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On the behaviour of Colombeau’s generalized
functions at a point
Applications to semilinear systems

By S. PILIPOVIC (Novi Sad) and M. STOJANOVIC (Novi Sad)

Abstract. We define the quasiasymptotics at zero (or at any other point) of
a Colombeau’s generalized function, element of G, and show that this definition re-
strected on a Schwartz’s distribution embedded into G gives the well-known notion of
the quasiasymptotics at zero and, in a special case, the value at zero. We analyze the
quasiasymptotics of a Cauchy problem for a strictly semilinear hyperbolic system and
show that under suitable assumptions on the non-linear term, the behaviour of the
solution is determined by the behaviour of initial data.

1. Introduction

The multiplication of generalized functions in Colombeau’s general-
ized function space G is well-defined and because of that has a lot of ad-
vantages in solving nonlinear partial differential equations as well as linear
ones with singular coefficients.

The aim of this paper is to present a new method of qualitative anal-
ysis of solutions to initial value non-linear problems in relation to initial
data. Remark that the quasiasymptotics is the notion of linear analysis
and we use it in non-linear problems in the frame of Colombeau’s gener-
alized functions.

We refer to [15] for the advantages of these notions in applications to
some problems of theoretical physics in the frame of Schwartz distributions.
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zero, semilinear hyperbolic systems.
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For the relations of ordinary asymptotics and quasiasymptotics we refer
to [15] and [9]. Clearly, under weaker assumptions ordinary asymptotics
implies the quasiasymptotics but the converse does not hold in general.

In this paper we define the quasiasymptotics at zero of Colombeau’s
generalized functions and show that our definition restricted to Schwartz’s
distributions gives the well-known notion of the quasiasymptotics at zero.

We consider a semilinear hyperbolic system which, in general, can
model two phenomena: advection (transport, propagation) and nonlinear
interaction (or selfinteraction), see [6]. Hyperbolicity means that the time
variable is distingvished and that a Cauchy problem is well posed in time,
for arbitrary initial data. We apply our theory to a Cauchy problem and
show that under suitable assumptions on the non-linear term the behaviour
at zero of a solution which is in G is determined by the behaviour of
the initial data. The results are interesting in the case when the initial
condition does not have any ordinar behaviour but satisfy the assumptions
concerning quasiasymptotic behaviour at zero. Variety of examples with
different behaviour at zero is presented.

NoOTATION. We will use the well known notions of Schwartz’s theory.
Basic spaces are C2°(2) = D(Q2), where  is an open subset of R", and
S(R™). Their strong duals are Schwartz distributions space D’(2) and the
space of tempered distributions S’(R"™).

We recall the definition of a sequence of seminorms on C*°(2). Let €y,
be a sequence of open sets such that Uz.;o Qr =Q, Qp CC Qg11, k € Np.
Then

&) u(£) =Y (swp [0°F(@)]). ke No.

lal<k €%

The uniform structure on C'*°(£2), defined by this sequence of seminorms,
does not depend on the choice of the sequence 2.

The space of compactly supported distributions and of tempered dis-
tributions supported by [0, 00) (resp. (—oo,0]) are (C*°(2))" = £'(Q2), and
S (R) (resp. S (R)).

We denote by L Karamata’s slowly varying function at zero. Recall,
it is measurable, positive and

L(et)
=0 L(e)

uniformly for ¢ € [a,b] C (0,00) (and € < £0/b), €¢ is fixed.
Throughout the paper C will denote the generic constant which is
different in different appearences.
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2. Colombeau’s generalized functions

We will present the simplified version of Colombeau’s theory (cf. [1],
3, [6], [11]).

Let V be a topological vector space whose topology is given by a
countable set of seminorms puy, k € N, given by (1).

Then &y v is the set of locally bounded functions R(e)=R. : (0,1)—V
such that for every k € N there exists a € R with the property that

pr(Re) = O(e%),

where O(£%) means that the left side is smaller or equal than Ce® for some
C > 0 and every € € (0,e9), €9 > 0. The upper bound of such reals a is
called the k-valuation of R. and it is denoted by vg(R.).

The space of all elements H € &y with the property that for any
k € N and for any a € R, ux(H:) = O(g%) is denoted by Ny . Note, Ny
is the space of elements H. whose all valuations v (H.), k € N, are equal
to +o0.

