Cartan-type connections and connection sequences

By T. Q. BINH (Debrecen)

In a Finsler space (M, F) there exists a great variety of different metric connec-
tions. One of the most often used connection is Cartan connection. It has been cha-
racterized by certain conditions by M. MATSUMOTO [5], and also by B. HAssaN [3].
Many interesting aspect of these connections have been studied by J. GRIFONE [1, 2],
1. Z. SzaB6 [8], R. MirON [6], TAMAssy—Kis [9] and others. In the present paper by
making use of a non linear connection N in the tangent bundle of M we slightly
alser Hassan'’s third condition and we show that these conditions still uniquely deter-
mine a metric connection. The notion of a sequence of such connections also is intro-
duced and its properties are investigated.

1. Notation and definition

Let M be an n dimensional differentiable manifold, 7, be its tangent bundle and
TM be the total space of ty. Let M=TM—{0} be the manifold of all non-zero
vectors on M, and n: M—~M be the natural projection. We denote by n*(TM)
the vector bundle induced naturally from THM by n (sometimes also denoted by
n~Y(TM)). This is called the Finsler bundle over M, and its cross-sections are called
Finsler vector fields on M.

Let ¥ M={VM,n,, M} be the vertical bundle over M, where VM is given by

VM = ker (dr) = | ker (dn),.
zeM

Consider the vector bundle morphism
L: TM — n*(TM), T.M>X - (z, (dn)(X)).

Suppose that a non-linear connection N, which is a Whitney-decomposition TM :=
:=N@VM is given. In this case the resctriction Lt N is a vector bundle isomorphism.
We put f:=(LtN)~! and call it the horizontal lift belonging to N.

For local calculation let (U, x’) be a local coordinate system on M and let (x, y)
be the induced local coordinates on n~*(U). Following HAsSAN [3] we write d;(),

o o ¢ (2, (2] [0 2], ] o
0;(m) and 0,(m) instead of [-3?- ¥ anci y |57 . respectively.
Then {9;(i), ,(7n)} is a basis of TzM and {9;(7)} is a basis of the fibre
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{(m, )|vE T(myaM} of n*(TM). Evidently,

0;y0;: M ~TM, 1 0,(i1) or o,(r)
and
0i: M — 2*(TM), 1+ 9;(ri1)

are elements of Z(M) and Sec n*(TM), resp. The Finsler vector field
6: M- n*(TM), %~ (% %)

is called the fundamental field. In the above local coordinate system: ©=)'d;.

2. Regular Finsler connections

A linear connection in the Finsler vector bundle n*(7TM) is called a Finsler
connection on the manifold M. Hence a Finsler connection is a map

V: Z(M)xSecn*(TM) —~ Sec n*(TM)

satisfying the following conditions:
(i) V is R-bilinear.
(ii) Forany C=-function f: M—R and vector fields X<Z(M), YcSec n*(TM)
we have
V”V =fo}_" and Vx_f? = ,?(f)Y—I»ijl_/.

Also the notation VgY:=V(X,Y) will be used. .

Let V be a Finsler connection. An element X of TM is called a horizontal vector
with respect to V iff Vg=0. We denote by H the set and bundle of all horizontal
vectors, that is H:={XcTM|Vgzi=0}.

A Finsler connection V is said to be regular if TM is the direct sum of H and VM.
We say in this case that the non-linear connection H is induced by V.

Proposition 1. (HAsSAN [3)). A Finsler connection is regular if and only if the map
Vi: VM -~ Secn*(TM), VM3X — Vgi
is a linear isomorphism on the vertical vectors.

