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Lindeberg type central limit theorems on one
dimensional hypergroups

By HANSMARTIN ZEUNER (Dortmund)

Abstract. Let (Ry,*) be a Sturm-Liouville hypergroup and S, the randomized
sum of the n-th row of a triangular array (X,; : 1 < j < kp) with values in the
hypergroup and with independent rows. We suppose that the adapted variances 0% =
Vi (Sp) converge to oo and that the Lindeberg condition o, 2 > E(ng Lix,,>con}) =
0 for all € > 0 is satisfied. Then in the case of polynomial growth, S, /oy converges in
distribution to the Rayleigh distribution pq if @ := limgz— o0 A’ (x)/A(z) exists (A is the
Lebesgue density of a Haar measure). In the case of exponential growth S, converges
(after a suitable normalization) to the standard normal distribution if 37, E(Xpj)? =
O(c2). The most important tool for the proofs is the Laplace representation ¢y (z) =
S, exp(—t(p + iX)) dvz(t) of the characters ¢y of the hypergroup (Ry,*), which is

shown to be valid for all (known) Sturm-Liouville hypergroups.

0. Introduction

Let (X,; : n > 1,1 < j < k) be a triangular array of random vari-
ables with values in the halfline R} = [0, o[, endowed with a hypergroup

convolution *, such that the variables in each row are independent. Then
k

the randomized sums S, := A i X can defined as random variables hav-
j=1

ing the distribution Ps, = Px,,*Px,,*...*Px_, . Central limit theorems,

i.e. the question of the convergence in distribution of S,, after a suitable

normalization, have been studied in a number of articles. Most of them

are confined to the situation of a sequence X,,; = X, k, = n, for example
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in the work of KINGMAN [11], FINCKH [7], EYMARD and ROYNETTE [6],
ZEUNER [20], GALLARDO [8], VoIt [16], [17], [18], and GALLARDO and
BouUHAIK [3] (some of the results are valid for different classes of hyper-
groups), but there are also important contributions in the general case,
for example by TRIMECHE [13], [14] and KARPELEVICH, TUTUBALIN and
SHUR [10].

There are three types of central limit theorems with different kinds of
limit distributions: The randomized sums of small random variables lead
(without the necessity of a normalization) to Gaussian limit distributions
which are characterized by the Fourier transform X\ — exp(—c(A\? + p?))
and which are different for different hypergroups. In the case of polynomial
growth of the hypergroup it can be shown that for a suitable choice of
positive numbers o,,, S, /0, converges to a Rayleigh distribution p,; here
the parameter a > —% depends on properties of the hypergroup. The
Bessel-Kingman hypergroups [11] belong to both of these classes. Third, in
the case of exponential growth of the hypergroup the usual normalization
o 1 (S, — pp) with suitable pu,,0, > 0 gives the convergence towards
the standard normal distribution N1 on R; here the limit distribution is
the same for all hypergroups of this type (but the normalizing constants
depend on the convolution * on R ).

In the first section we study the most important tool for these limit
theorems, the Laplace representation of the characters of the hypergroup
(R4, *) (an integral representation in terms of the characters t — exp(i\t)
of (R,4)) which has been established by CHEBLI [4] for an important
class of hypergroups on Ry, and slightly extended in [21]. Using Voit’s
modification procedure [15] it is now possible to prove this result for all
known hypergroups on Ry. With this representation properties of the
moment functions m,, can be derived which are characterized by the for-
mula [m, de, x e, = Z?:o (?)mj (x)mp—;(y) and are used to define the
adapted expectation and variance of random variables and the normalizing
constants in the central limit theorems. In section 2 we prove in the case of
exponential growth of the hypergroup a Lindeberg type central limit the-
orem for triangular arrays such that the Lindeberg condition and certain
growth conditions for the moments of the array are valid. In particular
these conditions are satisfied for a sequence of random variables. In the
last section the case of polynomial growth is considered. Here the proof of
a central limit theorem is much simpler and the only assumption except
the Lindeberg condition is that o, — oo; this condition is necessary to
exclude the convergence to the Gaussian distribution as in the situation
treated in [13].