The quotient space Gy = &y, v /Ny is called the polynomially gener-
alized extension of V. If R. — R. € Ny, then vi(R.) = vi(RL) for every
k € Ny. The k-valuation of a class [R.] is naturally defined (brackets [ ]
are used to denote the equivalence class in the quotient space).

SCARPALEZOS has used valuations for the definition of the metric in
Gy and the so called sharp topology. If the space V is an algebra whose
products are continuous for all the seminorms, then Ny is an ideal of the
algebra &y, v and Gy becomes a Hausdorff topological ring.

If V.= C, then Gy is called the algebra of generalized constants and
it is denoted by C; Euy is denoted by £° and Ny is denoted by N°.

If V =C>(Q), where Q is an open set in R™ and pu; are given by (1)
then Gy is called the algebra of generalized functions on {2 and it is denoted
by G(2); Ear,v is denoted by Ep () and Ny is denoted by N ().

Then, G(Q) is a differential topological ring where derivations 0, are
continuous for its sharp topology. In n-dimensional case, C can be consid-
ered as a subalgebra of G(Q).

In order to embed &'(Q2) into G(£2) we recall the following assertion of
COLOMBEAU, slightly changed in [11] for the sake of simplified version of
Colombeau’s theory.
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Let ¢ € C°(R") = D(R") and ¢ € S(R") such that it is even, F(¢) =
$ € D(R) and ¢ = 1 on a neighbourhood of zero. Put ¢.2(x) = = 5o (%),
x € R"™ € (0,1). Then,

N.(x) = (¢ * ¢o2(x) — (x)) belongs to N(Q),

where * is a convolution.

We fix once for all such a function ¢ and call it the “vision” function.
Put I,(¢)) = [ * ¢2]. Usually, € is used instead of €2 but later it will be
clear why we use 2. It can be easily verified that if ¢, ¢ belong to D(R),
then

Is(p - ) = Ip() - 1p(¢).

T € &'(Q) then I4(T) = [T* p-2]. We will use [T for 14(T') in order
to simplify the notation.

Since the presheaf U — G(U) (U is open in R™) is a sheaf, it follows
that the above embeddings can be extended to embeddings of C*°(€2) and
D'(2) into G(£2). The support of a generalized function H is defined as
the complement of the largest open subset Q' C €2 such that H o, = 0. If
T € D'(R2), then supp T = supp(L4(T)) .

If G is a generalized function with compact support K CC Q (G €
G.(©2)) and G.(x) is a representative of G, then its integral is defined by

/ Gdr = { / w(:c)GE(a:)daz] :

where ¢ € C§°(R"™), ¥ = 1 on K. This definition does not depend on .
If G, F € G(Q) then they are equal in the sense of distributions, G £
if
/(Gs(x) — F.(2))(x)de € N° for any 1 € D(Q),

G. and F; being the representatives of G and F', respectively.

3. Quasiasymptotics at zero

This notion is defined by DROSHINOV and ZAVIALOV for elements of
S’ (cf. [14]). We will use slightly modified definition [9]. In the sequel w
will denote an open set in R™ which contains 0.
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Definition 1. Let f € D'(w), (resp. f € S'(R™)) and ¢ be a positive
measurable function in an interval (0,eq). If

f(ex)

e—0 C(é—:)

(2) — g(2) 0, mD'(w) (resp. in §'(R™),
then it is said that f has the quasiasymptotics at zero with respect to ¢(g)
in D'(w), (resp. in S'(R™)). We write, f L g at zero with respect to ¢(e).

For f to have value at zero in the sense of LOJASIEWICH [5] g needs
to be a constant and ¢ = 1.
It follows from (2) that

(3) cle) =e"L(e), €€ (0,ep).

Remark. Let the space dimension be n = 1. Then, one can show [9]
that (2) implies that the limit distribution is of the form

(4) 9(x) = Crfopr(2) + Cfupa(-2), z €R,
where (C,C_) # (0,0)
H(z)z"/T'(v), v>-1
fl/-i-l( ) = {

f,ETan(ﬂC), v<-1L, v+m>-1, meN,

where H is Heaviside’s function and (™) is the distributional derivative.

