The instability of the period-two cycles of Newton’s method

By SHERMAN WONG* (New York)

Abstract. B. BARNA has proven that there exist unstable period-two cycles when applying New-
ton’s method to a real polynomial having all real roots and at least four distinct ones, In this note, a
lower bound, independent of the degree of polynomial, is found for the derivative of the second
iteration of Newton's method evaluated at the period-two cycles.

Introduction

In [1] and [2], B. BARNA proves that if fis a real polynomial having all real roots
and at least four distinct ones, then the set of initial values for which Newton’s
method does not yield a root of fis homeomorphic to a Cantor set. (This result is
proven also in [5] using symbolic dynamics.) Furthermore in [3], he proves that the
set of exceptional initial values is of Lebesgue measure zero. In his discussion, Barna
proves that for each root, other than the smallest and the largest ones, there is an
open interval about it in which each initial value converges to the root using Newton’s
method. The interval has as its boundary an unstable period-two cycle. The purpose of
this note is to establish a lower bound on the derivative of the second iteration of
Newton’s method evaluated at the period-two cycle, independent of the degree of the
polynomial. The determination of the bound is based on the proof that Barna uses to
prove the instability of the period-two cycle.

Preliminaries

Let f(x)=(x—A)Mr(x— A)Mz. ... - (x— A )Mk, where A;<A;<...<A4,, all
real numbers, k=4, and M,+M,+...+M,=m, the degree of f. Define the Newton
f(x)

transform of f by N(x)=x— == Ok where f” is the derivative of f with respect to x.

By [1], about each 4;, i=2, 3, ..., (k—1), there exists a unique unstable period-
two cycle {E, F;}, where for each x with E;<x<F, N'(x)—~A4, as [+ (N'
denotes the /th iterate of N.) By an unstable period-two cycle {E;, F;}, one means
that N(E,)=F; and N(F,)=E; with |N'(E)|=1 and |N’(F)|=1.

By defining
< F1a) S _ w_M,
i f(x)’ x=N() i ,El x—A4;
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and for {E;, F},

O(E) = +—5 s —®(F).
Moreover
1 k. M; 1 kM
= and — - =
E"_FJ‘ jé;_ E‘—Aj Fi—Ef Jg; Ff—AJ
By denoting S by D; for a fixed i, one obtains A;= wi, and
F,—A; 1-D;
hence
M M,_ M, M, M.
1 S = m— |
2 D, i D D, D)

(2) M1D1+--o +Mi_1D|‘_1+Mj+1.D;+1+-o-+Mka = "‘l——l +MI'D,'L

since D;=0 for j#i and D;<0.
Barna proves the instability of {E;, F;} by using (1) and (2), and the following
key lemma:

Lemma [2]. If m and p are positive integers, m—p=3, S, (g=1,2,...,m—p)
and T are positive numbers for which

(a) $1+Ss+...+ Sy, = m—14pT,
1 1 - p

then S?+S3+...+Sa-,+pT2>m.

By an examination of the proof to this lemma, one can determine a lower bound
for the derivative of the second iteration of the Newton transform for {E;, F;} inde-
pendent of the degree of f.

Statement and proof of theorem

Theorem. Let f(x)=(x—A)M(x— Ag)Mz- ... - (x—AIMx, where A,<A,<...
vo=Ay, all real numbers, k=4, and M,+M,+...+M,=m, the degree of f. If
N(x) and {E;, F,} for a fixed A; are as described above, then (N*)E;=(N*)F,>4,
independent of m.

Proor. Assume the notation used in the lemma stated above. In [2], Barna con-
siders two cases: 7T=min S, and T=min §,. The necessary estimates to arrive at
the conclusion are found in the proof of each case.
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Case I: Suppose that T=min S,=S, and that S,,_,=max S,. First consider
q

qu (S, — 1)
q=1

22 S;+(m—p) = 3 S

z’(sq- b q:z:’ 2’ Si=2(m—1+pT)+(m—p)

or

Z mg( — 1P +(m—2+p+2pT) =

m— m— l
=35 (52 g)rm-2eps2n =1 3 (-2 )+ m-24p4p1) =
g=1 =1

=T [(m— 1+pT)—2(m —p)+[m— 1 +—‘:—.-]]+(m =2+p+pT) =

= 4pT +pT2-2T +m
Consequently

(€)

—2+2p.