Let us denote by H the non-linear connection induced by a regular Finsler con-
nection V we have

Proposition 2. [3] A Finsler connection V is regular if and only if
det (65 + y*Ciy) #0. In this case the connection parameters H| of H are determined by

Hj = y*T'y,
where Tj,=F},—H}C{, and Fj,Ci, are the connection parameters of V given by
Vs0;:= Fo, and V,;0;:=C}o,.
Proor. We have
Voo =V, W 0; = 8§+ y/Cloy, = (8F+ ¥/ CK) o,
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From Proposition 1 we get that V is regular iff the mapping V& maps the local basis
{9;} into a local basis. This is clearly equivalent to the given condition. — If the
functions Hj are the connection parameters of H then the horizontal subbundle is
generated by {6,:=d,— H{9;} which implies that V;7=0, from where

—H{8,0,+y*I',d, = 0,
H{ = }’lri’k-

3. Cartan-type connections (the main theorem)

Let
: g: Sec n*(TM)xSec n*(TM) - C=(TM)
(X,Y)—~g(X,Y):=(X,Y)

be a symmetric (0, 2) Finsler tensor field. Suppose that g is non-degenerated. A Finsler
connection V is called compatible with g if Vg=0.

Theorem 1. Let g be a non-degenerated symmetric (0, 2) Finsler tensor, and let
N be an arbitrary non-linear connection on TM. There exists a unique Finsler connec-
tion V in n*(TM) satisfying the following conditions:

(I) Vg=0 ie. VXcTM, Y,ZeSecrn*(TM)
XY, Z2)—(V;Y, Z)— (V3 Z, Y) = 0.
() If XcVM, then for each Y,ZcTM
T, 9),L2) =(T(%,2),LY)

(III) For each X, YeN. .
T(X, ¥) =0
where

T(X, ¥):= Ve LY-Vo LX—L[X, ¥), VX, YeTH.

First we note that Hassan [3] has proved that for a given Finsler space (M, F)
there exists a unique V satisying the above conditions (I)—(ITI) with the alteration
that X, ¥ in (I1I) are elements of H, the horizontal bundle generated by V. Thus
Theorem 1. is a generalization of Hassan’s results in certain sense. (The connection
determined by Hassan’s theorem is just the Cartan connection.)

Proor. If there exists a Finsler connection V satisfying condition (I)—(III),
then from (I) we have

(1) V:Y,.2)=X(Y,2)-(V:2,Y),
v Xecx (M), Y,ZcSecn*(TM).

Let X¥ and XV be the horizontal and vertical components of X and thus
X=X"4+X", then it follows from (1) that

2) VY, Z) = X8(Y, Z)—(VeuZ, Y)+ XV (Y, Z)—(V4vZ,7),
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We consider pY, BZ. It is clear that Y, BZEN, and LofY=Y, LopZ=Z. From
(I1I) we obtain
VenY—Vy LXH—L[XH, BZ] = 0.

These imply that

(VenuY, Z) = RH(Y, Z)— (Vo LXH, Y)—(L[X",cZ), Y)

(from 1) = XA(Y, Z)—PZ(LX", Y)+(V,, Y, LX")—(L[X", pZ],Y)
(from II) =X%(Y, Z)—pZ(LX", Y)—(L[X", BZ], Y)+
+(LIBZ, pY], LX)+ (Vyy Z, LX") =
(from I) = £8(Y, Z)—BZ(LXH, Y)—(L[X", BZ], )+
+(LI[BZ, BY), LX¥)+pY(LXH, Z)—(V,y LXH, Z)
(from II) = X4(Y, Z)+pY(LXH, Z)—BZ{LX", V) +

—(L[BY, XH], Z)—(Vgu¥, Z).
From this it follows

(%) 2(VeuY, Z) = XU(Y, Z)+ BY(Z, LX¥)—BZ(LX", Y)+
+(LIBZ, BY), LYy —(L[£", pZ], Y)— (LIBY, £¥), Z).
On the other hand
T(XY, ¥)=Vev LY-Vo LRV —L[XY, ¥] = Vv LY - L[ XV, Y).

and similarly

T(XY,2)=VewLZ—L[XY, Z]
thus, in view of (II)
3) (Vev LY—L[XY,Y],LZ) = (VevLZ—~L[X", Z], LY).
Now let Y=8Y, Z=pZ. From (3) we have

<VXVY_L["‘:‘;V! ﬁ?]’ Z) - <VXV Z_L[‘YI’, ﬁzl‘l Y)a
which implies

) (VavY, Z)—(Vsv Z,Y) = (LIX", BY], Z)— (L[X", BZ], Y)
According to (I)
(5) (VevY, Z)+(VovZ,Y) = XV (Y, Z).

