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On the cyclic and dihedral cohomology of Banach spaces

By Y. GH. GOUDA (Aswan)

Abstract. Given a functor F :  — B, where £ is a small category and B
is a category of Banach R-modules, where £ is a Banach algebra associated with the
category R, the cyclic and dihedral cohomology of F will be studied. We prove that
the cyclic cohomology is isomorphic to the direct sum of dihedral cohomologies.

0. Introduction

In [2] CONNES introduced the concept of cyclic cohomology. He had
shown that the cyclic cohomology can be considered as special functor Ext,
in the category of cyclic linear space. In [3] HELEMCKII studied the analo-
gies Banach cyclic (co)homology as Banach derived functor. The cyclic
cohomology of some classes of C*-algebra has been studied by WoDZICK1
[9], CHRISTENSEN and SINCLAIR [1]. The dihedral (co)homology for dis-
crete involutive algebra has been studied in [4], [5] and [6]. One of the main
basic theorems, when formulated the dihedral (co)homology, says that the
cyclic (co)homology splits into the direct sum of dihedral (co)homologies.
In the peresent paper, we study the Banach simiplicial cyclic and dihedral
cohomology, as derived functor, in a Banach category and prove that the
cyclic cohomology is isomorphic to the direct sum of the dihedral coho-
mologies.

1. Notation and definitions

In this part we recall the main definitions and results of [3]. Let K be
a small category with the countable set {0,1,2,...} as objects. The set of
all morphisms in the category R is denoted by [., .]ga; the set of morphisms
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from m to n by [m,n|g; the set of morphisms from m to somewhere by
[m, .]g, and the set of morphisms from somewhere to n by [.,n]g. The
identity morphism from n into n is given by the map 1, : n — n. We
denote by ¢i[m,nlg, ¢1]m, .]g, ¢1[.,n]a, ¢1]., .]a the ¢;-Banach spaces
constructed on the corresponding set morphisms. Obviously the space
01]., .]a is a Banach algebra under the following rule: the product of any
two morphisms is equal to their composite, if this exists; otherwise, it is
equal to zero.

Definition 1.1. The Banach algebra ¢4]., .]g is called the Banach al-
gebra associated with K (or K-Banach algebra), and denoted by & We de-
note by K-mod the category of left Banach module over &, and by hg(X,Y)
the set of all morphisms between X,Y € R mod. For any X € &-mod we
denote by X™ the closed subspace X" = {1, -x;z € X} = {z;1,, - = z}.
Obviously X™ N X" = ¢ for m # n.

Definition 1.2 [8]. The module X € R-mod is called geometrically
[ee]
essential if X = > X™ and it satisfies an inequality:

n=0

la-zll < llalflz], o€k zeX.

The symbol > is the ¢;-sum of Banach spaces. Note that the algebra £
is an example of a geometrically essential module.

Definition 1.8. The R-categorial Banach space or R-Banach space is
a covariant functor F : 8 — B, where B is the category of Banach spaces
and continuous operators.

For given functor F, suppose E(F) = E™(F), E"(F) = F(n).

Lemma 1.4. E(F) has the structure of left Banach f-module (asso-
ciated with F ), which uniquely determined for £ € [m, .| and x € E"™(F)
by the equalities:

[F(©)le, ifm=n,
£ z= .
0, if m # n.
This module is geometrically essential.

Let o : F — G be a natural transformation of K-spaces (as functor),
then its components «,, : F(n) — G(n) generate the operators a : E(F) —
E(G). These morphisms are elements in R-mod. We shall denote by [&, 5],
the category of KR-space with natural transformations as morphisms.
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Lemma 1.5. The assignment F — E(F); a — « is an isomorphism
of the categories [R], B] and K-mod.

PROOF (see [3]).

Now we shall define the special R-space denoted by Y, that assign to
each element n the complex space C and to each morphism £ € [., .]g the
identity operator in C. The associated fmod Y is obviously ¢;-Banach
space with the external multiplication: ¢ - P¥ = 6% P" where ¢ € [m,n|g
and P* is the k-th unit vector (0,...,0,1,0,...) € £; and

A _{1, if K =m,
0, if k# m.

m

Definition 1.7 [3]. Let F be the K-Banach space, then the n-dimen-
sional cohomology H™(F) of F, is complete normed space Extiz(Y, E(F)).