The following two theorems relate the notion of the quasiasymptotics
at zero and oo in D'(w), and S’'(R™). Their proofs are combinations of
Theorem 2 in [9] and Lemma 6 in [15], as well as of Theorem 1 in [10] and
again Lemma 6 in [15].

Theorem A. Let f € D'(w), f < g, at zero in D'(w), with respect
to e”L(e), where 0 € w C R. Let § € C§°, § =1 in [—s,s|" C w. Then,
fi=0f L g, at zero with respect to e”L(¢), in S'(R™).

Moreover, if we assume v ¢ —N, then there exist a continuous function
F and m € Ny, m + v > 0 such that

P R T A G

2 e L) (Cy,C-) #(0,0).
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Theorem B. Let f € D'(R), c¢(k), k > 0 be positive and measurable.
Assume that for every 1) € D(R) there exists the limit

lim (f(kz)/c(k), ¥(z))

k—o0

and it is different from zero for some 1. Then, f € §'(R) and this limit
exists for every 1 € S(R).

Further characterizations of the quasiasymptotics at zero are given in
the next proposition.

Proposition 1. Let f € £&'(R), supp f = K 2 0. The following condi-
tions are equivalent:
(a) f~ g+#0, at zero with respect to c(¢), in S'(R).
(b) f < g#0, at zero with respect to c(e), in D'(R).
(©)

R CONNNE

lim =g

A
where ¢ is the “vision” function.

(d) For every § € D(R), 6(0) # 0, f8 L 0(0)g # 0 at zero with
respect to ¢(e), in D'(R).

Remark. Clearly, if (c) holds, then the limit in (c¢) exists in D’.

PrOOF. The equivalence (a) < (b) follows from Theorem A.
(a) = (c). Let a € S, n >0 and € > 0. We have

(L2006 )y = { 1) (600« attfe@)),

c(e) ec(e)’

which implies, for n = €=,

(X @),

where

Ye(x) = /qvﬁsz (H)a(x —t/e)dt = /giv)(t)oz(m —et)dt, zeR.
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One can easily prove that 1. converges to a in S(R). This implies

lim <M2)(€x),a(x)> = (g,a), a € S(R).

AT
(¢) = (a) We will use the following well-known equalities:
F(Lr(2))©=Feo
e” \e

(f, ) = (£(£),9(-€), v eSR), feS(R).

Let 6 be an arbitrary element of D(R) and ¢ € S(R) such that ¢) = 6 €

D(R). Then,
(f * ge2)em) o\ _ [ FKE) 5
(L2 o) <Cl(k)¢<£/k>,e<£>>,

where ¢; (k) = ec(e), e = 1/k. Since ¢(¢/k) = 1 on supp @ for enough large
k, for every 8 € D

(5) lim <f (kE)

k—o0

,9(€)> = (91(£),0(5))-

Theorem B implies that (5) holds for every 6 € S(R).
Let ¢ = F(0),0 € S(R). It follows
I

ex)

nm< L ,¢<x>> = (FY(g1),0)

e—0

what is assertion (a).

(b) = (d) Since for every o € D(R), 0(c-)a — 6(0)a in D(R) the
proof is simple.

(d) = (b) Take 6 € D(R) such that #(x) = 1 for || < 9. Then for

€ < g9 we have
(1 - (5800

which implies (b).



118 S. Pilipovi¢ and M. Stojanovicé

4. Quasiasymptotics at zero
of Colombeau’s generalized functions

Let K be the set of positive measurable functions defined on (0, 1)
with the property

AleP <c(e) < Ae™P, € (0,1)

for some A > 0 and p > 0.
Definition 2. Let F' € G(w). It is said that F' has the quasiasymptotics

at zero with respect to c(e) € K if there is F, a representative of F', such
that for every ¢ € D(w) and some s > 0 there is Cy, s € C such that
F_(esx)
c(e)
and Cy s # 0 for some 9 and s.

e—0

(6) iy (45 (0 =

Remark. If F € G;(R) — the space of Colombeau’s tempered gener-
alized functions, then we say that F' has the quasiasymptotics in G; if (6)
holds for every ¢ € S(R). We will not use this notion and because of that
we do not recall the properties of G;(R).

It follows from (6) that this limit exists for every s > 0 and that for
every s > 0 there exists 1 such that Cy s # 0.