Adding the last two equations (4) and (5) we have
2(VerY, Z) = RV (Y, Z)+(LIX", Y], Z)—(LIX", BZ], V)
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Finally, taking into account (#¥) we obtain
2(VyY, Z) = 2(Vgu¥, Z2)+2(VyY, Z)
(%%) 2(VsY, Z) = X(Y, Z)+ BY(Z, LX¥)—
—BZ (Y, LX)+ (L[BZ, BY], LX)~ (L[R™, BZ), Yy~
—(LIBY, X7, Z)+(L[X", BY], Z)—(LX", BZ], Y).

Having the formula (##), the assertions of the Theorem 1. can be concluded as fol-
lows.

a) Existence. Given XcZ (M) and YeéSec n*(TM) we define VY by (%)
which holds for every Zé¢Sec n*(TM). 1t is straightforward to verity that the map-
ping (X,Y)~VgY satisfies conditions (i), (ii) of paragraph 2. Hence this mapping
determines a Finsler connection in #*(TM). By a calculation not detailed here and by
the above definition of VgY, V satisfies conditions (I)—(I1I).

b) Uniqueness. We have shown above that there exists a Finsler connection V
satisfying conditions (I)—(III), then it satisfies equation (*#). Hovwever, (*#%) uni-
quely determines V from N and g whose nondegeracy we have assumed. This comple-
tes the proof. O

4. Cartan-type connections (continuation)

Let V be a Finsler connection, N be a non-linear connection on M, and gij
be the components of a nondegenerated symmetric (0, 2) Finsler tensor g. Setting

Vs,0;:=Tfjox, V,0;:=Cldy, & =a,—N|d;
the following result follows from Theorem 1.

Corollary 1. Let V be a connection satisfying the conditions of Theorem 1, then
the connection parameters of V are determined by

1
ry = -2_gpk{ét(gjp)'i-aj(gip)_—5p(gij)}
and

|
Ch= Egpkr?i(g]p)'

Using Proposition 2 we get the following statement.

Proposition 3. The Finsler connection V determined by Theorem 1 is regular if
and only if
1 g ]
k3 > itk 98k
det[é; +5)'g ¥ #= 0
Definition 1. A Finsler connection V is said to be of Carran-type if there exists a

non-linear connection N for which V is just the Finsler connection determined by N
according to Theorem 1.
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Theorem 2. Let V be a given Cartan-type connection, then the set of all Cartan-
type connections is given by

Nf = Nj—4%

A 1 g
k _ (k. pk Jk
C (& 5 g I

Ty = Ilj+ 8" (AiCyjp+ A)Crip— 4, Ciy),

where N;,Cu, . (resp. N}, Cl, I}) are the connection-parameters of Vv (resp.
V), A¥ is an arbttrary Finsler tensor field, and C;;:=Cl;gu.

Proor. Taking into account that 5;=5,+A‘@,, from Corollary 1. one can
easyly deduce the statement of Theorem 2.

A pair (M, g) is called a regular (generalized) Finsler space if
1 g ]
k j. ook, P&ip
det (Eu +—2 V-g I # 0.

The attributive “generalized” relates to the fact that g need not to be derived
from a fundamental function F. It is clear that in the case of a regular generalized
Finsler space every Cartan type connection is regular,

5. Connection sequences

In this § we consider a regular generalized Finsler space M. — Suppose that N
is a non-linear cormection on TM. According to Theorem 1, there exists a unique

Cartan type connection V beloymg to N. On the other hand, according to our above
statement V is reszular Thus V induces a non-linear connection N,. Applying again

Theorem 1 we get V e.t.c. So we obtain the following connection-sequence

N N1
(C.S) N=+V— N, =V =N, ~

A connection-sequence (C. S) is finite iff there exists an integer k such that N,=N, ,,,
Nie  Niss

or Y= V.