Lindeberg limit theorems on hypergroups 51

1. One-dimensional hypergroups and
the Laplace representation of their characters

(1.1) Let (Ry,*) be a hypergroup in the sense of [9]. A function
¢ : Ry — Cis called multiplicative if [ ¢ deyxe, = d(z)-¢(y) for z,y € Ry,
and it is called character of the hypergroup if it is in addition real valued
and bounded. We call (R4, *) a Sturm-Liouville hypergroup if there exists
a function o € C*(R% ) with a possible singularity of first order at 0 such
that all the characters ¢ are solutions of the Sturm-Liouville differential
equation ¢ + a¢’ = s¢, ¢(0) = 1 and ¢’'(0) = 0 with s € R. In this case
it is always possible to write a = A’/A with A € C*(R,) where A is the
Lebesgue density of a Haar measure of this hypergroup.

The largest class of functions o admitting a Sturm-Liouville hyper-
group known up to date has been described in [21] and contains the hy-
pergroups of Chébli-Trimeche and Levitan. Apart from minor technical
conditions a belongs to this class if there exists a C!-function 3: R, — R
with 5(0) > 0, 8 < a such that a — 3 and 26’ — 32 + 2af3 are decreasing

functions on R}. It has been proved in [21] that p := 3 lim ﬁl((j)) >0
XTr— 00

exists and that the characters are the solutions of the initial value problem

!

A
©x T Z@’A = —(p" + X)) pr
ox(0) =1, @h(0)=0for A € K :=i[0,p] UR,.

We first study the asymptotic behavior of the characters at oco.

ia(z)

(1.2) Lemma. lim —2
v—00 ¢;x(2)
PRrROOF. It follows from [21], Proposition (4.2) that ¢;» > 0. The
function v := @', /¢;x satisfies the differential equation 1’ + 1? + %,w =
A2 — p?. Let ¢ > 0 and choose zo > 0 such that |A7/ —2p| < ¢ and

|(%/)2 —4p%] < % on [zg,00[. Then for z > z it follows from ¢(z) >

A —p+e that ¥'(z) < —Xe — % and so eventually ¢ must stay smaller
than A — p+e. A similar argument holds for a lower bound.

=X—p forall A\ > 0.

The following important representation of the multiplicative functions
on a Sturm-Liouville hypergroup has been proved by Chébli under certain
convexity conditions on the function A (see [21], (2.2) and (4.8)).
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(1.3) Theorem. (Chébli, [4], Proposition 1-IV) For every x € R4
there exists a probability measure v, € M!([—z,z]) such that

or(x) = /et("”)‘)um(dt) for all A € C.

If p = 0 then v, is symmetric.

PROOF. We consider the case p = 0 first. Then Chébli’s proof [4],
Proposition 1-IV carries over to the more general situation in [21], (2.1).
We will give a simplified version of his proof:

Let the function A € Ci (R4) of the hypergroup satisfy A" > 0 and

lim 4@ = 0. It follows from p = 0 that for every A € C the function

z—o0 AZ)

u:Ry? — C with u(z,y) = cos(Az) - ¢ (y) satisfies £[u] = 0 where

f[u] (1"7 y) = A(y)uaza:(xv y) - A(y)uyy(fﬁv y) - A/(y)uy(ajv y)

It follows from Chébli’s maximum principle [4], Théoreme (III-1) (which
we may apply on ¢ because of A’ > 0) that every solution u of this
Cauchy problem with v > 0 and u, = 0 on Ry x {0} is non negative
in {(z,y) € Ry : 0 <y < az}. Therefore for all (z,y) in this set there ex-
ists a positive measure fiz, on [z —y, z+y] with u(z,y) = [ u(t,0) dugy(t)
and in particular

oa(0) - cos(a) = [ cos(At) diu 1

forall 0 <y < x.

Now let xg be the usual convolution on R and y > 0. Then the
(possibly signed) measure 0y, := fi, ,, *r (€4 +€_y) — f2y,y has the support
[—v, 3y] and satisfies

Pa(y) = 202 (y) cos®(Ay) — pa(y) cos(2Ay) = / cos(At) dbly (t).