Note, in general, Fs., s # 1, is not a representative of F = [F].

The consequences of this definition are given in the next proposition.

Proposition 2.

(a) Let R. € N(w). Then, for every c € K, s > 0 and every 1) € D(w),

lim <R5(5sx1’ a ’€5$”),¢(x1, . ,xn)> —0.

e—0 c(e)

(b) Let F' € G(w), ¢ € K and let (6) hold. Then, (6) holds for every
representative F, of F.

(c) If (6) holds, then there exists g € D'(w) such that for s =1

val :C¢:<ga'¢>v ¢€D(W)

PRrROOF. (a) It follows from the assumption on ¢ € K, (b) follows
from (a) and (c) follows from the Banach—Steinhaus theorem.
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According to Proposition 2 (c), for Colombeau’s generalized functions
we will write
F % g at zero with respect to c(e).

Proposition 3.
(a) Let f € &'(R™), and f < g at zero with respect to c¢(¢). Then

(7) I4(f) < g at zero with respect to c(e).

Conversely, if f € £'(R"™) and (7) holds, then f < g at zero with
respect to c(g).

(b) Let F°< g at zero with respect to c(e). Then, for every 1) € C™

WF " p(0)g
at zero with respect to c(g).

PROOF. (a) Recall, the representative of I4(f) is f*¢.2. Then Propo-
sition 1 (c) implies the assertion in both directions.

(b) Proposition 1 (d) implies the assertion.

Ezamples. Recall that (2) implies (3) and (4), but it is not true in

general in G. The existence of the quasiasymptotics at zero for an element
of G does not imply that c¢(¢) must be of the given form as well as g.

Example 1. We consider the §2-potential (cf. [7]) determined by

1
Opc(z) = ?¢2 (g) , ¢ € Cg°, with supp¢ C [—1,1], /d)(:r)dx =1,

as the example of Colombeau’s generalized function (element of G) which
is not obtained by embedding of a distribution in G (i.e. which is not
generated by some distribution). We shall prove that [5%9252 (f)] has the
quasiasymptotics at zero with respect to c(¢) = ¢ 72. It holds

. 94%5(513) 2(
(®) 1£1< 2 Y —31:%/05
= (¢*, ) = Cy1, Cy1€C.

Thus, [O4,] has the quasiasymptotics at zero in the sense of Definition 2
with respect to 2. The limit distribution in (8) is not of the form Cz®.
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Ezxample 2. The generalized function [(2 + sin %) @? (f)] has the qua-
siasymptotics at zero with respect to ¢(g) = 2 + sin %, but it is not of the

form c(e) = e“L(e). Also <$ (2+sin 1) gz§2(x),zp(x)> — (g(x),¥(x)),
1 € D and g is not of the form Cz®, C' # 0.

zZ
2

Ezxample 3. The generalized function E%QZ)Q (E ) has the quasiasymp-
totics with the limit & [ ¢?(¢)dt with respect to c(e) = ™! because

(L2 (5) v = (26 (£) o))

8]

Ezample 4. Let F,G € G(w). If F %$ g at zero with respect to c(e)
and G %< g1, at zero with respect to ¢1(e), then it is not true, in general,
that GF < gg; at zero with respect to cz(e) = ¢(€)cy(€). For example,
Lo () 6 with respect to c(e) = e~! but Z¢? (Z£) = ([ ¢2(t)dt)s
with respect to c(e) = 73,

Ezample 5. The v/d-potential (cf. [7]) determined by
1
Ve

is associated with the zero distribution. It has the quasiasymptotics at

Op(x) =—F=¢ (g) , ¥ € C§° with suppvy C [—1,1], /wz(x)dx =1

zero in the sense of Definition 2 with respect to c(¢) = e~ 1/2.

e—0 5*1/2

lim <W,n<w>> = tim [G(@()de = Cyr, neD, Cyy £0.

Ezxample 6. We can find the quasiasymptotic behaviour in the case of
a more general potential determined by

1 z
Oy.c(T :w<>, cf. [7]),
wel) = v (5 ) (e )
where ¢ € D, suppy € [—1,1] and sup,er?)(z) > 0, u(e) — 0, v(e) — 0
as € — 0. In general, such potentials are not the images of distributions

in G(R).
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Let c(e) = v(e)(ep(e))~t. Then,

i (1 0) < g (5 v

%iﬂrr(l)/iﬁ(i)n (V(;)t> dt = /w(x)nl(x)da: =Cp1, Cpi1€C,neD,

if @ has a limit.

