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§ 1. Introduction

Let M be an n-dimensional differentiable manifold of class C*= and let (x/, y¥)
be the canonical coordinates of a point y€ T(M), where T(M) is the tangent bundle
of M [3] and let = be the canonical projection. The natural basis of 7'(M) with respect
_3%‘_] and the mapping N: yeT(M)—
—+N,eT(M), is a regular distribution on T(M), such that: T(M),=N,&T(M);.
Let — = —— N¥ — bealocal basis of the n dimensional local distribution N,

ox ox o*
where N (x, y) are called the coefficients of the non-linear connection defined by N.
The notions and notations of M. MATsuMOTO [2] and R. MIRON [3] are used.

Let FI'=(N, F,C) be a Finsler connection with the coefficients (N, F§, Cjy).
7 the group of general Finsler connection transformations ¢: (N, F,C)—(N, F, é L
and Iy={t|tc T ; 1=1(0, B, D)} the subgroup of 7, formed by the transformations
t: (N, F,C)~(N=N,F, C), which preserve the non-linear connection N. The trans-
formations from .7 have the form:

. . " 0
to canonical coordinates is ik

(1.]) N} = N}; F}k = F;I_Bj‘l; (_:}k = Cji._D}t

where B, D€ ZY(M) are arbitrary Finsler tensor fields [3]. In the following we denote
by |,| and || the h- and v-covariant derivatives relative to (N, F, C) and to (N, F, C)
respectively.

For a Finsler connection FI'=(N, F,C) we can define the notion of semi-sym-
metric Finsler eonnection, analogously with the definition of semi-symmetric linear-
connection. We consider the h- and v-Finsler torsion tensors:

(1.2) Tj{k ~ F}k—ﬂ'j; ijx = C}k_cfij
and the associated tensors:

1 . : . : 1 " ;
(1.3) {ft = F{:& £ 1) 0 T—0kT7); L= Sj O=D (05 Sk — 0k S;)

where: T, =T}, and S,=S}; are the h- and v-torsion Finsler covectors respectively.
A study of these tensors relative to its projective transformations are given in [6].

o S o
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A Finsler connection FI'=(N, F, C) is called a semi-symmetric Finsler connec-
tion, if {j,:O and {j,‘=0.

This condition is equivalent with the existence of an 1-form on T(M):

(1.4) T = 1;dx) + 0, 0)*
such that:
(1.5) Tt = (l—ﬂ)fk; Sk = (l —n)wt

For a fixed semi-symmetric Finsler connection FI'=(N, F, C) the h-torsion
tensor and the v»-torsion tensor have the form:

(1.6) Tj‘k = Tj&i—fha_}; Sj‘k = wiai_*wkéj

In general, for a Finsler connection FI'=(N, F, C) we have the following three
curvature tensors:

aCh 9C}
Sha = 3y{" ay” +ChChL—ChCl
(1.7) R = b 7 e ™ +F1'1F — FjF+ Cj, Ry,
: oF!
Pjth = ay L —th“‘f'Cj,Pu
where:
dN; ON} BN‘
(1.8) Ry = ———57 i—Fl
We define also the Finsler tensor:
(1.9 Kju = R}n = er Ry

where Ry, is the curvature tensor of the non-linear connection Nj, given by the first
relation of (1.8).
If the non-linear connection N is integrable, then: K¥,,= Rj,,. We denote by:

(1.10) Sin = Sikws Tin = Rins  Bun = Kiin
the tensors of Bianchi type and by:

(1.11) Six = Shus Ry = Rjis Ky = K
the tensors of Ricci type, and use also the notations:

(1.12) (hdiv T);; &£ T s (vdiv S),; <Z SE

If FIr=(N, F,C) is a semi-symmetric Finsler connection, then between the
Finsler tensors of Ricci type and of Bianchi type we have the relations [1]:

(1.14) SJ,‘-—SU =Sb-|-(n—2)(vdiv S)kj



Invariants of special semi-symmetric Finsler connection transformations 261

In the present paper we study invariants of those Finsler connection transfor-
mations, which transform semi-symmetric Finsler connections in semi-symmetric
Finsler connections again. First we study invariants obtained by the use of S and R
curvature tensors, and afterwords invariants obtained using the third curvature tensor
P. Finally the properties of the Finsler 1-form w€ A (T(M)) associate to the Finsler
connection transformation are given.

