On recurrent Finsler connections with deflection
and torsion

By B. N. PRASAD, H. S. SHUKLA and D. D. SINGH

Summary. In 1934 E. CarTaAN [1] published his monograph ‘Les especes de Finsler’ and fixed
his method to define a notion of connection in the geometry of Finsler spaces. In 1966 his method
was reconsidered by M. MaTsumoTo [4] and determined uniquely the Cartan’s connection by assum-
ing four elegent axioms,

(1) The connection is metrical,

(2) The deflection tensor field vanishes,
(3) The torsion tensor field T vanishes,
(4) The torsion tensor field S vanishes.

In 1969 M. HasHiGUcHI [2] replaced the condition (2) by some weaker condition and determined
a Finsler connection with the given deflection tensor field. In 1975 [3] he also determined uniquely
a Finsler connection by replacing the condition (3). In amost all these works it has been assumed that
the connection is metrical so that covariant differentiation commutes with the raising and lowering
of the indices.

The purpose of the present paper is to determine a Finsler connection which is not A-metrical.
A Finsler connection will be called h-recurrent Finsler connection if the h-covariant derivative of the
metric tensor is recurrent. In this paper we determine only those Finsler connections which are v-met-
rical and whose torsion tensor field S vanishes.

1. Introduction

A Finsler manifold (F", L) of dimension » is a manifold F” associated with a
fundamental function L(x, y) where x(=x') denote positional variable of F” and
y(=y") denote the components of a tangent vector with respect to x’. The metric

tensor of (F”, L) is given by g,-;:% 0;0;L* where r‘),-:é}-,

A Finsler connection of (F", L) is a triad (Fj,, N{, C}) of a v-connection Fi,
a non-linear connection Ny and a vertical connection C}, [5]. If a Finsler connection
is given, the h and v covariant derivatives of any tensor field V| are defined as

(1.2) Vile=,Vi+VpCl,—Vicn
where
P

dk = Bg—Nf’é,,,. (I)g e
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For any Finsler connection (Fj;, N{, C},) we have five torsion tensors and three
curvature tensors which are given by

(1.3) (h) h-torsion: T}, = Fj,—Fl;.

(1.4) (v) v-torsion: S, = Cjp—Cj;.

(1.5) (h) hv-torsion: Cj, = as the connection Cj;.

(1.6) (v) h-torsion: Rj, = d,Nj—d;Nj.

(1.7) (v) he-torsion: Pl = 9, Ni—Fj,.

(1.8) h-curvature: Rj;, =d,Fi;—d; Fi+ FFiy— Fi Fi;+Cl, R%.

(1.9) hv-curvature: Pjy = 9y Fij— Ciyj+ CinPh

(1.10) v-curvature: Sji; = CQC,{,,—C,';C;J+3'3C,{J—3JC{*.
The deflection tensor field D} of a Finsler connection is given by

(1.11) Dj = y/Fi,—Nj.

When a Finsler metric is given, various Finsler connections are determined from
the metric. The well known examples are Cartan’s connection, Rund’s connection and
Berwald’s connection. We shall use Cartan’s connection which will be denoted by
(I, G, Ch). This connection is uniquely determined from the metric function L by
the following five axioms:

(C,) The connection is h-metrical that is g;;, =0
(C;) The connection is v-metrical, that is g; [, =0
(C,;) The deflection tensor field D} vanishes
(C,) The torsion tensor field 7%, vanishes

(C;) The torsion tensor field SJ‘::; vanishes

and are given by [6]

1

(1.12) Iji=5g"digp+d;gm—dugnl

(1.13) (@) G} =G =Y{—2C},G"
b) G'=3Yh

(1.14) Ch=2"Ciu» Cim = Tign

where

(1.15) Yie =7 " Oxgn+d;8u—ngp)

is the Christoffel symbol of (¥, L) and ‘0’ denote contraction with y’.

In this paper we replace the condition (C,), (C;) and (C,) and investigate general
Finsler connections with given deflection tensor field and torsion tensor field which
are h-recurrent with respect to given vector field g, that is g;;,=a,g;;. It should be
noted from the axioms (C,) and (C;) that the vertical connection Cj, is uniquely deter-
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mined from the metric function L(x, y) which is given by (1.4) and it satisfies the so
called first C-condition:

(1.16) YCi=0, YCpy=
and the v-curvature tensor (1.10) becomes
Stk = CikConj— Clj Crue-

We shall use the following lemma which has been proved in [3] by HasHiGucH1 for
those Finsler connections which satisfy the axioms (C,) and (C;).