5. Application

Let (x,t,u) — Fj(x,t,u), i = 1,...,n be smooth functions on R?7+2
such that the following conditions hold:

(9) C" 3 uw Fi(z,t,u), i =1,...,n, is polynomially bounded
together with all derivatives, uniformly for (x,t) € K, for
any compact set K C R?;

(10) C™ 3 uw Vy Fi(x,t,u), i =1,...,n, is globally bounded
uniformly with respect to (z,t) € K, for any compact set
K C R2.

Let Ky be a compact set such that the interior of Ky, Igo, contains 0.
We denote by K1 a domain of determinancy bounded by extremal char-
acteristics emanating from the end points of Ky and the lines t = +7.

The Cauchy problem for a semilinear strictly hyperbolic (nxn)-system
in two independent variables, (z,t) € R?

(11) (Or + Az, t)0z)u(zx, t) = F(z,t,u(z,t))
w(z,0) = (u1(z,0),...,un(z,0)) = (a1(x),...,an(x)) € (G(R))",

where A(z,t) is a diagonal matrix with the real distinct smooth functions
on the diagonal and F; satisfy conditions (9) and (10), is uniquely solvable
in (G(Kr))™, for some T > 0 (cf. [6]).

The integral curves for (11), which pass through (xg,tg) at time 7 =
tg, are the solutions to

E%(ﬂfo,toﬁ) = Xi(vi(zo,to,7),7), vi(wo,to,t0) = xo.
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They are denoted by x = 7;(zo,t0,7), i € {1,...,n}, and called charac-
teristic curves of the system. Then,

ui(z,t) = a;(vi(x,t,0)) +/0 Fi(vi(z, t,7), 7, u(vi(x, t, 1), 7))dT,
(.’I},t) € Kr.

The next proposition shows that the quasiasymptotic behaviour of
initial data to (11) implies the quasiasymptotic behaviour of the solution.
Proposition 4. Let ¢(¢) € K, lim._, % =0 and
lim, o w, i=1,...,n, exist in D'(R?). for some s > 0. Then,
the solution u(x,t) = [(u1e(x,t), ..., une(x,t))] has the quasiasymptotics
at zero with respect to c(e), i.e.

(12) lim <W,w(m)> = Cigs,

Cips€C, e D(R2)7 i=1,...,n,

for some s > 0 (which implies, for every s) provided one of the following
conditions hold:
(a) C" > u — Fj(x,t,u), uniformly bounded for (z,t) € K for any
compact set K CR?,i=1,...,n;
(b)
€

—— sup |a-(vi(esz,est,0))| -0, €—0,i=1,...,n,
c(e) (z,t)eK

for any compact set K CC R?.

PRrROOF. Let ¢ € D(R?), suppy C K, Ky and T be choosen so that
K cc IO(T. The representative of the solution to (11) (uic,...,unes) be-
longs (EM(IO(T))” and satisfies

(13) e (esx, est) = ai(vi(esz, est,0))
est
+ / Fi(vi(esz,est, T), T, u:(vi(esx,est, T), T))dT,
0

when (z,t) € Ky, and i =1,...,n.
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First, we shall give the estimate for u;.(esx,est), then the estimate
for the integral part in (13), and finally prove the assertion (12).

Putting F(x,t,u) = F(z,t,0)+V,F(z,t,0u)u, with 0 < 0 < 1,1in (13)
we obtain

est
e (esx, est) = aic(vi(esz, est,0)) +/ Fi(vi(esz,est, ), 7,0)dr
0

est
/ (ure(vi(esx,est, 7),T), ... une(vi(esx,est, 1), 7))
0
Vo Fi(vi(esx,est, T,0(T)uc(vi(esz,est, ), 7))dr, 0 < 0(1) < 1.