§ 2. Invariants of S and R type

In this section the invariants obtained by the use of the curvature tensors S and
R (or K) are established.

The most general Finsler connection transformation 7€%y, which has the in-
variants { and 21 , has been studied in [8] obtaining the following result:

Lemma 2.1. The set Ty, of all Finsler connections, which preserves the linear
connection N and has the invariants I, and 1, is given by:

(2.1) } = N}; F}k = F}g"‘&?ﬁt_aiﬁj— U}l; _‘ﬂ- = C}k+6jak—5iaj_V;t
where FI'=(N, F,C) is a fixed Finsler connection; o, and B, are arbitrary Finsler
covectors, and U, VEZ}(M) are arbitrary Finsler tensor fields of type (1, 2), with the
properties Ujp=Uy;; Vi=Vi;.

The most general case of the Finsler connection transformations €7 =
={t|t: (N, F,C)—~(N,F, C)} with the invariant tenscz)rsilr and ;’ has been studied in [71.

If we have /=0 and {=0, then from (2.1) it follows {:0, £=O, and recipro-

cally. Thus F; contains also the set of the general semi-symmetric connection trans-

formations.
Afterwards we consider the special case of the Finsler connection transformations
(2.1) with U=0 and V=0. In this case we obtain:

(2-2) N} — Nj; j‘l‘ = F}k-i-(sjﬂ,—aiﬁj; _‘“ — C}k+6}ak_6£aj

where FI'=(N, F,C) is a semi-symmetric Finsler connection. Then also FI'=
=(N,F, C) 1s a semi-symmetric Finsler connection.

Between the curvature tensor Kjy,, Sj, and Kjy,, Siy, respectively we obtain
the relations:

(2.3) K = K+ 05 (0w — 9) — 0500+ 0400

(2.4 Siin = Shn+ 05 (Dyy,— D) — 6} D+, P

where we have:

(2.5) Dy, = Gy + 00— %0 Pun = Pryn+ BiBru—BiTh
From (2.3) and (2.4) follows the relations:

(2.6) K = Kp+(n-2)0ju+@ijs By, = By +(n—1)(@n— )

(2.7) Si = Sp+(n=2)Pp+Py;; s = S+ (n—1)(Py,— Pp)

T
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From (2.6) and (2.7) we have:

(2.8) K;—Ky; = Ky—Kyy +(n=3)(@x—?4); B+ B = B+ By
(2.9) Sik—=Sk = Sp—=Si;+(n=3)(Pu—Pey)s  Sin—5m = Sun— Sk
Thus it follows the:

Proposition 2.1. If FI'=(N, F,C) is a semi-symmetric Finsler connection, then
the transformation (2.2) has the invariants:

n—3 n—3

(2.;0) Kj'ﬁ Kk} —l Eﬂ‘=KJ‘.’_Kk}_ —l B}j‘; Bkll+BH =BHI+BM
n—3 n—3 e

(2.11) Sp—5Si— =1 Spe=Sp—Siy— g g T Sknt Shk = Skn + Sk

From (2.6) and (2.7) we have:

1
(2.12) P = ;‘;—i'(Kjk k)+ )g (Bjx— By

1
(Sﬂc Sp) 7z =1y Gi—spn)

(2. l 3) ¢jk =

From (2.1), (2.2), (2.4), (2.5), (2.8) and (2.9) follow the relations:

a;Bu+6‘[K-"' By ] 6,‘.['5“1+ P ]=

(2.14) iu:n = Kjklc +

~1 To—1¢ (n—1)*
= Kju+— 513M+5‘[ Sy to 52:-1)2] 5;'[;:!(—1*1 " (rf-jkl)’] ~ i
(2.15) Ajin & St 11 & -M""sk[ gﬂl] T im])z]_é'i' n%kl + (.niﬂ;l)2 =
= Shut oo o+ 04 (52 e 1)*] -3 *(ns—ﬁl)f]g’z’j‘“

