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In [1] is proved the

Theorem A. Let E be a topological vector space, F be a vector space, KCF
be a convex set, and let {H,: y€K} be a family of non-empty convex compact subsets
of E with the following properties:

(N Hyyva-ay, € H,UH, (3,»:€K;0=4=1),
(2) leﬁ(l-i)yamHn < Hnyn+(1—u)r:th (J’], ylGK; O0=i= = 1)’
3) Hlnnﬂl—lo)yzmHn = () (HAmHl—a)nUHn)

i:—;ln
for arbitrary 0=iy<1.

Then (\ H,#0, where 0 denotes the empty set.
YEK

According to a well known theorem of F. Riesz (any family of compact sets
with finite intersection property has a common point) the essential part of Theorem A
is: the system {H,: y€K} has the finite intersection property.

The aim of this note is to prove a theorem of similar type. Our theorem is
more general than Theorem 1. We consider sets H, in an arbitrary topological
space, on the other hand it is more special in the sense the sets H, are defined as
the level sets of a function. We shall give applications of Theorem B (below) in a
subsequent paper of the same journal.

For the formulation of Theorem B, let A and B be arbitrary topological spaces,
f: BXB—~P(B) be any mapping of BXB into the power set P(B) of B such
that {y,, yo}<f(»1,»s) holds for all y,, y,€B. Suppose that the values of f are
connected, non-empty, closed sets and x, y€f(x,y) for all x, y. Let g: AXB—-R
be any function and denote by ¢ a real (fixed) number such that

Hi =H,= {x: g(x,y)>c}#0
for every y€B.
Let Hi=H.={y: g(x,y)>c}. We prove the following

Theorem B. Suppose, for any x€A and y,, y,€B that
“) (BNH ) f(31, y2)
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isclosedin f(yy, ys)
(5) Y1, V€ B\H, implies f(yy,y.) € B\H,,
(6) for any finite set {yy, Yoy «ers Yo} B, _r']l H,,

is open and connected (may be empty). Then the system {H,: ycB} has the finite
intersection property.

Proor. Use induction. Suppose we know that for any subset {y,, ..., »,}CB
having at most »n elements we have
k
N H, #0
i=1

and then we prove the same for n+1 elements. (One can prove the starting case
n=1 similarly). Suppose there exist »y,, ..., ¥, such that

(7 N Hy, = 0.

n+1
Using the notation Hj :=H,( (| H, we can write (7) in the form
tm3

H; NHy, = 0.
According to our induction assumption and taking into account also (6) we know

that the sets H; (y€B) are open, connected, non-empty. The assumption (5) means:
g(x,y)=c and g(x,y)=c implies g(x,z)=c for every z€f(yy, ys), i.c.

H.c H,UH, and Hc H,UH, for z€f(y,y.).

Let S;:={z€f().,y): HCH,} (i=1,2). We see that S;#0 (i=1,2), §,NS,=0,
S,USs=f(».y,) is connected. Hence we arrive to a contradiction, if we prove
that §; and §, are closed. But this follows from the equality

Sy = {z€f(31, y): for every xcHy, g(x,2) =c} =
= N {z6fOn, y): g(x,2) =¢c}.

*
xEH”,2

A similar equality holds for §;,. [
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