Lemma 1. If a Finsler connection satisfies the first C-condition, it holds
(1.17) =04 »;=8.
(1.18) Pj, = Pj+ D}, Ch+Dily.

2. h-recurrent connections with deflection and torsion

Since our Finsler connection is h-recurrent we have to notice that some formulae
have the style different from the ones familiar to us. For example the h-recurrency,
&ijjx =8y, of the metric tensor g;; gives the formula

(2.1) Cimn = Chip8nj+aiCijx.

Theorem 2.1. If a Finsler connection is h-recurrent with respect to recurrence
vector a, and the connection coefficient C,;, are symmetric, then it hold for the compo-
nents P =g Pl of the hv-curvature tensor field:

(2.2) Piju+Pjg+a,g,;Chi+a,g,;,=0

(2.3) P = GapAComai— Coxm Pl — 0 Coa} + A ja
where

(2.4) A = + [(Tiet T+ Ty + @ 8o — A 81y — i 8| 1+

+(Tijm = Tjim+ Tjmi— Am i) Cl + G iy { Thim + Titom + Tiomi+ @ 84:) C1}]

where Ty, =guTj and G { } denotes the interchange of the indices / and j and
substraction.

Proor. Applying the Ricci identity [6] for the metric tensor g;; we get
gu‘lﬂk —Snmh = gimcfl‘f' g:j|nPi':+gn;P?u+8uP:’u
which in view of g;;x =a,g; and gl =0 gives (2.2).
Again contracting one of the Bianchi identity [6]
Thle—Coa T+ G {Th Cli+ Chipi+ Clu Pl — Py} = 0
with g, and applying Christoffel process with respect to 7, / and j we get (2.3).
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Theorem (2.2). Given a non-linear connection Ni, a skew symmeiric Finsler (1, 2)
tensor field T}, and a covariant vector field a, in a Finsler space, there exists a unique
Finsler connection (Fjy, N{, C%,) satisfying the axioms (Cy), (C;) and

(C)) The connection is h-recurrent that is g;; ,=a, &
(C3) The non-linear connection is the gmen N,‘
(C3) The (h)-h torsion tensor field is the given

Proor. From axioms (C,) and (C;), it follows that the vertical connection Cl is
the same as Cartan’s vertical connection given by (1.14). From the axiom (Cj), we
have

ﬂkgij—Nfamgtj‘gmjﬂ?—gimﬂ'{ = 0x8ij-

Applying Christoffel process to the above equation and using axiom (Cj) and expres-
sion (1.3) for (h)-h torsion, we get

(2.5) Fiy =Yj—(Cim NJ'+ Ci NP — g C s Ni¥) —
*%(ﬂ15i+at55‘ﬂigjx)+f4}k

where

(2.6) Aj = %(thnghi*' Tung"+Th).

In view of (2.5) and axiom (Cj) it is clear that the Finsler connection (¥}, Ny, C )
is uniquely determined from the metric function L and from given vector fields a,,
Ti

For the above connection the deflection tensor field Dj defined in (1.11) is obtai-
ned by contraction of (2.5).

(2.7) Di = Gi+2C}yG™—Cip NI — Ni =5 (agdi+a, y' —a' y,) + Aly.
Contracting (2.7) with y*, we get
(2.8) N} =2G'—Di—ayy'+5 a'L*+ Ai,.
Substituting the value N in (2.7) and using (1.16) we get
= G}~ Cln(A%—Dy +5 a" L) +(Af— D)) — 5 (ay0f +a, y' —a' yy).
Hence we have the following:

Theorem (2.3). Given a Finsler (1,1) tensor ﬁe!d Dj, a covariant vector field a, and
a skew-symmetric Finsler ( 1, 2) tensor field T}, in a Finsler space there exists a unique
Finsler connection (Fj,, Ny, C jl-.) sarrsfymg the axioms (C}), (C,), (C3), (C;) and
(C3) the deflection tensor field is the given Dj.

The v-connection Fj is given by (2.5), in which the non-linear connection is
given by

(2.9) Ni = Gy~ Ci,, By + B;



On recurrent Finsler connections with deflection and torsion 81

where
(2.10) Bl = AL —Di—% (a,8L+a,y —a'y,).