We now consider a certain class of R-modules that plays an important
role in the study of K-cohomology for certain special Banach categories.
Clearly the Banach space ¢1[n, .|q is a closed left ideal in R generated by
the idempotent map 1,,. We shall denote it by £,. Obviously that &, is a
geometrically essential f-module, and the K-space related with this ideal
is a functor sends an object m into ¢1[n, m] and the morphism & € [q, m]
into the operator ¢ : ¢1[n,q] — f1[n,m]:n — Eon.

The idea of the main result of this work depends on the following
assertions, that proved in [3].

Lemma 1.8. For any X € f-mod, there exist a topological Banach
space isomorphism ®" : Hg(8,,, X) = X taking ¢ into ¢(1,). The inverse
(®")~! takes x € X™ into the morphism &, — X : £ — £ - x.

Lemma 1.9. The idal &, is a projective Banach &, -module.

2. The simplicial, cyclic, reflexive, and
dihedral Banach category

In this part, we consider some special small categories play an impor-
tant role in the sequel. They have the objects n, n =0,1,2,..., and differ
in the family of morphisms.

The simpliest one is called a simplicial category and denoted by A.
It is generated by the set of morphisms 8% and o/ € [m,n]a, such that;
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5t € n,n—1],0) € [n+1,n],0<i<mn,0<;j<n. The morphisms &’
and o’ satisfy the following conditions:

y D .- o
Opt10n = Opy1 0y s i <j,
. oy o
(2-1) 0001 = Uzaiz-i-p 1< 7,
_1 y . .
Opo0p 1, 1<,

52031—1 =< Id, 1=7, j+1,

J i—1 i 1
Un—25n—17 > J:

The second important category is called cyclic category is introduced
by Connes in [2] and denoted by €. It has the same object n and morphisms
8¢ ol and 7, where 7, € [n, n]¢ is a Connes’s cyclic operator. The relation
between morphisms &%, o7 and 7, are given in (2-1) and the following
relations:

i i—1
TnOy =0y Tn—1, 1

IN

1< n,
(2_2) Tno-gl = U%_lTn—&—la 1 ] < n,

(7'71)"+1 =1,.

IN

The dihedral category, introduced and studied in [4], [5] and denoted by =,
has the same object n and morphisms &¢,, o7 , 7, and p,,. These morphisms
satisfy the relations (2-1), (2-2) and also

pn(S; = 5:—2_ipn717 0<:< n,
(2'3) anfL = UZ_an—b 0<j<n,
/3721 = 1,, TnPn = pnTn_l'

Note that, if we take only the morphisms &%, o7 and p,, we get a reflexive
category which denoted by € (see [4]).

Definition 2.1. The K-Banach space is called cosimplicial if & = A,
cocyclic if R = €, coreflexive if & = ) and codihedral if & = Z. For
codihedral Banach space F we put F(n) = E", ?!, = F(3}), s = F(o?),
t, = F(m), tn = F(pn). These morphisms satisfy the relations (2-1),
(2-2) and (2-3). We shall represent the Banach spaces A, €,  and =
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respectively, by: F(E,0,s), F(E,0,s,t), F(F,0,s,t), and F(F,0,s,t,t),
where E = E", 0 =0, 5 = s, t = t,, t = t,,. Consider for the Banach
space F(E,0,s) the following complex

C(F): 0B Y pt Lt Y

where b"71 = > (=1)%0%, n = 1,2,... Clearly the complex (C(F),b")

is a chain complex, and from relations between the operators d, it is a
complex in B. For a given F(F,0,s,t), F(F,0,s,t) and F(F,0,s,t,t), it
is easily seen that there exists in C'(F) the subcomplexes CC(F), CR(F)
and CD(F):

CO(F):0 — EC® 2% Eo' — .. ot 2L pon L

0
CR(F):0 —eERY M opRt | _egrn-1 8" appn _,
COD(F): 0 —EDY 2 eppl L oppn1t ®" L agpn

where EC™ = {x € E"; z = (—1)"t,(2)},

n(n+1)
2

CER™ — {a: €E"; x=(-1) tn(x)}’

“ED" = {a: €EE" z=(-1)"t,(z), z=(-1)

n(n+1)
2

tn(m)}, a ==+l

(_ED” = {m EE™ v=(-1)"t,(2), x = a(—l)% ty(z),a = —1}).

