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S. D. BErMAN and K. BuzAst have started to investigate the representations
of a group G which contains an infinite cyclic subgroup with finite index. In [4]
they showed that if K is an algebraically closed field such that the group algebra
KG is semisimple then we can reduce the investigation of the finitely generated
KG-modules to the investigation of finitely generated modules over the algebras
of type E. For the real field they have described all the algebras of type E, and for
every algebra of type E the finite-dimensional finitely generated modules and the
finitely generated torsion-free modules which contain a zero-divisor. For two alge-
bras of type E over the real field they showed that these algebras have no zero-
divisor and so it is not possible to investigate the finitely generated torsion-free
modules over these algebras in the way mentioned above. It is a very important
question whether these algebras are left principal-ideal-rings or not. If they are
left principal-ideal-rings the description of the modules follows from classical re-
sults. Otherwise the description of the above-mentioned modules requires new
arguments.

K. BuzAsi, T. Krausz, and Z. M. MoNEIM began to investigate the algebras of
type E over finite fields. They described [5] all the algebras of type E over the field
L where K is a finite field KS L and (L:K)=2. In this case there is only one alge-
bra of type E which does not contain zero-divisors. This crossed group algebra 4
is defined by the relations

A={L,a,b}; Aa=al; Ab=DbA; b'ab=a"?, W= A€L

where ¢ is a fixed element of L, a quadratic non-remainder.

To describe the representations of the group G over finite fields it is necessary
to study the algebra A.

In this paper we shall investigate the algebra A.

It is easy to show that the subring L(a) in the algebra A4 (L(a) is a groupalgebra
of an infinite cyclic group over L) is an Euclidean ring where we define the Euclidean
norm | f(a)] of an element f(a) as follows:

()] = |4, @+ A, 1@ ...+, a"| =n—m (LEL, n= m, n,meZ).

1.1, Lemma. Let f(a), g(a) be elements of L(a),f(a)#0, g(a)=0. Then there
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exist h(a), r(a)€ L(a) such that
f(a) = g(a)- h(a)+r(a)
where r(a)=0 or |g(a)|=|r(a)| andif |f(a)|=|g(a)|, then
|f(a)| = |g(a) - h(a)|.

Proor. I. To prove this lemma we first investigate the case: f(a)=a,a"+... +a,,
gl@)=pna™+...+py where o;, B;€L, %0, By#0. Then it is well-known that
there exist h,(a)=y,a*+...+7, and ry(a)=2,a’+...+/, elements of L(a) such that

(1.1) f(a) = g(a)h(a)+r(a)
where r,(@)=0 or |r(a)|=r(a)<g’(a)=|g(a)| and il f°(«)=g°(a) then [°(a)=

=(g(a)-hy(a))". Here y°(a) denotes the degree of the element y(a) in the poly-
nomial ring L[x]. Then

(1.2) d = BoYot+ /0.
If y,#0 then fB,-7,#0 hence

|f(a)l = f°(a) = (g(a) y(@))° = |g(a) y(a)l.
If y,=0 then it follows from (1.2) that 2,=0. Put
h(a) = hy(a)+-2.
Then ’
4o
1@ = 8@ h(@)+[r (@72 ¢(@)].

It is obvious that the constant term in the element

(@) = n(@) -5 8(@)
is equal to zero, hence |r(a)|<r°(a). Considering r{(a)<g°(a) we have r°(a)=
=g%a) and
lr(a@)] < r(a) = g°(a) = |g(a)l.
Consequently,
Sf(a) = g(a)-h(a)+r(a)

where |r(a)l<|g(a)l and |f(a)|=/"(a)=(g(a)h(a))’=|g(a)h(a)l.

II. Now we consider the general case:
Afi(a) =, a+a, @ ' +...+od o #0
g,(a) = Bpa™+Pu-18" ' +...+B,a° B, #0.
Let f(a)=f1(a)-a~*, g(a)=g,(a)a~*. According to the first part of the proof the
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statement is true for the elements f(a) and g(a). Using this fact we get that
fi(@) = d'f(a) = d*[g(a)h(a)+r(a)] = a’g(a)ad*~*h(a)+d"r(a) =
= gi(a)a*~*h(a)+a*r(a) = g, (a) hy(a)+r,(a)
where [r,(a)|=|r(a)l<|g(a)l=]g,(a)l; moreover,
IA (@] = /(@) = |g(a)h(a)| = |g.(a)- hy(a)l.

1.1. Definition. Let f(a) be an element of L(a) and let f(a) | denote the element
f(a™"). We say that the element f(a) is symmetrical if f(a)=da"f(a) holds
where o€ L.