Let 01 € M®(R,) be the measure 6, shifted to the right by 3y and oy €
MP(R,) be the result of the shift of 6, to the left by 3y and a subsequent
reflection at the origin. Then we have [ cos(At)d(301 + 202)(t) = @a(y) -
cos(3Ay) = [ cos(At) dusy,,(t) for all X and it follows from the uniqueness

theorem of the cosine transformation that %01 + %(72 = 0,. Since o
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is supported by [2y,6y] and o9 by [0,4y] it follows that o7 cannot have
mass on |4y, 6y] and therefore the support of #, must be contained in
[—y,y]. If v, denotes the symmetrization of 6, then we still have py(y) =
[ cos(At) dvy(t) = [exp(—iAt)dy,(t). If we repeat the arguments from
above we see that ps, , is equal to the measure v, shifted to the right by
3y and so v, must be a probability measure.

We now consider the case p > 0. Then the multiplicative function ¢q
is positive by [21], (4.2) b) and we can construct the modified hypergroup
(R, ) with

Ep * Ey 1= __ % CEg k€

YT go(w)go(y) T
as in [15]. It has the Haar measure A-\g, where A = ¢2- A. By [21], (4.6)
and (2.11) it satisfies A’ > 0. Moreover we have p = 1 lim, o, A'(z)/A(x)
= lim, 00 ¢4(x)/¢po(z) + p = 0 by (1.2) and hence we can use the above
to obtain a Laplace representation for the characters of (R, .x), <Z~>>\(x) =
[ exp(—it) dir,(t) for all A € C,z € Ry. Since ¢y = @x/¢o we obtain
ox(z) = [exp(—iit)po(z) dv,(t).

For A := ip we have 1 = [exp(pt)¢o(z)dr,(t) and hence the mea-
sure v, with density ¢ — exp(pt)¢,(z) with respect to 7, is a proba-
bility measure for every x € Ry. Therefore we have proved py(z) =

[ exp(—t(p + i) dvy (t).

(1.4) The moment functions m,, : Ry — R of this hypergroup can
be defined as m,,(z) := %(bi(pﬂb)@)lu:o- They are the solutions of the
differential equation

!/

A
m! + Zm/” = 2npmp_1+n(n—"1)my_a, my,(0) =m;(0) =0 for n > 1,

with mg := 1,m_; := 0. The defining equation

/mn deg &, = f:o <n> m (@) mn—;(y)

= \J

follows by Leibniz’s rule. It should be noted that for p = 0 only the
functions m,, with n even are non zero.

Using the Laplace representation it is now very easy to prove the
following properties of the moment functions which will be important in
the proof of the central limit theorems:
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(1.5) Corollary. a) ||@x||ec =1 for all A € C with |SA| < p.

b) my(z) = [* t"dv,(t) forn > 1 and z € Ry. From this it follows
that mg(z)" < mpp(x) < 2F" for k,n > 1 and z € R,

c) In the case p > 0 m/(x) converges to 1 and my(x)/x™ — 1 as
T — 00.

d) Let p = 0. Then we have 1 — ’\;mg <y <1-— ’\;mg + é\—:m4.
Furthermore, if sup,,xA’(x)/A(z) is finite then there exists v > 0 with
ma(x) > ya? for all z > 0.

PROOF. Most of these properties have been proved in [19] (4.3), (5.7)
and (6.5).

a) For these A the modulus of the integrand in the Laplace represen-
tation (1.3) is bounded by exp(—tp), and the integral over this function
gives ¢;, = 1.

b) This follows from Jensen’s inequality and the fact that the support
of v, is contained in [—z, z].

c) The last assertion is a consequence of the first and b).

CE2

. . . 4
d) The cosine function satisfies 1 — % < cos(z) < 1 — % + §; for

all x € R. Therefore we have 1 — )‘;mg(x) = [(1- )‘;t2)dyx(t) <
J cos(t) dua(t) = pa(x) < [(1- 242 4 At duy(t) = 1 — Ao () +
;‘—4m4(x).