Gronwall’s inequality and assumptions (10) imply that there exist C' > 0
and g9 > 0 such that for t € (=7.,T), ¢ € (0,&0)

(14) sup ]us(esx,sst)lg{ sup |ae(vi(esz,est,0))]
(I»y)eKT (I,t)EKT
+lesT| sup \F(:{:,L‘,O)\}
(x,t)EKT
exp <n£sT sup ]VuFi(:r,t,ug)\)
(wvt)eKT
ueC™
<O( sup Jaic(y(esz.est, 0))] +¢).
(z,t)EKT

We shall estimate the integral part of (13). Let (x,t) € Kr. We have

est
/ |F; (vi(esx,est, T), T, ue (vi(esx, est, ), 7)) |dT
0
est
< / |Fi(vi(esxz,est, ), 7,0)|dT
0

est
T / jue (vi(es, est, ), e sup  |VuFi(e, b, u)
0 (:I),t)EKT
ueC™

< |€ST|{ Sup |Fi(7i(58$755t77-)77-> O)‘
(z,t)EKT

+C sup |u8(’yi(6sx,€st,7),7))\}.
(CL’,t)EKT
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Now, (14) implies that there exists C' > 0 such that

est
(15) / |F; (vi(esx,est, T), T, uc (vi(esx,est, ), 7)) |dT
0

< CE( sup |ac(vi(esz,est,0))] + 1+ 5),
(z,t)EKT

when t € (=T,T), € € (0,&0).
We have

<u(5csg) st) (m)> _ <ai5('yi(scs(gest,0))7 . (m)>

1 est
+//<C(€) ; F;(~vi(esz,est, 1), T, ug(%(esx,sst,r)m))m-) U(z, t)dxdt.

In case (a) we immediately obtain the assertion since the double integral
on the right-hand-side tends to zero as € — 0.

Let us prove the assertion with the assumption in case (b). By (15)
we have

1 est
@ / |E; (vi(esz,est, T), T, ue (yi(esz, est, T), 7)) |dT
0

su ae(7vi(esz,est, 0 2
< C - p(x,t)EKT ‘ 5(’7 ( ))‘ + € + € — O, as ¢ — 0.
c(e) c(e)  cle)

Thus,
lim <<t>¢<t>> ~ lim <%<%<Eswv€st’ 0>>,¢<x,t>> .

0 c(e) e—0 c(g)

Consider a Cauchy problem
(16) u'(t) = F(t,u), u(0) = a = [a] € C,

where (t,u) — F(t,u) is a smooth function on R? such that (9) and (10)
hold for F' (with x canceled). It is uniquely solvable in G(—T,T') for some
T > 0 (cf. [6]).

For the behaviour of the solution to (16) we can use somewhat stronger
concept of asymptotic behaviour at zero since the initial data does not
depend on x.



On the behaviour ... 125

Definition 3. Let F' € G(w). It is said that F' has the strong quasi-
asymptotics at zero with the limit g € C°°(w) with respect to c(¢) € K if
there exists F., a representative of F', such that for every K CC R and
some s > 0

F.(esz)

Eli_I% @ = g(z) uniformly for z € K.

We have the following Proposition.

Proposition 5. Let c(¢) € K, and a = [a.] € C such that

Qe

i:O and lim =1.

I
alg(lJ c(e) e—0 ¢(g)

Then the solution u(t) € G(—T,T) to the Cauchy problem (16) satisfies

lim._,q ufc(éjt) = 1 uniformly in t € K, for some s > 0, where K is an

arbitrary compact set of (=T,T).
PRrROOF. There holds

ue (est) e I
(17) = + / F(r,uc(r))dr, te (=T,T).
cle)  cle) o) Jo
Condition (10) and Gronwall’s inequality [4] imply that there exist C' > 0
and ¢y > 0 such that

sup |uc(est)] < C(las| +¢€), €€ (0,e0).
te(=T,T)

This implies that there exists C' > 0 such that

est
/ Flr,ua(r))dr| < Ce(l + |ac| 4+ ), te (=T, T), & € (0,z0).
0

The last summand in (17) is then

1 . 2
gc(s|a|+ < LS >
c(e)

|| Fe et ) e T e
te (=T,T), € €(0,e9).
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Because 5 — 1 and ;& — 0, as € — 0, the second summand in (17)

tends to zero and

lim M = lim Ae 1.
e—0 0(5) e—0 C({-:)
O
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