Thus we have the following:

Theorem 2.1. If FI'=(N, F,C) is a semi-symmetric Finsler connection, then
the transformation (2.2) has the invariants ,:l and .;! given by (2.14) and (2.15) respec-

tively.
From (2.5) it follows:

x| 0B P

(2.16) @H_¢M = W_Ey_*’ @kh—(pu — W—_‘.S?_

Thus we have the:
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Lemma 2.1. If FI'=(N, F,C) is a semi-symmetric Finsler connection, then:

: oo o i ‘8 5
(2.17) Py — Py = 0 iff —a-%= y:. Pun— P = 0 iff —ﬁi‘--—a—fz‘=0

From this Lemma and the relations (2.6), (2.7), (2.8), (2.9) it follows the:

Propesition 2.2, If FI'=(N, F,C) is a semi-symmetric Finsler connection, then
(a) the Finsler—Bianchi tensors By, and sy, are invariants of the t ransformation

(2.2) if and only if:
0% % P P

(2.18) By‘ = ﬂy”; ™

(b) the Finsler tensors K;— K, ; and S;— S,; are invariants of the transformation
(2.2) if and only if the relanons (2 18) hofd

From (2.12) and (2.18) it follows:

[T 1
(2.19) P = ﬁ(Kjk_Kji); Py = n_—l(s“_s-"‘)

From (2.3), (2.4) and (2.19) we have the relations:

(2.20) Bju < Kju—— @GR~ 6K ) =
o K}u (‘5a Ku‘&tth) et B}u
= 1
(2.21) gju = S}u— 1 (53311;_51311.) =
= S}u— l (& Sp— — i Sjk) Bjtk
Reciprocally: From (2.20) and (2.21), using (2.3)—(2.4) and (2.6)—(2.7) we have:
(2.22) Q=P = 05 Pp— Py =0

Theorem 2.2. If FI'=(N, F, C) is a semi-symmetric Finsler connection, then the
necessary and sufficient condition that the transformation (2.2) has the invariants of
Weyl-type (2.20)—(2.21) is given by (2.18).

We associate to the connection FI'=(N, F, C) the Finsler tensors of projective

Weyl-type:
i 1 K B K B

i = K.+ i | i[ ih } Jk] i[ Jk I J ]

223)  Wia = Vs n+1‘513"* ey | e n*—1

Q2 Wi = Sty Syt 3t (204 ) o (2 + oy

nt—.

analogously with the projective tensors of Weyl from the linear connection theory.
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The projective transformations of the semi-symmetric connections, characterized
. : w w o 3
by the invariants ;| and o are studied in [4] and [5]. In the case of the transformations

(2.2) we have:
(2.25)

- ; 2 2
Wi = E’ﬁn A e s 5 (P — Oun) + 51:(%:; ‘Pu)—

1

e ‘ﬁ(‘Pﬂ; —‘Pu)

(2.26)
2 2 -
Wi = Wik +——— 0j (P — Pun) + —5— 0@ jy— Pyy) ——5— (P — Py
From Lemma 2.1 and the relations (2.23)—(2.24) it follows the:

Theorem 2.3. If FI'=(N, F,C) is a semi-symmetric Finsler connection, then
the necessary and sufficient condition that the transformation (2.2) has the invariants
PIV and W is given by the relations (2.18).