(1.6) We can now use the moment functions m; and mg to define the
adapted moments of a random variable X with values in the hypergroup
(R4, *):

E.(X) := E(m1(X))

and, in the case of E,(X) < o0,
Vi(X) = E(ma (X)) — [E«(X)]?
= E (m2(X) — 2m(X)E.(X) + [E.(X)]?) > 0.
Similar to the classical situation we have a Chebyshev inequality:

(1.7) Lemma. If E,(X) is finite, then P{|mi(X) — E.(X)| > ¢} <
V.(X)/e%. In particular, if mi(a) > E.(X) then we have

Vi (X)

PX2a < G- B.02
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2. Moment conditions

(2.1) Definition. Let (X,; : n > 1,1 < j <k,) be a triangular array
of random variables with values in Ry such that E(X7;) < oo for all n, j.
We assume that the random variables of each row are independent and

kn
denote by S,, their randomized sum A)_ X,,; (for the definition of this
j=1
random variable having the distribution Py, *---* Px,, see [2], 7.1.5 or
[21]). We use the notations

Unj = By (Xpj) = E(mi(Xy;)),
kn

Mn = E*(Sn) = Zlu’nj’
j=1

0nj = Va(Xnj) = E(ma(Xnj)) — (E(mi(Xny)))? and

nj
o2 :=V.(S,) = ZUTQLJ

To avoid division by 0 we exclude the trivial case that all X,,; in some row
are 0 almost surely; since ma — m?2 > 0 on ]0, oc[, this implies o,, > 0 for
all n > 1.

Then we say that the Lindeberg condition is satisfied if

kn
(L) o, ZE(X?L]» . 1{an2wn}) — 0 as n — oo for every € > 0.
j=1

(2.2) Remark. This condition—and the classical Lindeberg condition,
which limits the deviation from the expected value E,(X,;), all the less—
is not sufficient to imply the convergence in distribution of o, 1(S,, — )
towards a standard normal distribution Ay ;. On the one hand it follows
from the results of Trimeche [13] that if o,,, i, and some higher moments
remain small, S, itself converges in distribution to the Gaussian distribu-
tion of the hypergroup which in general is different from N ;.

On the other hand consider the Sturm-Liouville hypergroup with
A

A(z) = cosh(z)? where the randomized sum z4y takes the values |z — 9|
. Teps cosh(z—y) cosh(z+y) .
and z +y with probabilities 2cosh(m)m C(fs’h(y) and 2coshb(x)w Cogh(y) respectively.

Then my(z) = ztanhx, mao(z) = 22 and Vi(x) = 2?2/ cosh(z)?. If X,
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2

is the constant random variable 27 (for 1 < j < k, = n) then 02 =

> et (ﬁf is bounded and p,, = >77_, 2/ tanh 27 ~ 27*1 The classi-
cal Lindeberg condition is clearly satisfied (although (L) is not) but it is

not hard to show that S,, — 2"*! converges to the distribution

oo
(1—e?)7! Z e e 9

Jj=0

on R.

If for the same convolution we set X,,; := %lnj for 1 < j < n then
we have p, ~ %lnn, 02 ~ 1(Inn)?, and it is clear that the Lindeberg
condition (L) in (2.1) is satisfied. It is not hard to show that in this case

ﬁ(sn — 1n(Inn)?) converges in distribution to the standard normal

law Ny 1. Therefore o, (S, — p1,) cannot converge in distribution. (This
phenomenon that the central limit theorem is valid with different norm-
ing constants also happens in the classical situation (see for example [5],
exercise 7.2.10).)

It is therefore necessary to impose some additional conditions on the
random variables of the triangular array (but none on the hypergroup):

(2.3) Definition. Let (X,; : 1 <n,1 < j <k,) be a triangular array
and fin;, ftn, and o, be defined as in (2.1) . Then we impose the following
conditions:

(I1) Opn — 00 for n — oo,
and
kn
(I2) Z/ﬁ” = 0O(c?) for n — oo.
j=1

(2.4) Remark. These conditions, including the Lindeberg condition
(L), are all satisfied if X,,; = X; comes from a sequence of identically
distributed random variables since Z?Zl u%j and o2 are proportional to
k, = n and by [1], Example 51.1. More generally, in the case that the
triangular array consists of the beginning parts of an arbitrary independent
sequence, condition (I7) is clearly fulfilled if (L) is valid since the sum in
(L) increases with n.