Definition 2.3. (i) The n®dimendsional cohomology of the complex
C(F) is called the n-dimensional simplicial cohomolgy of cosimplicial space
F(E,0,s) and denoted by H™(F).

(ii) The n®dimensional cohomology of the complex CC/(F) is called
the nidimensional cyclic cohomology of F (E,0,s,t) and denoted by
HC™(F).

(iii) The n " dimensional cohomology of the complex CD(F) (CR(F))
is called the n'dimensional dihedral (reflexive) cohomology of
F(E,v,8,t,v) (F(F,0,s,t)), and denoted by “HD™(F) (“HR™(F)),
a==x1.
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3. The relation between the cyclic and dihedral cohomologies

In this part, we study the concepts of the K-modules A,,, €,, Q.
and Z,, in the category B, express the cyclic and dihedral cohomology in
terms of Ext functor and prove that the dihedral cohomology is a direct
summand of cyclic cohomology.

In what follows let ©,, = (—1)"7, and R,, = (—1) Pn; obviously
O"*tl = R? = 1. Consider the following diagram in the category B:

n(n+1)
2

Oﬁgnﬂbinﬁi ign_)()
W N
(3-1) .
0—0 2z Mz g o0
Py Lo Ny
where
Nita—a(l,+60,+...4+0),
M :a—a(l, —0,),
P, :£0% — ¢ where £ € [n, .]a, 0<k<n,
1 1
P = P, N| = N
R R
n—1
. k
Ny:a—a(l,+R,), Ms:a—a(l, —R,),
Py : ERy — €, where { € [n, .]Je, 0 <k <mn,
1 1 1
P,=-P,, N,=—-N,, Ly=-1z.
2 ) 2y 2 92 25 2 9=
Note that (see [4]), any morphism & € [n, .|z can uniquely, determined

by & = nopu where u € [n,m|a and n is an isomorhism from n into n,
generated by the operators 7,, and p,. It is easy to prove that the rows
in the diagrams (3-1) are complexes in B. These complexes, by [3], split
in B.

Lemma 3.1. In the diagram (3-1), the following holds:

(i) The relations

a-z = P{(a-Ni(z)) = Pi(a- Ni(z)),

(3-2) a-y=Pj(a Nay)) = Pala- Nj(y)),
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give the structure of left Banach =-module on 2, and €,,.

(ii) The families { P{, L1, N1} and {Pj, Lo, N5} of morphisms are con-
tracting homotopies.

ProOOF. (i) Taking the second relation of the complex (3-1), since
My is a E-module morphism and the complex (3-1) is split in B, then
the morphism N» induces a linear homomorphism between 2, and a
submodule Im Ny = ker M5 in Z, and the morphism P, induces a lin-
ear homomorphisms between the module (2, and the quotient module
E,./Im M, = =,/ ker P,. Furthermore Pj(Na2(y)) = P2(Ni(y)) = vy, for
any y € ,,. Hence a -y = Pj(a- Na(y)) = Pa(a- Nj(y)).

Similarly we can show that a -z = P{(a - N1(z)) = Pi(a- Ni(z)). To
prove that (3-2) are Banach Z-module it is sufficient to prove that Ny and
P, are morphisms in the category Z-mod. Since the composition Ny o P
on Im Ny € Z, then Na(a-y) = No(Pj(a- Na(y)) = aNa(y). Let y € £,
clearly that a-y = NoPj(a-y)+LaMa(a-y) = NoPy(a-y)+a-LaMs(y), then
NoPj(a - y) = a-(y — LaMy(y)) = a - NaPy(y), then Pi(a - y) =
PiNa(Py(a ) = PY(NaPia-y)) = Pila- NaPi(y)) = Py(Na(a- Py(y))) =
aPj(y). Hence it is easy to check that Ny and P, are Z-module. Similarly
N7 and P; are Z-module morphisms.