Corollary 2.1. If §=JIB, §=§ then and only then we have:
W=W and W=W.
1 1 2 2

From (1.13)—(1.14) and (2.23)—(2.24) we have:

g . W2 . ; B2 .
(2.27) W, == I;l{'k,, e (vdiv S)y,

1
Thus it follows the:

Proposition 2.3. The necessary and sufficient condition that for a semi-symmetric
Finsler connection FI'=(N, F,C) the Finsler tensors ler,,“,,, Ig{{, wanish, is that the

torsional divergence of FI'=(N, F, C) wanishes.
From (2.25)—(2.26) it follows:

(2.28) ‘ = ?"ﬂ:h +2(n—=2)(Qun — P’ @h = ;;K:n'*' 2(n—2)(Py, — Py)

From the Proposition 2.3 and the relation (2.22), (2.28) it follows the:

Proposition 2.4. The necessary and sufficient condition that a semi-symmetric
Finsler connection FI'=(N, F,C) with null torsional divergence be transformed by
the transformation (2.2) in a semi-symmetric Finsler connection FI'=(N, F, C) with
the same property, is that the transformation has the property (2.18).

Next it follows the:
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Proposition 2.5. If FI'=(N, F,C) and FIr=(N,F,C) are semi-symmetric
Finsler connections with a null torsional divergence, then we have:

(2.29) K_": _Kﬁj = .Bk}; Sjk—-su = Stj; Kjt_zjk = Fﬁj; Sjl:_-sl’j = Eij

and it follows that ?, ?, 11, 4;!, F;V, I;V are invariants for the transformation (2.2).
Definition 2.1. The semi-symmetric Finsler connection FI'=(N, F, C) is equiaf-

ﬁne, if Bi:_f:O’ S”=0.

Proposition 2.6. If FI'=(N, F,C) is an equiaffine, semi-symmetric Finsler
connection, with null torsional divergence, then the Finsler connection FI'=(N,F, C)
obtained by the transformation (2.2) has the same properties. In this case the invariants
{4, {o‘, If’ coincide and the invariants 1;1, J?, FzV coincide also.

Proposition 2.7. If FI' =(N, F,C) is a semi-symmetric Finsler connection,
Ki=0, 8%4=0 and a,, P, satisfies the condition (2.18), then FI is equiaffine Finsler
connection with null torsional divergence.

In this case we have:

: 1 A ’ 5 1 g
(2.30) ikh = — (OhSj—0kSjn): K= T_—l(fsi Ky —6LKp)
(2.31) Sik = Sijs K = Ky
From (2.30) it follows:
1

1
(2.32) S}u|r - (A Sjk|r—5f: Sinle)s S}uli = H__T(Sjk]k_sjbll)

n—1

1 1
(2.33) K}tMr = ﬁ(éf., K;ﬂr—a? Kjnr)s K}ms T (K — Kjng)

and we obtain the Bianchi identities:
Thus it follows the:

Proposition 2.8. For a semi-symmetric Finsler connection FI'=(N, F,C) the
Bianchi identities (2.34) holds if and only if FI is with null torsional divergence.

The second group of Bianchi identities for a semi-symmetric Finsler connection
Fr=(N, F,C) is given in [5]:

a r
(2.35) 2Km=2 2 Kﬂk“;‘—a'iRix: 2 S =2 3 Siw,
(jkn) ik | 2 (km )
From (2.32) and (2.35) it follows:
(2.36) Siill’._sfilj - 2SgrS£J
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If N is integrable we obtain analogously:
(2.37) Kiji— Kiw)j = 2K, T}

Proposition 2.9. If FI'=(N, F,C) is an equiaffin semi-symmetric Finsler con-
nection with null torsional divergence, then the relations (2.30)—(2.36) hold, and if
moreover N is integrable, then the relations (2.30)—(2.35) and (2.37) hold however.

Consequently if the conditions of Propositions 2.7 and 2.9 are satisfied, then we
have the following Propositions:

Proposition 2.10. If FI'=(N, F,C) is a symmetric Finsler connection and
FI'=(N, F, C) is a projectively flate Finsler connection (I;V:O, P3V= 0), then FI'

is an equiaffine and projectively flate Finsler connection.

Definition 2.1. A Finsler connection FI'=(N, F,C) is called a Finsler F-
connection, if:
dF! oF];
2.38 = 2
(239) 5 Rt
Proposition 2.11. If FI'=(N, F,C) is a symmetric Finsler connection and we
have Kiy,=0, 8%,=0, then FI is equiaffine, projectively flate and the tensor S,; °=

Sijlk—Sul; is symmetric. The tensor K, 58 3 jx—K yy; is symmetric if and
only if FI' is a Finsler F-connection. ]
If F}}i,,l,=0;lzﬂi,,i,=0, it follows Eﬁi,,l,=0, E},,,l,:O and from (2.28) we have:

oF}; ..