In order to prove a central limit theorem we need some auxiliary
results. Some of them are the same as in the classical situation, for example
that the Lindeberg condition implies the Feller condition:
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(2.5) Lemma. Suppose that the array (X,;) satisfies the Lindeberg
condition (L). Then

a) 0, ' max;<, fin; converges to 0 for n — oo.

b) o, ! max;<y, 0,; converges to 0 for n — co.

PROOF. Let € > 0 be arbitrary. For every j we have

o +on; < E(me(Xnj)lix,, <cony) + E(ma(Xnj)l(x,,>c0.})
k

< m2(80-n) +ZE(m2(Xnk)1{Xnk250'n})'
k=1

-----

the first summand can be made arbitrary small and the second converges
to 0 for every € > 0 by (L). This implies a) and b).

(2.6) Remark. We have seen in (2.2) that the conditions (I1), (I2) and
(L) are essential for the validity of the central limit theorem. It should
also be noted that these conditions are independent from each other. Let
us consider the hypergroup with A := sinh?. It is an easy calculation that
Vi(z) =1— sanz(ey and this converges to 1 as z — oo. Therefore if we

define the sequence X, := klnk if n = k? and X,, := 1 for all other n, we
have ¢,, ~ ¢-+/n and 2?21 pin; ~ 75(Inn)* whence all conditions except
I, are satisfied (and even the stronger Lyapounov condition).

On the other hand, if we consider the sequence X,, := 2¥/2 if n = 2F
and X, := 1 for n which are not of this form, then o, ~ c¢-+/n and
Z;‘:l pn; = O(n). Therefore (I;) and (Iy) are valid. Since the Feller
condition (2.1) a) is violated, (L) is also not valid.

Finally, if X,,; = 1 and k,, := n?, then o,, — % and (I2) and (L) are

satisfied, but (1) is not.

The following properties of the moments p,,; and o,; will be used in
the proof of the central limit theorem.

(2.7) Lemma. a) If (1) is satisfied then p, = O(c?).
b) Let (I) and the Feller conditions (2.5) be valid. Then

n—oo

k’l’L
: —k—1 k1 _
lim o, . g PnjOn; = 0
j=1

for all k,l € N such that k+1 > 3.
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PROOF. a) Only the case p > 0 has to be proved. Since mi,my
and their first derivatives at 0 vanish whereas the second derivatives are
positive, the function msy/m; is continuous and strictly positive on Ry
and converges to oo by (1.5) ¢). Therefore there exists a lower bound

c>0,ie mg > c-mq on Ry. This implies 02, = E(mQ(X i) — ,u%] >

2
nj’

the others we have um 2 ui] Combining these inequahtles we obtain
> bnj < c (Z oni+ Z ,um) By (I3) there exists a number K > 0
with 3 pr; < Ko7 and hence > Hng < 2. (K+1) 02

b) If £ > 2 then

fnj(c— ;). For every n,j with p,; < c/2 it follows fnj < 2 and for

_k : Z:u’n] Onj < On 2 Zun] On ma‘X{/J“ } U;l max{aflj}

and by the assumptions all of the factors are bounded and at least one of
them converges to 0. A similar but simpler argument holds in the case
[ > 2 since o, > > on; =1

3. The case of exponential growth

We now consider the case p > 0 of exponential growth. The next
result has been proved in [20] in the special case of Chébli hypergroups.
The possibility that A’/A can now be smaller than 2p (this happens, for
example, in the case A = COShz) makes the general situation more difficult.

(3.1) Lemma. Let A satisfy p > 0. Then for every a > 0 we have

2\
Sup ¢’L‘pf)\/7‘(x) — exp [l ml(x)] ‘ — 0 forr — oo.
z€[0,r2a] r

PRrOOF. Let (.(z) := ¢ip—n/r(r2)- exp[—@ -my(rz)] forz € R, r > 1.