(ii) Since all morphisms in the diagram (3-1) are Z-module morphisms
and the complex (3-1) is split in the category Z-mod, then the families
{Pj, Ly, N5} and {Pj, Ly, N4} are contracting homotopies.

Lemma 3.2. The modules €, and (2,, are projective =-modules.

PRrOOF. These follow by Lemmas 3.1, 1.9 and (Proposition 15) in [3],
since the modules €, and 2, are retract of the projective =, -module €,
and 2, and the retract projective Banach module is projective.

Consider now the following diagram:

0—A, X q aoc¢, 2 a,ez,06, —

33) Lo a

0 — JAVS — Q,9¢, — Q,0F5,0¢, —
N M

N:a— (a(l, + Ry);—a(ly 4+ Op,...,00)),
M : (a,b) — (a(l, — Ry);a (1, +©yp,...,00) +b(1, + R,);b(1 — ©,,),
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P (¢€REn0L) — & (3¢ = k). where &, € Aln, -],
n—1

L : (a,éRROL 1) — (%a4—§§Rﬁ,nil}:(ln%—@n,”.,@ﬁ)—+f@ﬁ>,
k=0

where

0 if k=0,
n+l—4¢ ifk=1 and &€|n,.]a.

The direct calculation shows that NP + LM = 1g ge¢ , PN =1 . Let
us prove now that M and L in the diagram (3-3) are Z-module morphisms.
To do this consider the following diagrams, related to the diagram (3-1);

[
¢, — ¢, “ Q ——Q,
O I I T =St N B Y N I
En =5 En NQT En = S
Q0

From diagram (3-3), clearly the diagrams (i), (ii) and (iii) respectively,
describe the image of the morphism M as follows: (£,,0) — (2,,0,0),
«,.<¢,) — (0,E,,0), (0,&,) — (0,0,&,). This means that the action
of morphism M can be described, either a composition of morphisms in
Z-mod as (i), (iii), or a sum of morphisms in Z-mod as (ii). Thus M is =-
module morphism. Similarly we can show that L is Z-module morphism.
By Lemmas 3.1 and 3.2 the following is easily established:

Lemma 3.3. (i) The relation a-x = P(a-N(x)) gives A,, the structure
of left Banach E-module.

(ii) The morphisms N and P are Z-module morphisms.

(iii) The module A,, is a projection Z-module.

Note that if we replace the maps R,, by —R,, in the precending discus-
sion we get the Z-module A~ instead of A:{. This module is also projective
=-module.

We now induce from diagram (3-3) a direct sum modules diagram and
prove that it is in Z-mod.
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Lemma 3.4. Suppose that the diagram:

(3-4) At == 0 £S5 AL
P, P,
where u : a — a(l, — R,), w:a—a(l, —R,),

Py : &Ry — 36, Pu iRy — (—1)738, a==+l,
is in B. Then it is also a diagram in Z-mod.

PROOF. It is sufficient to prove that all morphisms in (3-4) are =-
module morphisms. Consider the diagram (3-3), if we take the image of
the first part of the direct sum ,, & &€,. Clearly the morphisms N and
P coincide with the morphisms u, P,. Since the morphisms N, P are
Z-module morphisms the u, P are Z-module morphisms. Similarly the
morphisms w and P,, are Z-module morphisms.

We now consider for all n = 0,1,2,..., k = 0,1,...,n + 1 the op-

n+1
erators: DF : A ., — A, : ¢ — (6%, and put D, = Y (—1)*DE.

Similarly define the operator DF : Q1 —2,:¢C— C(Sf:b-f—l' In addition,
~ nt1l ~
define D,, = Y (—1)*DE. Consider the following diagram:
k=0
+ Do + + Dn
0 Ag Af — L — AY & AT —
Puo TJ/UO Pul Tlul Py, TJ/un P“n«l»l Tlun+l
50 5'n.
0 Q Q — .. — Q, —= Q. — ... (£
ol sl e
— Dy — — Dy, —
0 é[) é1 R én — én+1 A

Lemma 3.5. The diagram (£) is commutative.