Remark. The classical Cartan connection depends on g alone. It follows by
Theorem 1 that if we start a connection-sequence (C.S) with a non-linear connec-
tion N depending on g only, then every connection (non linear connection N; and

N,

Finsler connections Vt) belonging to (C.S) depends on g alone, similarly to the

classical Cartan connection.

Theorem 3. If a connection-sequence (C. S) contains only one non-linear conec-
tion (i.e. N=N,=...), then N} must be the solution of the following system of equa-
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tions
(E.S.) Nf = y§ )7+ g%(N,C;;— NjCy,— N{Cy;,) y!
where

e [38'}:: 0Lip g 33:;]
Y= Ixt + oxi IxP )’

3 4

ProOF. According to Proposition 2. the coefficients of the non-linear connection

N
N, induced by V are
lei — erfj‘
N

where I are the coefficients of V. But by our assumption N;=N. Thus
N} = y'T.

From the Corollary to Theorem 1. we immediately get

1
Nt = {2 600z +6, (810 ~5, (&)
or
1
NE=y5y +§.VJS"(N;Cm"‘NilCup_NJlCap)» O

In case of change '
X =08 00 2%)

W
)y =W*J"

of the local coordinates on TM, by a local calculation we can prove the following.
Proposition 4. If {N}} is a solution of (E.S) in local coordinates {x',y'}, then

PO - - ox” 22 x!

g a . Nh i .
Np = ox*  Ox¥ Nt oxt  9x¥ . 9x™ v
is a solution of (E.S) in the local coordinates {x", y"}.

The last equation is nothing but the transformation low of a non-linear connec-
tion, and so we have the following result.

Corollary 3. If (E.S) has exactly one solution N¥, then N¥ must be connection-
parameters of a non-linear connection.
6. Classical Finsler space
Now we return to the case of classical Finsler spaces, when g originates from a
; : 1° e
fundamental fumction F, that is 8y=7" W Then we have

Cuk)" — Cm)’j = Cijkyt =0
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and (E.S) reduces to

© N} = = -g"NICyp !
From this
(™ N}y =757 Y = Y.

This implies that in (6) N}y’=7},, and so we have

1
(8) N} = T}J.Vj—':?'g”}"oocup-

It is easy to see that (8) is really a solution of (6). So (8) is the unique solution of (C.S),
and according to Proposition 4. and its Corollary these N} are connection parameters
of a non-linear connection. Otherwise it is easy to check that the N given in (8) are
nothing but the coefficients of the non-linear connection determined by the Cartan
connection.

Now we start with a fundamental function F and determine the N} as in (8),

N
then according to Theorem 1. there exists a unique connection V satisfying conditions
(I)—(lll) of Theorem 1. This V generates a connect.lon sequence (C S), and thus

V—er, where N, is the horizontal distribution of V LE Nl—H(V) But N is the
solution of (E.S), then N,=N. Thus, in an other way, we arrive again to Hassan’s
theorem ([3], p. 17) mentioned also in this paper at the end of Theorem 1.

Finally we show that in an (M, F) a connection sequence can not be arbitrary
long.

Theorem 4. In the case of a classical Finsler space (M, F) every connection se-
quence (C.S) contains at most three different non-linear connections, that is in the
connection sequence

N Ny Na
N-V-+N,-+V-+-N;-V~+N; ~

N2
we have Ny=N,=.... Moreover V is just the Cartan connection.

ProoF. From Proposition 2. and the Corollary 1. in the case of a classical
Finsler space (M, F) we have

1
&) N:‘J = r}k)" = )’}t?“jgﬂNt!C:ij"‘
and in the analogy of this
g . 1
(16) N; = riu)’l = ?}t)’.—? gP‘NllkClpj}‘*'
From (9)

1
Ny = tho— 5 8" NICip 2 = vho
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(because of C;,»*=0) and thus from (10) we have
1
Nn‘; = 'P}kyk_'i' g"?'wclpj‘

Thus Nj; is nothing but (8), hence N,=N;=..., and from Corollary 1. it follows that
N
Vis already the Cartan connection.
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