A common fixed point theorem of Gregus type

By M. L. DIVICCARO (Naples), B. FISHER (Leicester), and S. SESSA (Naples)

Abstract. Let T and I be two selfmaps of a closed convex subset C of a Banach space X sat-
isfying the inequality

ITx~Tyl|” = alllx~Iy|l” +(1 - a) max {||Tx —Ix||?, || Tx — Iy||*}

for all x,y in C, where 0=a<=1/2?-' and p=1. Further, let I weakly commute with T, i.e.
|TIx—ITx||=||Tx—Ix|| for any x in C and let I be linear and nonexpansive in C. It is proved that
if I(C) contains T(C), then T and [ have a unique common fixed point at which T is continuous.

Let T and I be two mappings of a metric space (X, d) into itself. Sessa [6]
defined T and I to be weakly commuting if d(TIx, ITx)=d(Ix, Tx) for any x in X.
Clearly two commuting mappings weakly commute but two weakly commuting
mappings in general do not commute. See Example 1 below. It is well known that
[5] a mapping I of (X,d) into itself is called nonexpansive if d(Ix,Iy)=d(x,y)
for all x, y in X. This implies that / continuous on X.

From now on, C denotes a closed convex subset of a Banach space X. Follow-
ing the basic ideas of a paper of FisHER and SEessa [3] and drawing inspiration
from a recent work of DeLBOsCO, FERRERO and RossATI [1], we now establish the
following result:

Theorem. Lei T and I two weakly commuting mappings of C into itself satisfying
the inequality

(1 ITx—=Tyl* = a- |Ix—Iy||* + (1 — @) - max {|Tx — Ix|]®, | Ty — Iy||}

for all x, y in C, where 0<=a<1/2P-" and p=1. If I is linear, nonexpansive in C
and such that I(C) contains T(C), then T and I have a unique common fixed at which
T is continuous.

PROOF. Let x=yx, be an arbitrary point of C and, since I(C) contains T(C),
let x,, x,. x; be points such that

Ity = Tx, Ixg=Txy, Ixs= Tx,,
so that Tx,_,=Ix, for r=1,2,3. Using inequality (1) we have
ITx, — Ix|I” = ITx, — TX,1ll” = a|Tx,-y — Ix,||” +
+(1 —a) - max {|Tx, — x|, [ T%, -1 — I%,-1]1)
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which implies
17X, — Ix|® = |Tx, -1 —Ix,-,||®
for r=1,2, 3. It follows that
2 ITx, — Ix,|| = |Tx—Ix|
for r=1,2,3. Using (1) again, we have from (2):
1Tx—Ixy||” = | Tx,—Tx||® =
3 = a- |[Ix;— Ix||? + (1 — @) » max {|Tx, — Ixy1?, | Tx—Ix|"} =
= a-[|Tx—Ixy|| + | Tx - Ix[)°+(1 — @)« [Tx— Ix||” (2°a+1—a)-|Tx—Ix]|".
Now we define a point z by

z—L +lx
_2x2 2 3
Since C is convex and z is in C, we have
Iz—lf +11 *-iT +1-Tx
D Rasl Ld e ol el U et

because [ is linear. Then we have from (3):

P

1 1
11z — Ix,||? = ?-(Ix,—lxl)-}-i-(}'x,afxl) =
1 1 2’a+2—a
@ = ia-InlP+ o iTx bl = 229 yre gy

and from (2):
1 1 1
(5 11z = Ix,||” = > 1Tx3 — Ix,||? = 5" 1Txy— Ix,||? = ET | 7x — Ix]||”.

Using (1) and (2), we achieve

14

-

\Tz—-1z||” = “—:12— (Tz—Tx,) +—;~ (Tz—-Txy)

1

=

1
172 = Txill” + 5 |72 = Txo|l® =

(1A

o= W

[a« |1z — Ixy||” + (1 — @) - max {|| Tz — Iz||", | Tx, — Ixs[|P}] +

+—;~ [@- 11z = Ix,||* + (1 — @) - max {|[Tz — Iz|]?, | Tx, — Ix,|"}] =

1
= 5 a-[lz—Ix|" + [z — Ixo| "]+ (1 - @) - max {| Tz — Lz|”, | Tx — Ix|"}.
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After some computations, using (4) and (5), one deduces from the foregoing
inequality:

|Tz —Iz||? = A-max {||Tz— Iz|]?, |Tx — Ix||?}
where

3 2P-1g2(2P — 1) a(2"—l)]
1= o[ ZEFD)_sE2N]

Since 0=a<1/27-1, it is easily seen that 0<A<1. Thus we have

(6) |Tz—1Iz|| = 2VP. | Tx — Ix|
with 0<=/Y?=1. Now (6) implies

inf{lsz—!zll:z = lJ|c2+ :