(2.39) (‘Pnn“‘Pu)u =0; (Py—Pw)l, =0
From (2.25), (2.26) and (2.39) we have:
(2°40) %ik]r =0; ?ﬂhlr =0

Thus it follows the:

Proposition 2.12. If FI'=(N, F, C) is a semi-symmet ric Finsler connection and
?’?&hlr=0’ E_’i‘ihlrzoa then also w:dc]r=0’ ?ﬂhlr=0-

Particularly we have the:

Proposition 2.13. If FI'=(N, F,C) is a symmetric Finsler connection and
Fr=(N,F, C) is a projective symmetric Finsler connection (llﬁi,,,,:o, 'PB}‘,,I,:(]),

then also FI is projective symmetric (Iﬁi,,!,=0, ';'G'lit*lr=0)'
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§ 3. Invariants of # type

In this section the invariants of the transformations (2.2) obtained from the
third curvature tensor P, or from the tensor 2 are studied.
The third curvature tensor Pj, and the tensor:

; ON JN,
(3'1) ‘?jk [ Jjkh ™ JI' (-’) :] [Pﬂ:k er a :]
are given in [3].
By a Finsler connection transformation (2.2) we obtain:

(3.2) Piin = Phan+0(O0—04) — 5,0, + 5,0,
where:
(3.3) O = Bpnt+ ol Bty + % Br— Py — %7y,

From (3.2) it follows:

(3.4) -5_;& = ?ﬂ“f‘(”_ 1) Qﬂz_(ejx_eu)§ T = T+ (n—1)(Oh, — Oky)

where:
gk R S T T A e
Pix=P%i; Tn=Puns Pu=2pis Tun=Pin

and it follows also:
(3.5) -5_;1: ‘-“;kj =Pp—Pj+(n=3)(0;—0y)); T— My = —(Tps — M)
From (3.2)—(3.5) we obtain the invariant ’E"”‘ =Jg},‘,,, given by:

; 91:- T jn ] ;(?Jk Ty ]
““’Lé{ =) o t—1p

¥ 1
(3.6) 3;n = g"kll + 1

; 1
= ?}u +;__._—

P (4 P, de
la}nu_i_é*[ Jh jh ] 5,[ Jk (n Tjk ]5'—’;‘

BCEE —1)
1t follows the:

Theorem 3.1. The Finsler connection transformation (2.2) between the semi-
symmetric Finsler connections FI'=(N, F,C) and FI'=(N,F, C) has the invariant
Al

For n=3 the relations are equivalents:

(a) Gkh= Gu; (b) ﬁjk=ﬂﬁ; (C) 5.“_511:?1*_?*;-

It follows the:
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Theorem 3.2. If FI'=(N, F, C) is a semi-symmetric Finsler connection, then a
necessary and sufficient condition that the transformation (2.2) has the invariant:

3.7 Bﬁm ?; Jjkh —

1 — — 1
TP~ 0Py = 2 = (G123~ 8P ) <= Bl
is given by: ©O,=0,.
We associate to 2}y, a Finsler tensor I;Ifi,. analogous with the Weyl projective
curvature tensor where:

(G8) Wi L :

P T P n ]
i i Jjh Jh i Jk Jk
1“’"‘”[ n2—1] 5[ B

We obtain:
(3.9 W{m o Wju + 51(9:::. O ——] [5i (Qﬂu— Qu) == 5:1(9;‘; "91:1)]
and:
R n—2 L g
(3.10) Wikn = Win+2—7 (00— O); Wiy = Wi — 0.

It follows the:

Theorem 3.3. The necessary and sufficient condition that the Finsler connection
transformation (2.2) between the semi-symmetric Finsler connections FI'=(N, F, C)

and FI'=(N, F, C) has the invariant W“_H{M, is given by: Oy=0,.