It follows from (1.5) a) that [|(;|lcc = ||@ip—r/r|lcc = 1 and therefore as in
the proof of [20], Lemma (4.1) we obtain from the differential equation for
¢, that

Gl [ ST cwra < 20 [ mer) Gl
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and since m/ (x) converges to 1 as x — oo (see (1.5) c)), the right hand side
is not larger than c; - fox |1—m/(rt)| |C’( )| dt where c; := 2X2(1+[|m] |0 )-

We now use the notations M, (z) := [; |1 —m/ (rt)|]* dt and Z, () :=
fo‘r |C/.(t)|? dt. Using Hélder’s 1nequahty we obtain

T A(rt)
A(rt)

G (@) +2r - WP dt < e/ M(2)Z ().

It follows from [21], (2.1) that A’(x)/A(x) converges to 2p for x — oo.
Therefore we can choose zy > 0 with A’/A > p on [z, 00[. In the case
t < xo/r we have |¢L(t)|2 < e1v/ M () Z,.(t) < e1v/M,(z0/r)Z,(z0/7) and
hence foo/r O dt < r- ey /M, xo/r) +(xo/r). On the other
hand, for z > z¢/r we have rfmo/r IC(#))2dt < - fmo/r AA((:tt)) I (4)|>dt <
St/ M, () Z,(x). Combining these two inequalities we obtain for all z >

p
xTo > To/T

rZ,(2) < zoci/ My (2o /7) Zr(x0 1) + ;—; M, ()7, (z)

RN YRESY AP

< ci(xo + 2

which implies
r?Z.(z) < coM,(z) for all > x.

From this it follows using Holder’s inequality in the same way as in the

proof of [20], Lemma (4.1), that |1 — (. (¢)|<[z- Z,( 1/2<\/>\/>\/W

and hence

sup
t€[0,r2a)

Gip—r/r(t) — exp [l:\ 'ml(t)} ‘

| M,
= sup [ (x)—1] < sup ”62\/5 (z)
z€[0,ra) z<ra r r

MT(ra).

< 4\/caa

In order to prove the assertion it is therefore sufficient to show M,.(ra)/r —
0 for every a > 0. We have M = L1 — mi(rz)Pde =

0
foa |1 — m)(r?t)]?dt. The integrand is bounded and converges to 0 for
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all t > 0 ((1.5) ¢)) and the assertion follows from Lebesgue’s theorem of

bounded convergence.

The next Lemma is a well known fact from calculus (see the inequality
after (51.12) in [1]).

(3.2) Lemma. Let a,j,by,; € C satisfy nlirr;o > lan; —bnj| = 0 and
H max(an;,1), H max(by;,1) < K for all n.
J J

Then lim [[; a,; exists if and only lim [[;b,; exists and in this

n—oo n—oo

case the limits are equal.
(3.3) Theorem. Let (X,; :n>1,1<j <k,) be a triangular array,

kn
and S, := A)_ X,;. Suppose that (I;), (I2) and the Lindeberg condition
j=1
(L) are satisfied and fi,, := m]"'(iun). Then o, *(S, — jin) converges in
distribution to the standard normal distribution Ny ;.

PROOF. In the first part we will prove that the distribution of
o, (m1(Syn) — pn) converges to Ny 1 by using Lévy’s continuity theorem
on R and showing the convergence of the characteristic functions for each
A € R. In the following equations the expression a,, ~ b,, means that the
sequences (ay, ), and (by,), have the same limit; we will first give an outline
of the proof and fill in the details for each ~ afterwards:

E(exp(um))

On
2\

= exp(—iAun/0on) - E(exp(é— . ml(Sn)))
~ exp(—iMin/on) - E(Gip—»r/0,, (Sn))

kn
= [ exp(—irun;/on) - E($ip—»rjo, (Xnj))

j=1
1 Z.A/Lnj >\2'u$lj
1= "0 =50 ) By, ()

g
j=1 "

Q
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=
3

Y wn]) o D A (s +<f%j>)
On 202 on 202

%
/
—

<.
Tl
_

B )\2072lj>

2
20z

Q
/N
—_

.
Il
-

%

No2,
exp(— 202 )

<.
I
_

= exp(—A?/2)
= Noi(\).

