ u weaklyin ¥,
(2.4) D'u; -~ D'u ae.in Q for |y|=m—1
(see [7]).

Consider an arbitrary bounded domain wc Q and take a function @€Cg°(R")
such that @=0 and @(x)=1 for xcw. By Sobolev’s imbedding theorems (see e.g.
[6]) it may be supposed that

(2.5) D'u; - D'u in LP(Q(Msupp®) for |y =m—1

and

(26) D'uy - D'u in Lu(QMNsupp®) for |y =1= m——;—:-(l —p+0)
1 1

where g, is defined by 3 +q——l
By assumption VIII. ©(u;, —u)€V and so by (2.2)

2.7 | S [fixuy,, ... DPuy,, ...) DO (u;, —u))dx +
uﬁm”
! 2 fg, axuy, ..., DPuy , ...) D*[O(u;, —u)ldx = (F, O (u; —u)).
a|=l g

Since (u; —u)—~0 weakly in V thus

(2.8) ©(u, —u) -0 weakly in V.
In virtue of (2.7) we have
(2.9) P [, uy,, ..., Duy,, ..., DPuy,, ...)—

—)‘;(x, Ujs -os DUy, ..., DPu, ...)) OD*(u;, — u)dx =
ff;(x, Uj s ..., D'uy,, ..., DPu, ...) OD*(u—u, ) dx+

|¢| =mgq

ff;(x, Uy oo DUy ooy DPuy, ) 2 ¢, D'u—u,) D70 dx+

g g 7 Em—1

ff;(x, Uj s oens D?“J'k’ ---'-D’ujk! ._,)D"[G(u—uh)]dx+

]a]‘m-—l o

+ 2 fg,,,k(x, Uiy -os DPuy, ...) DO (u—uy)) dx+(F, ©(u;, —u))

where |y|<m, |B|=m.
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Now we show that all the terms in the right of (2.9) converge to 0 as k- e=.
By (2.3) D*(u; —u)—~0 weakly in L?(Q), further by (2.4), assumption I.
(2.10) G5 85 s DMy oo DPU i) = BT i DUl i DV, J3)

a.e. in Q and so by assumption 11., (2.5) and Vitali’s theorem (2.10) is valid in LY(Q)
norm, too. Thus the first term in the right of (2.9) converges to 0.
Since by assumptions 1., II.

Tk s s i DG ¢ vive DU, 5 500)

is bounded in L4(Q) thus (2.5) implies that the second and third terms in the right
of (2.9) converge to 0 as ke,
From assumptions V.—VII. it follows that

i@ty vos DPup, iy Dy, <..)

is bounded in L?¢(Qsupp @) thus (2.6) implies that the fourth term in the right
of (2.9) converges to 0 as k-, Finally, from (2.8) it follows that the last term in
the right of (2.9) converges to 0 as k —oo.

Thus we have shown that the term in the left of (2.9) converges to 0 as k<
and so by assumption III. and by ©@=0 we find that (1.4) is valid for any bounded
wc Q. Consequently, from Lemma 2 we obtain that (u;) contains a subsequence
(uj;) such that

(2.11) D’uj; - D'y ae.in Q if |f] =m.
Thus assumption I. implies that
FaCh i s ovvs DPoiy o) - L 00 0 oia DML

a.e. in Q and so by assumption II., Holder’s inequality Vitali’s theorem shows that
for any veV

(2.12) lim (T (), v) = (T(@), v).

By using (1.1)—(1.3), assumption V. and (2.11) we obtain
8ot (Xsttys ooy DPup, ...) = go(x, 4, ..., Dfu, ...)

a.e.in Q and so by assumptions VI., VII., Holder’s inequality Vitali's theorem shows
that for any vV

(2.13) lim (s @), v) = mé: ﬂrfg,,(x, o, ..., DPu, ...) Drodx.

Thus from (2.2), (2.12), (2.13) one obtains (2.1) and the proof of the theorem
is complete.
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