1.2. Lemma. Let IS A be a left ideal generated by the elements p and 1+ qb,
where p, q€ L(a) moreover (p)=I(\L(a). Then p is a symmetrical element.

ProoF. Since p(l+gb)=p+pgbcl, it follows that pgb=bpgcl, consequently,
pgel. Since pgel(L(a) and IMNL(a) is generated by p, we have

(1.3) plpq.
It is true that
(1—gb)(1+¢gb) = 1—gbgb = 1—-&qge I L(a)

hence p|l —&gg and so (p, g)=1. On account of (1.3) and (p, §)=1 it follows
that p|p, consequently, there exists s€L(a) such that p=sp hence p=5§p=3sp.
Since L(a) has no zero-divisor, the ¢lement s must be a unit in the ring L(a), con-
sequently it can be written in the form s=da".

Hence p=da"-p i.c. p is a symmetrical element.

1.3. Lemma. Every left ideal I in the algebra A can be generated by two elements
p and sy+s,b where s,,s,€L(a) and p is the generator of the ideal 1 L(a).

ProoFr. Every element z in the algebra can be written in the form z=a+-fb
where «, € L(a). Let us denote by L, the following set
L, = {hll,+ L bEL, Iy, L€ L(a)}.

It is easy to see that L, is an idcal in L(a). Since L(a) is an Euclidean ring it is well-
known that every ideal L, in L(a) is a principal ideal. Let us suppose that L, is
generated by the element s, 1. e. L,=(s,).

Let x,=s,+5,b be a fixed element in the ideal I. Let x=/,+/,b be an arbi-
trary element of /. On account of L €L,, there exists 7€ L(a) such that /,=ts,.
Let us denote by p, the element x—tx,. Then

x—1txy = (ly+ 1, b)—1(sy+5,b) = l,—1sy = po€ IN L(a).
Let us denote by L, the set of elements p, if x is running through 7I:
Ly = {po = x—1txo|x€1}.

It is easy to see that L, is an ideal in L(a) hence L, is a principal ideal and it can
be written in the form L,=(p,). There exists 7€ L(a) such that p,=t,p, and
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by means of this every element x of I can be written in the form
X = Po‘*‘txo = t°p1+fxu.

Consequently, the ideal I is generated by the elements p; and x,=s,+50. We
have p,=t,p because of p,€I(\L(a) where t,€L(a), hence I is generated by p
and s,+s,b. This completes the proof of the lemma.

1.4. Lemma. Let IS A be a left ideal and
I=(p,sy+5.b), s4,5€L(a) where (p)= IMNL(a).

If (p, so)=1or (p,5)=1 then there exists q¢L(a) such that I=(p,1+qb) and
p is a symmetrical element.

Proor. We first observe the case (s,,p)=1. Without loss of generality we
can assume that |p|=|s,|. If this were not true we could write s, in the form

So=ph+r where h,réL(a) |p| < |r|

and 7 is generated by p and r+s,b.
Let us apply the Euclidean algorithm for p and s,.

P = Sohy+rq [rol < |5l
So = rohy+ry |7y = |7l

ro=rihy+ry

Fi—g = P 41y |7l = [rg=1l

Fe—y = Nl iy
where r,=(p, s;)=1.

Using this algorithm we can change the generators of 7. In the first step from
the first equality of the algorithm we obtain

p—hy(se+5,b) = rg—hys, b = ro+myb mycL(a)

i.e. we can write
P = hy(8o+5, b)+(ro+myb).
Hence
I = (ro+m0b, 50"_51 b).

In the second step from the second equality we obtain
(So+5y B)—hy (ro+myb) = ry+(sy—hymg)b = ry+mb  my€L(a).
Hence
1= (?'o‘i'mob, Fytmy b)
Continueing the procedure, in the last step we get

I = (my 4y b, rg+mb), my, my€L(a).
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From my ,b=bmi,,, we obtain I=(f ., rx+mb) and since iy ,€INL(a)=
=(p) we have I=(p,1+mb). If (p,5;)=1 then we look at the element z=35,+
+5,¢7'b. Because of so+5,6=b(5,4+5¢&71b), I=(p, 5;+5,{"'b) and we can re-
turn to the first case. Applying the Lemma 1.2 we see that p is a symmetrical element.

1.5. Lemma. Let IS A be a left ideal and I=(p, sy+5,b) where s,, 5,€ L(a),
(p)=INL(a). Let us suppose that (s,,p)#=1 and (5,,p)#=1. Then there exist ele-
ments d, q in L(a) such that the ideal I can be written in the form I=I,d where I,=
=(py, 1+¢qb) and dp,=p.