PRrOOF. It is sufficient to prove that u,D, = ﬁnunH, Dpwpi1 =
W, Dy, P, D, =D,P, and D,wp,+1 = W, D,,. Since

n+1

n+1 n+1

unDngﬂZ(i IHZ n+11 +R>

k=0
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n+1
Dptiny1:§ — E(lnp1 + Rpy1) — Z(_l)kg(ln—i—l + Ryq1) 2-1-17
k=0
and
(n+1)(n+2)
( )fRn—H(Sn-H ( 1)k(_1) 2 Rn—l-léﬁ—f—l
— (_1)k+(n+1)(71+2) 5521% kR
(n+1)(n+2) _n(nt1-k) n _
= (- = & Ry
= ()T R,
n+1 n+1 ~
then kz(]( ks (R, kzo( DFER, 4165 1. So upDy = Dytnga.

Similarly we can prove that ﬁanH = W,D,. Now we shall show

that P, D, = D nPu,.,- Let n = &Ry, |, where £ € [n + 1], then

n+1
DPun+1( ):%Z( )fén-l-l’

k=0

n+1
Z(_l)kfRn—i-léZ-i-l]
k=0
n+1

> (—1)Fesk Ry

k=0

Punﬁn(n) = Py,

n+1

1
= D) Z(_l)kgéfwrl-

k=0

= Pu'n

Similarly we obtain 5nwn+1 =W,D,.

Lemma 3.6. The diagram (£) is in the category Z-mod.

ProOOF. It is enough to prove that D, and 15n are Z-module mor-
phisms. To do this, consider the following diagram:

Q Qn—i—l
(3-5) l Nll
Dn =
‘—‘n — Spat1
~ n+1 ~
Where D,, : £ — > (—=1)*¢6%, ;. Clearly the morphism D, is E-module
k=0

morphisms (by definition) and the diagram (3-5) is commutative, since
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~ n+1 n n+l
NiD, : € — S (~1)Fesk ; — > 5 (~1)k¢ok, 0 and D,N; : € —
=0 k=0

n+1 n+1ki0
Y 601 = 3 3 (-1)"81a,.
k=0 =04=0

From this commutativity and injectivity of morphism N7, the mor-
phism D,, is a E-module morphism. Consequently D,, is a =-module mor-
phism. Consider the dihedral and the cyclic Banach spaces F(F,0,s,t,t),
F(E,0,s,t) and their associated Banach =-module E(F). Consider also,
in diagram (£), the additive functor Hz(., E(F)). We get the diagram of
a direct sum of normed spaces isomorphic to the following commutative
diagram:

0—+ED L 4ppt . gDt 2 sppn . +OD(F)

Al Al

0— EC® 2% pot —.. — Bert 2L pon L CO(F). . (3)

b b

0
0—-ED' L -ppl .. gD ™ gpr . -CD(F)
where ¢ is the natural imbedding, p: 2 — 2+ R, -z, v: 2 — 2 — R, - x,
R, = (—1)%@1. From Lemma 1.8 by putting R = =, X = E(F), we

obtain a Banach space isomorphism ®% : h=(E,,, E(F)) ~ E" : ¢ — ¢(1,).
Consider also the operators:
(i) W2 : b= (Q L E(F)) — EC™ 1 ¢ — ¢(1,),
) S2:h=(AT,E(F)) =T ED"(F) ¢ — ¢(1a),
(i) XZ:b=(A,,B(F)) =" ED™(F): ¢ — (1),
(iv) hs(A+ E(f’) — T ED™M(F) 1 — p(1,),
where

¢(1n), R, -1, in Qn

Lemma 3.7. The operators Yz, S&, XZ and TZ are topological Ba-
nach space isomorphisms.