We will now give the arguments for the validity of each =:

~1: Let r > 0. Then ‘E(exp(@ml(S ))) — E(¢ip-r/0, (Sn))| <
2P{S, > ran}—i—E(!exp(”‘ mq(S. )) Pip—x/on ( n)‘l{Sngra%})' The first
term is smaller than 202/(m1 (ro2) — pn)? by (1.7) as soon as my(ro2) —

> 0; but because of (2.7) a) this can be achieved for large enough r > 0.
Furthermore this upper bound can be made arbitrary small if we choose r
big. On the other hand, by (3.1) the second term converges to 0 for every
r > 0 and hence the first = is valid.

Roo: }exp( Z)‘“’”) -(1- % _x #”J)‘ < 303 >, ,unj as soon
as max; o, A,unj < 2 (which happens for large n by (2 5) a)). But this
upper bound converges to 0 by (2.7) b). The second condition of (3.2)

2,2
follows from TT,;|1— M“’” — /\253?]' | =TI,(1+ X M”J) 2o exp(% > ths)
and again using (2.7) b)

~3: We have Zj ‘E(ﬁbipfk/an (Xnj))— (1+ Z\L Hnj— 20272L (N%j +Ur2zj)) ‘ <

> E(Irs(A/on, Xnj)|) where rs is the remainder term in the Taylor ex-

pansion ¢;,_s(z) = l—i—idml(x)—%mg(a:)—i—rg(é, x). From [19], 4.3 we con-

clude that |r3(\/oy,, x)| < %mg(:p) and hence we obtain the upper bound

3
2 E((QT;XMWQ(XM) Ax,,<eony) T2 E(rs(Non, Xng) - 1(x,,50,})
where € > 0 can be chosen arbitraryly. The first number is smaller
than é\% j(uij + 07;) which is bounded by a multiple of & because
of (Iy) and hence can be made arbitrarily small. The second number
. 2
is not larger than ZjE((Q + %ml(an) + %%mg(an))l{Xann}) <

;2(6% + % + ’\72) . Zj E(Xijl{an>wn}), and this converges to 0 by the
Lindeberg condition (L). We can therefore apply (3.2).
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~4: Since the terms of order < 2 cancel, the condition to check in
3 4
(3.2) leads to >, {}Tgﬂnj@/ﬁij +o7;) + ﬁﬁﬂij(ﬂ%j + 07;). Here we can
again apply (2.7) b).
. No2, Ao2
~5:  Finally Zj‘(l — %%J) — exp(— 2;7%]
similar arguments as for =s;.

)| gzjz%ﬁow

Now let A(z) := m]'(x) — z. In the final part of the proof we will
show that the difference o, 1(A(m1(S,)) — A(i,)) between o, 1(S,, — fi,)
and o, 1(m1(S,) — p,) converges to 0 in probability. This implies the
assertion of the theorem.

We have A’(x) — 0 as x — oo by (1.5) ¢). Therefore for every ¢ > 0
we can choose x. > 0 such that |A(z)—A(y)| < e%/2-|z—y| forall z,y > z..
With a similar argument as in ~2; we see that P{m1(S,) < 2x.} converges
to 0 as n — oo. Hence p, = E.(S,) = E(mi1(Sy,)) > z if n is large
enough. But then by (1.7)

P{o, ' |A(m1(Sn)) — Alpn)| > €}
< P{m1(Sn) < e} + P{m1(Sn) > ze, [A(m1(Sn)) — A(pn)| > one}
< P{my(Sy) < .} + P{|m1(Sn) — pin| > one™/?}
< P{m1(S,) <z} +e.