Z‘ Si+pT* = 4pT +2pT*-2T+m—2+2p.
=]

Next consider mz_q [—1—— l]

q=1 q

7l - 3

P
2 5 hl F—Z[ —1+T]+(m—p)
or
3 5= 2 sls s+ 7)
= - [(m—l —E-] —2(m— p)+(m—l+pT)] [m 2+p+2‘p
o g 5 z
2p
Thus
Ss'1l p . 2p . P
@ S mrrTometet gt

g B

Case II: Suppose that T:-mgin S;=5; and again that S§,_,=max S,. If

T=S,-,, then —il,,-é min :;l“’ which is Case 1. Hence suppose that S,,_,>7=>S;:
q
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From
1 bl ]”’ 15’ = Mol =5,
m*—p—*lq-z Wl S T e
57 g2 ___l__.. A &, THPRL N ey o _

1
=(m-p—1)+2(p+pT —Sz)-!-m—_p:'l—(lli‘-h!ﬂ"—‘Sl)2 >

= (m=p=1)+2p+2(p =T +——— [P+~ DT +T—S)F =

= (m+p=1)+2(p= DT +———[p+(p~DTL,

or

m—p 1
(5) S Si+pT* = (m+p=1+2(p~DT +pT* +—— [p+(p=DTF.

q=1 —_— ) —
Because S, _,>7T=S, implies that -—l—:a-l:a-—l——. one concludes that

5 T

m—p ] 2(p—l) p 1 [ (;!?—1)]2

Inequalities (3H6) are used to obtain the lower bound sought.
; ; ?'(x) :
= — that =l faa,
Since N(x)=x 0’ one has that N'(x)=1—+ B Also since

@’(Ei)-:l) and @'(F,)<0, N’'(E)<0 and N’'(F;)<0. Consequently, |N'(E)|=
k

= g —(m—1) and |[N'(F)|= Z M;D;—(m—1). To arrive at the lower
j' 1
bound, lt is sufficient to estimate IN (F )| - IN’(E;)] because (N?)(E)=|N'(F)|-
(N(FI=N*'(F).
To apply the inequalities, let T=|D;| for a fixed i and p=1. If |D3I~<m;1;1;| D;,
J#i

then, from (3) and (4),

) IN’(F)|-|N"(E)| > 2D;+2D} + l)[ID;I o

= 6+ -+ + 4D

ID;I
Because I}J’l‘ril D;<1 and the right-hand portion of (7) is a decreasing function on
(0, 1], the minimum value occurs at 1. Thus *)

®) (N (E) = (N?) (F) = 15.
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If 1}1;1‘1 Dj-‘:lD,-l‘:angl; D;, then, from (5) and (6),

©® N NN E > (145 + 1) (14525 + ) =

5] Hrgzs sihdr § e
1

Because O0< min D;< max D;<-<, one secks the minimum value of D}+—
J J
=i =i D;

for |D;|=0 which occurs at 1. From (9),

10 W@ = woE > (14— +2 (14— +1 =

l s
- (2+525) =+

Therefore from (8) and (10), one sees that a lower bound for (N2)'(E;) and (N?)'(F))
is 4, independent of m. O

Closing remarks

One immediately notices that the lower bound increases with the multiplicity of
the root by examining (3) through (6). However as pointed out in [5] if the multipli-
city is greater than 1, the root is no longer superstable, i.e., the derivative of the New-
ton transform at the root is no longer zero, and Newton’s method does not converge
quadratically to this root (see e.g. [4]). There is a compromise between a larger lower
bound for the unstable period-two cycle’s derivative and the quadratic convergence.

Clearly the estimate of (8) is more desirable, but, in order to use it, one must
know quite a lot about the polynomial already, in particular the relative positions
of the roots and more importantly of the unstable period-two cycle which is difficult
to find even when the degree of fis 4 with all distinct roots.

Lastly in the establishment of (5) and (6), certain quantities are totally eliminated,
and therefore the estimate is far from being the best.

The author wishes to thank the referee for his suggestions on improving this note.
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