Proor. Every element of I can be written in the form
X = o+, b where o, ty€L(a).

Let the sets L, and L, are defined by
Ly = {polpo+pm bE I, py, i€ L(a))

L= {F1|p0+#l bel, p,, F1€L(a)}-

It is easy to see that LS L(a¢) and L,EL(a) are ideals in L(a). Let us suppose
that Lu=(d).
From

and

bx = b(pe+p b) = b+ €1
and
§7bx = {7 b(pe+mb) = S i b+ mE]

we get u € L, if and only if fiy€ L,. Consequently, L, is generated by the element d.
Since p€L, we can write p=p,d. By similar arguments as in Lemma 1.4. instead
of the generator s,+s;b we can choose a new one in the form d+s7b where si€L,,
hence s;=g¢gd. Using this element we can express every element y of 7 in the form

y = (Ao+21 b) prd+(25+21b)(d+qdb) = [(Ag+ A b) py + (45 + 21 b)(1+ gb)]d

i.e- I=I1d Whel'e 11=(p1, 1+qb)-

1.1. Theorem. Every left ideal I in the algebra A can be written in the form
I=I,d where I,=(p,1+gb), p,q,dcL(a), (p)=I,NL(a) and p is a symmetrical
element.

Proor. The theorem follows from the lemmas.
1.6. Lemma. Let IS A be a left ideal. Suppose that
I'=(p,1+qb) and I=(p,1+q,b), ¢y,p:,q9€L(a); (p) =10 L(a)
Then q=gq, (mod p).
PROOF.
(1+¢b)—(1+q: b) = (g—q)) be 1

b(@—q)el, g—q,€1N L(a).

hence
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Consequently, p|G—g, and plg—gq,. Considering that p is a symmetrical clement,
g=q, (mod p) follows. Thus the lemma is proved.

Every element in the algebra A can be written in the form
x=a+pb a, fcL(a).
For the elements of 4 we define a norm N(x) in the following way:
N(x) = a-a—Epp.
It is easy to verify that N(x)€ L(a) and
N(x-y) = N(x)- N(y) for every x,y€A.

By N(x)=(x—pb)(x+pb), if IS A is a left ideal and x is an element of I
then N(x)€l.

1.7. Lemma. Let IS A be a left principal ideal and sy+5,b, sy, 5,€L(a) a
generator of 1. Moreover, (p)=I(\L(a) and d=(5,, s,).- Then dp and N(s,-+s,b)
are associated elements.

PrOOF. First we investigate the case d=(5,,s)=1. Since pel, there exists
an element A,+A,b€A such that p=(l,+4,b)(s,+s5,b). Now pelNL(a) im-
plies that
P = igSy+E45

0 = 2981+ 4, 5,.
Since (§,, s5;)=1, from the second equality we get
Ay = 15y, Ay =—1s, where t€L(a).
Using this, from the first equality we get that
P = t(5o8g—Es,+5,) = tN(so+5, D)

and thus N(s,+s,0)|p. We know that N(s,+s,0)€IMNL(a) consequently,
PIN(so+5,b). So, p and N(s,+s,b) are associated elements.

Now we consider the general case (5, s;)=d. Let us suppose that §,=h,d,
sy=hyd, hy, h,€ L(a), then (hy, h;)=1. By means of these elements s,+s,b can
be written in the form s,+s,b=(hy+h,b)d and so the ideal I can be written in
the form I=1,d where I, is a left principal ideal generated by hy+ /i, b and (hy, hy) =1
holds. According to the first part of the proof, if (p,)=I,NL(a) then p, and
N(hy+hyb) are associated elements. It is true that pd=p,d. Consequently, the
clement pd=p,dd and the element N(hy+h,b)dd=(hyhy—C&h,h,)dd=5y5y—Es,5,=
=N(sy+5,b) are associated.

1.8. Lemma. Let IS A be a left ideal, p and 1+4gb be the generators of I
where p, g€ L(a), (p)=I1ML(a). Then every element z of I can be written in the form

z = xbp+y(1+qb) where x,ycL(a).
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ProoOF. Let z be an arbitrary element of I, z=(s,+s5,b); 8y, 5€L(a). Then

(1.5) (so+51b)—50(1+¢qb) = (s,—509) bE L.
Consequently,
b(5,—35,q)€l, 5,—5,qel—L(a).

Since (p)=INL(a) there exists an element m in L(a) such that

Then
§1—Sp = pm.
From (1.5) it follows that
So+51b = mbp+5,(1+gb)
which was to be proved.
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