PROOF. (i) We assign for any z € EC™ a morphism ¢ : £, — E(F),
such that p(a) = a-z. From x = (—1)"t,,(z) = ©,,-x it follows that ¥ (a) =
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0 for a € Im M,,. Hence ¢ induces a morphism ¢ : Q, = Z/Im M,, —
E(F), is defined by the formula §¢ — £ - x. It is easily seen that the
assignment x — 1) is a continuous operator and is the inverse of Wg.

(ii) Since R, =1,, 0, -1, = 1,, then p(1,) = (R, - 1,) =
R, -p(1,) and ¢(1 ) ©(0,-1,) = 0, -¢(1,). This means that ¢(1,,) €
TIED™(F). The inverse map assign for every x € TED"(F) a continuous
map p:a — a- .

(iii) Since p(1,) = @(On - 1) = Oy - (1) and ¢(1,) = (R, - 1) =
R, (—¢(1,)), then ©(1,) € ~ED"(F), and the inverse map can be defined
easily, as in (i).

(iv) Following (i) if ¢(1,) € TED™(F’), then hz(A,, TE(F') =
HED™(F'). Hence ¢(1,,) € ED"(F') (by definition of F).

Lemma 3.8. The operators WZ, XZ and Sz determine an isomor-
phism between the diagrams hz (£, E(F)) and (3).

ProOOF. This follows from the commutativity of these diagrams and
the definition of E(F) as a Z-module.

Consider now the upper row of diagram (£)
0—AF Lo Af — AP B AT (Ras).
It is a comlex in z-mod. Define the operator D_; : Al — Y, which takes
a morphism ¢ € [0, m] into P™. Clearly it is a Z-module.

Lemma 3.9. The complex:
(3-6) 0= Y LA 2 AF AT P AT

is a projective resolution of a module Y in Z-mod.

PROOF. This follows from the fact that the complex (3-6) is admis-
sible. This fact have proved in [3].

It should be remarked that the complex (3-6) is also a projective
resolution of a module Y in Z-mod if we replace (Ra+) by (Ra-).

Now we can generalize the Definition 1.7, by taking the different cases
of R-Banach space and express the simplicial, cyclic and dihedral cohomol-
ogy in term of Ext functor.
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Theorem 3.10. (i) let F(E,0,s) be a cosimplicial Banach space, then
the simplicial cohomology of F is given by; H"(F) = Exty (Y, E(F)).

(ii) Let F(E,0,s,t) be a cocyclic Banach space, then the cyclic coho-
mology of F is given by; HC"(F) = Extg (Y, E(F)).

(iii) Let F(FE,0,s,t,t) be a codihedral Banach space, then the dihedral
cohomology of F is given by; “HD"(F) = Ext" (Y, E(F)), a = £1.

PrOOF. (i), (ii) (see [3]).

(iii) By Lemma 3.9 the space Extz(Y, E(F)) are the cohomology
group of the complex h=(Raa, E(F)), « = £1, by Lemma 3.8 the com-
plexes h=(Raa, E(F)) and “ED"™(F) are isomorphic. Then (iii) follows.
From all preceding discussion we state the main result of this paper.

Theorem 3.10. The following isomorphism holds:

(3-8) HCO™(F) = ~HD"(F) ® "HD"(F).

Poor. This follows from (3) and Definition 2.3.

Ezample 1 [10]. Let A be a C*-algebra without bounded traces, then
the dihedral cohomology of algebra A vanishes, that is

oHD"(A)=0, n>0, a==+l.

PRrOOF. Following [1], the cyclic cohomology of C*-algebra A without
bounded traces vanishes. Then from this fact and using relation (3-8), it
is clear that the dihedral cohomology JHD"(A) vanishes.

Ezxample 2 [10]. Let A be a nuclear C*-algebra, then
oHDPTH(A) =0, HD?M(A) = A", k>0, a=(-1),

where ,A!'" is the space of all bounded traces on A satisfies the condition
that tr(a*) = a tr(a), a« = £1. The proof is directly follows from [1] and
relation (3-8).

Acknowledgement. 1 would like to express my thanks to L. KozMA
and the referee for their valuable comments and helps.
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