In this case theinvar iant Bj,,= B, is an outcome of the invariant Wj,.
3 3 3

§ 4. Properties of the Finsler 1-form we A(T(M)),
associate to the Finsler connection transformation

Let w€l (T(M)) be the Finsler 1-form

4.1) ® = B dx*+a;0)"
associate to the Finsler connection transformation (2.2). We denote:
(4.2) 6, = B+ Nio;
d
43) L
et 663 39;.

(4.4) B = ¥ I T

C dw, O,
(4.5) ™= T oyt

Thus it follows the:
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Theorem 4.1. The necessary and sufficient condition that the Finsler 1-from w
be closed (dw=0) is given by: 0,,=0, Bu=0, 74=0.

Proor. The exterior differential of w is given by:

1

(4.6) i 5¥udx"f\dx"+g“6y"ﬂdx"+%gtn Sy* Adyk
where:
4.7) en = By — B+ T Bs+ Rin;
4.8) Gy = Brin — ol + Cin Bs + Pin s
(4.9) g-kh = 0ty — 0l + St
It follows:
(4.10) %en = %uns Fun =Bin— NiVan3 Lin = Vin

Then dw=0 if and only if o,=0, Bu=0, 74=0.
We have also the:

Theorem 4.2. Let FI'=(N, F, C) be a semi-symmetric Finsler connection. The
necessary and sufficient condition that By, and K,,— K,, be invariants of the transfor-
mation (2.2), is given by:

1

@.11) i =?R',,,,dx*Adx*+gM6y*f’\d.\‘+—21-gt.,,,5y"/\6y"
or by:
(4.12) dw =g.u5y"f\dx"+ilgcu Sy*Ady*

in case if N is integrable.
From Theorem 2.2 and 1.2 it follows:

Theorem 4.3. The necessary and sufficient condition that a Finsler connection
transformation (2.2), where FI'=(N, F, C) is a semi-symmetric Finsler connection,
has the invariant {3},‘ is given by (4.11) or by (4.12) if N is integrable.

From (4.5), (2.1) and (2.5) it follows the:

Theorem 4.4. If FI'=(N, F, C) is a semi-symmetric Finsler connection then the
necessary and sufficient condition that ‘?}" be an invariant of the transformation (2.2)
is given by:

(4.13) do = : wn dx" N\ dx* +gtu<5y*/\dx"

2y
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or by
(4.14) do =
if N s integrable.

%gc,‘,,dx"/\dx“-i- Budy'Ndxt
From the two above Theorems it follows the:

Theorem 4.5. If FI'=(N, F,C) is a semi-symmetric Finsler connection, the
necessary and sufficient condition that %3 and 12? are invariants by a transformation (2.2)

is given by:

(4.15) do = -%- R}y dx"Ndx* + B, 5y" N dx*
or by:

(4.16) do = By oy"Ndx*

if N is integrable.
From (3.3) and (4.4) it follows the relation:

JN{ ON;
(4.17) B —Bu— (Nivsn— Niva) — Fy—:—ﬁ] % = Ou— 0Oy
Thus we have the:

Theorem 4.6. If FI'=(N, F,C) is a semi-symmetric Finsler connection, the
necessary and sufficient condition that ?, 9 and 13'3 are invariants by a transformation

(2.2), is that dw is of the form (4.14) and B, satisfies the relation:

ON{ ON,
@.19) Bu—bu = (S —5ot)

or that dw be of the form (4.15), and B, satisfies the realtion (4.17), if N integrable.

If @ is closed (dw=0), then the Finsler covectors «, and f, have the form
%=0li, Px=en, where g is a Finsler function, while w is locally exact (w=dp).
In this case from the above theorems it follows:

Theorem 4.7. If w is a closed Finsler 1-form, then the necessary and sufficient
condition that §=z?, § =B, §=§ is that a,= 9|, satisfies the conditions:

ON} ON}
R:has — 0; a_y: __—3}’:] of; = 0.
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