3 3 xa} = AP inf {|Tx — Ix|: x€C}
and on the other hand, since

inf{|Tx — Ix||: x€C} = inf{ﬂTz—!zll 2 = :

1
Tty
we can claim

inf{|Tx — Ix||: x€C} = 0.
Then the sets defined by

K, = {x€C:|Tx—Ix| = 1/n}, H, = {x€C:|Tx—Ix| = 2/{[1 — (1 —a)"/*]-n}
for n=1,2, ... must be nonempty and obviously

R0 e LD = O

Consequently 7K,, which denotes the closure of TK,. is nonempty for
n=1, 2. .. and

el . .2lk
Now we observe that (1) implies

1|9]

(7) ITx—Ty| = a"?- j[Ix—Iy| + (1 —a)"/? - max {|Tx — Ix|, | Ty — Iy||}
for all x, y in C. Then we have for all x, y in K,:

ITx—Ty|| = @7 [|Tx — Ix| + |Tx— Tyl + | Ty — Iyl]+ (1 — @)/ =

= 2a"?/n+a"?- |Tx—Ty| +(1—a)"?/n = 2/n+a"?- |Tx—Ty| + 1/n
which gives

ITx—Ty|| = 3/[(1—a"/?)]-n.
Thus

lim diam 7K, = lim diam 7K, = 0,
ie. ﬁ,_ls a decreasing sequence of nonempty closed subsets of C whose sequence
{diam TK,} of the diameters converges to zero and, by a well known Theorem of

Cantor the intersection () 7K, consists of a single point w.

n=1
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Let y be an arbitrary point of 7K,. Then for arbitrary £=0, there exists a
point y” in K, such that
1Ty —yll < e. (®)

Since T weakly commutes with 7 and 7 is nonexpansive, we obtain from (7)
and (8):
1Ty —Iyll = | Ty—TH |+ ITIy’ — ITy'| + |ITy’ - Iy|| =

= a'/?. |Iy—I*y||+(1 — a)'/? - max {| Ty — Iy||, Ty’ — I*y'|} +
+HIy' =Ty |+ 1Ty -yl =
= a/?.|ly—Iy'|+ (1 —a)"?-max {|Ty — Iy|, ITIy' — ITy’| + |Ty" = Iy’||} +
+1ln+e=al?[ly-Ty|+ITy -/ +
+(1=a)"? - max {|Ty — Iy|, 2Ty’ = Iy’ |}+ 1/n+ & =
= (1+a"?)-e+(1+a'"®)/n+(1 —a)"'? . max {| Ty — Iy||, 2/n}.

Since ¢ is arbitrary, we get

9 ITy—Iy| = (14 a"")/n+(1—a)"?- max {|Ty — Iy|, 2/n}.
If
1Ty —1Iy|| = 2/n,
then we also have
o ITy —Iy| = 2/n = 2/{{1 — (1 —a)"/"]-n}.
2 g \Ty — Iyl = 2/n,
(9) implies

ITy —Iyll = 2/n+(1—a)'/?- | Ty —Iy|

because 1 4a'/?<2. Then we have, in both cases, that y belongs to H, for n=1,2, ....
It follows that

I Tw — Iw]| = 2/{[1 —(1 — a)"/")- n}
for n=1,2, ... and therefore Tw=1Iw. Since / weakly commutes with 7, we have

. |TIw —ITw| = |[Iw—Tw| = 0,

i e.

(10) T*w = TIw = ITw.
Using (1), we achieve

|T?w —Tw|? = a- |[ITw—Iw||? + (1 —a) - max {|T*w — ITw|?, |Tw— Iw|?} =
= a+|T*w—Tw|"

andso T*w=Tw, i.e. Tw=w’ is a fixed point of T. (10) implies also w'=Tw"=Iw’
and this means that w’ is a fixed point of 7. Let w” another common fixed point of
T and 1. Then using (1),

W —=w”|| = |TW —=Tw"||? = a- |Iw — IW"||? +

+(1 —a)- max {|Tw"— Iw'|I", [Tw” —Iw"||?} = a- |w" —w"|?
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and this guarantees the unicity of the common fixed point of 7"and I. Now let {y,}
be a sequence of points of C with limit w’. Using (7), we have

Ty —TW | = @/« | Iy, — IW'|| + (1 — @)/« max {| Ty, — Iy,ll, |T'w —Iw’[]}.
Remembering that 7 is continuous in C, the foregoing inequality implies
lim sup |7y, —Tw’| = (1—)!"*- lim sup [Ty, — Tw'l,
ie
lim 7y, —Tw| = 0
and this means that T is continuous at w’. This concludes the proof.