4. The case of polynomial growth

In this part we suppose that A’(z)/A(x) — 0 as © — oo. Since
in the case of hypergroups there is no dichotomy between exponential
and polynomial growth as in the group case, and since in the case of
subexponential but not polynomial growth the asymptotical behavior of
random walks is much more complicated (see [18], Theorem 3.5) we have
to impose the additional assumption that

lim z - A'(z)/A(z) = 2a + 1

Tr— 00

where o > —%. This number (which is used instead the more natural

number 2a 4+ 1 > 0 because of its significance as a parameter of the Bessel
functions) determines the limit distribution in the central limit theorem.

The corresponding hypergroups are of polynomial growth since the Haar
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measure w of these hypergroups satisfies w([0, z]) = o(z°*!) as 2 — oo for
every 8 > 2a + 1.

The most important cases of hypergroups of polynomial growth are
the Bessel-Kingman hypergroups with parameter o > —%. They are
determined by the characters ¢yx(z) = jo(Az) where jo(z) = I'(a +
1)(2/2)*Ja(z) are modified Bessel functions. Here A(x) = z?**! (and
so the function zA’(z)/A(x) from above is constant). As limit distribu-
tion in the central limit theorem we will obtain the Rayleigh distribution
po Which has the density = — ¢, - 22*T exp(—2%/2) on Ry. This is the
Gaussian distribution of this hypergroup; its Fourier transform (which is
the Hankel transform in this case) is the function A — [ jo (Az) dpa(z) =

exp(—A2/2).

(4.1) Lemma. If2a+1 :=lim, .., xA'(z)/A(x) exists then for every
a>0

sSup ‘¢1/r(x)—ja(w/7“)’ —0 asr — oo.
z€[0,ral

PROOF. It is easily checked that the proof of [20], Lemma 5.3 gener-
alizes to this situation since A’(z) > 0 (see [21], Corollary (2.11)).

(4.2) Theorem. Let lim, o zA'(z)/A(z) = 2a0 + 1, and (X,,; : 1 <
j < k,) be a triangular array such that o, — oo and the Lindeberg
condition (L) in (2.1) are satisfied. Then the randomized sums S, of each
row satisfy o, 1S, — p, in distribution.

PROOF. Let € > 0. Then we can choose r > 0 such that P{S, >
ro,} < € and by Lemma (4.1) and 0, — oo we find ng > 1 such that

A
ja(;x)—%/an (x)‘ <e for all z € [0,7r0,],n > ng.

Thus
A
Blia(2-50)) = E(éx/s, (51)|
A
< E(’]a(;‘s’n) - d))\/o'n(sn)‘ : 1{Sn§r0n}> + 2P{Sn > Tgn}
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This implies

lim E(ja(i

kn
Sn)> - nh—>Holo E(¢x/0,(5n)) = nli_{go H E(¢x/0,(Xnj))-
j=

It follows from (1.5) d) that for all e > 0

Ex 2

Z (820, (Xnj)) — 1+ %E(mz(){m’))‘
=1 n

kn A4
= ZE<Q4U4 ) ’ 1{Xny‘§€(fn})
j=1
k
n )\2
+ E( ) ’ 1{an>€an}>-
=1

By the Lindeberg condition the last sum converges to 0. It follows from
(1.5) that my(z) < 2* < 2%my(x)/y and hence the first sum on the right
hand side is not larger than

kn

)\4 )\452 )\482
> B( 202m3(Xnj)) = E(ma(S,)) = S—.
p 24704 ° nm2(Xns) 24702 (m2(Sn)) 2y

This can be made arbitrary small and hence

A2
Z\E (63100 (X)) = 1 55 Blima (Xag)| = 0.
j=1

It follows from (3.2) that

n—o0

kn kn 2
lim HE 0x/o (Xnj)) = lim <1—E(m2(an))>.

y (2.5) b), condition (i) in [5], Lemma 7.1 is satisfied and thus the
above limit is equal to H 1exp( /\25;”' ) = exp(—A;). Therefore we
have proved

A
lim E(ja<—5n>) = exp(—A?/2)
On

n—oo
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and this is the Hankel transform of the Rayleigh distribution p, at A. By
the continuity theorem of this transform the assertion follows.
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