Example 1. Let X be the reals and C=[0, 1] with euclidean norm. Define two
mappings T and [/ of C into itself by

£ 1
Tx—zx—gx, IX—?.X

for all x in C. We have

1 1 L. -] 1
|TIx — ITx| —Ex’—-— -3—2-x2—§x EIX'*'?XE—“TX—IIH
for all x in C. So T weakly commutes with 7 but they do not commute since
4 7 Pt b v+
Ix = = X—gy X' # gx—-igx’ =T

for any non-zero x in C. Clearly 7 is linear, nonexpansive in C and

7(C) = [0, 1/8] < [0, 1/2] = I(C).
Further we have

1 1 d
ITx =Tyl = 3 (e =9) g x4 - )

=—4——P—o

[ L) g BT

s Dioaiel R R st

for all x, y in C and for any p=1. Assuming a=1/27, then all the assumptions
of our Theorem are satisfied and 0 is the unique common fixed point of T and I.

Remark 1. If p=1, we obtain a result of Fisher and Sessa [3].
Assuming /=identity of X, we have the following

= 1P [1 5+ (x+)

Corollary 1. Let T be a mapping of C into itself satisfying the inequality
(11) ITx —Ty|” = a- |x—y|”+(1 — a) - max {|Tx —x]”, [Ty —y|"}
Jor all x, y in C, where O0<a<1/2P-' and p=1. Then T has a unique fixed point
in C.

The result of this corollary was also given in [3], but it was deduced as a con-

sequence of a common fixed point theorem involving a pair of mappings under a
different contractive condition.
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Remark 2. DELBOSCO, FERRERO and ROsSATI [1], generalizing the result of GRE-
GUS [4], considered the inequality

(12) ITx-Tyl* = a- |x=ylI*+b- |Tx — x|+ c- [Ty —y||*

for all x, y in C, where 0=a<1/2?-%, p=1, b=0, ¢=0 and a+b+c=1. Due to
the the symmetry, one may suppose b=c and clearly (11) is more general than (12).

Remark 3. For p=1, the result of the Corollary 1 was established by Ficher
in [2].

The condition “I(C) contains 7(C)” is necessary in our Theorem as shown in
the following.

Example 2. Let X the reals with euclidean norm and C=[0, 1]. Define two
mappings T and I of C into itself by Tx=1 and Ix=0 for all x in C. We have

HTx—TIx| = 1 = |[Ix—Tx]|

for all x in C. Thus T and 7 weakly commute in C. Then all the assumptions of
our theorem are trivially satisfied except that I(C) contains 7(C) since 1(C)= {0}
and T(C)={1}, but T and 7 do not have common fixed points.

The condition that / weakly commutes with 7 is also necessary in our Theorem
as it was proved in the example 3 of [3] for p=1. However, here we give another
example using a general p=1:

Example 3. Let X the reals with euclidean norm and C=[0, + ). Define two
mappings T and I of C into itself by
ITx = ji-x+l and Ix = —!-x

2
for all x in C. We have

T(C) = [1, =) =[0,+) = I(C)
and

iy i | 1
Tx—Ty|” = [T] Jlx—=plI° = 555 lx=yl? = T |Ix — Iy|®

for all x, y in C. Since I is linear and nonexpansive, all the assumptions of our Theo-
rem with a=1/2? for any p=1 hold except the weak commutativity of 7 and /
since for 4=x<=6:
UTx—Th) = = > x—1 =2 x—ax—1= [x—Tx]
By Wi iR G A

On the other hand, 7 and 7 1 do not have common fixed points.

It is well known that the class of the continuous functions contains the class
of the nonexpansive mappings. We do not know if our Theorem holds assuming
I continuous instead of nonexpansive. Moreover, it is not yet known if the hypothesis
of the linearity of 7 is necessary in our result.

Remark 4. See example 4 of [3] where it is proved for p=1 that T and [,
although have a unique common fixed point, possess infinite fixed points.
We conclude exhibiting the following



A common fixed point theorem of Gregu¥ type 89

Corollary 2. Let T and I two weakly commuting mappings of C into itself sat-
isfying the inequality

(13)  ITx—Ty| = a-Vx— Iyl + 5 (1 —a)- max {|Tx— Iyl, | Ty Ix]}

for all x, y in C, where O0<a<1. If Iis linear and nonexpansive in C and such that
I(C) contains T(C), then T and I have a unique common fixed point at which T is
continuous.

PrROOF. The inequality (13) implies
ITx—Ty| = a- |Ix—1Iy| +
1
7 (1—a)-max {ITx — Ix|| + | Ix = Ip|, Ty — Iyl + iIx—Iy|} =

= 5 (a+ 1)+ [Bx— Iy] + - (1 @) max {iTx~ Ixl, [Ty~ Iy1)

for all x, y in C. Since (1—a)/2=1—(a+1)/2, the thesis follows immediately from
our Theorem for p=1.
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