The vertical connection is given by (1.14).
As a special case of the above theorem if we impose the axiom (C,) instead of
(C3), the Bj in (2.10) become

2.11) Bi = Al — (apd}+ary' —a'y)
and we have the following:

Theorem (2.4). Given a skew-symmetric (1,2) tensor field T}, and a covariant
vector field a, in a Finsler space there exists a unique Finsler com:ecaon (Fjx, Nk, Ch)
satisfying the axioms (C}), (Cy), (C,), (C}) and (C;). These coefficients are given by
(2.5), (1.14) and

(2.12) Ni = G~ Cln (Al — 5 a" L)+ Al — 3 (ag0} +ary' —a'y).

If we assume that Bi=0, equation (2.9) reduces to N/=G;} and we have the
following which gives the Finsler connection with deflection and torsion,

Theorem (2.5). Given a skew symmetric Finsler (1, 2) tensor field T, and cova-
riant vector field a, in a Finsler space, there exists a unique Finsler connection (Fjy,
Ni, C}y) satisfying the axioms (Cy), (Cy), (CY), (Cs) and

(C") The non-linear connection N{ is the one given by E. CARTAN.
The coefficient Fj;, are given by
(2.13) Fjy = Y}, —(CinGT +Cj,, GF — "C;,,,G ) —
—‘E (aj‘si-l'akaj_'a‘gjk)'f'/{jk'
The deflection tensor field Df is expressed as
(2.14) Df = Ay~ 5 (agdi+ary' —a'y,).

As a special case of Theorem (2.4) if we impose the axiom (C,) instead of (C;) we
have the following:

Theorem (2 6). Given a covariant vector field a, there exists a unique Finsler
connection (Fj, Ni, C}) sansf ving the axioms (Cy), (Cy), (Cy), (Cy) and (Cs).
These coe:ﬂi'c:ems are given by

(2.15) Fl = I'j{+ 0k
(2.16) Ni=Gi+T}
(2.17) C}k — %B"‘a‘n 8k

6



where I'}} and G}, are given by (1.12) and (1.13) and

1

(2.18) 0% = 5 {a,Ch+ L*(C}, Ci+CL CR—CaCL)d*
where I'jj and G}, are given by (1.12) and (1.13) and
(2.18) 0% = 7 {a,Ci+ I(C} Ca+CL.CR—~CRCL)a*—
-(C}a)’x‘i‘cfnyj—Chjk)’i)a"*(015}+915i—ai81x)},
(2.19) Ti = 5 (@' yy—a, y' —a 0L — L? Cjra)).

For simplicity we shall use the following terminology

1. A Finsler connection will be called an h-recurrent Finsler connection if it is
h-recurrent and its (h)-h torsion tensor field vanishes.

2. A Finsler connection will be called an h-recurrent Finsler connection with
torsion if it is h-recurrent and its (h)-h torsion tensor field does not vanish.

3. h-recurrent generalized Berwald spaces

A Berwald space is a Finsler space in which coefficients I'j{ of Cartan’s connec-
tion depend on the position alone [6]. In (1975) M. HASHIGUCHI generalized the con-
cept of Berwald space and defined a generalized Berwald space as a Finsler space
in which the metrical Finsler connection Fj, with torsion depends on the position
alone. We shall generalize these two concepts and give the following:

Definition 1. A Finsler space is called an h-recurrent Berwald space if therc is
possible to introduce an h-recurrent Finsler connection in such a way that the con-
nection coefficients F}, depends on the position alone.

Definition 2. A Finsler space is called an h-recurrent generalized Berwald space
if there is possible to introduce an h-recurrent Finsler connection with torsion in such
a way that the connection coefficient F}, depends on the position alone.

Now we shall find the condition under which a Finsler space becomes an h-
recurrent generalized Berwald space.

Theorem (3.1). The h-recurrent Finsler connection F}, with torsion satisfies the
condition 9, Fi =0, if and only if

(3.1) CipDi =0,
(3.2) Cijknt = Cimh D' +a,Cij
(3.3) Aipa = 0,

where A,y is given in (2.4).
Proor. From (1.9) it follows that the condition
(3.4) B, Fi, = 0,
is equivalent to
(3.5) Pjy = —Chp+Cjn Phi
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which in view of (2.1) is equivalent to
(3.6) Py = ayCiji— Cije+ Ciym Pii-

Substituting this value in (2.2) we get

(3.7 (an, Cii+al) g+ 2(ay Cin—Ciuym—CiymPi) =0
Contracting this equation with y* and using (1.16) and (1.17) we get
(3.8) 2C;;Di+(a, Cli+ayl)y; = 0.

Again contracting with y/ and using (1.16) we get
(3.9 anCii+al, =C

which, when substituted in (3.8), gives (3.1).
Substitution of (3. 9) in (2.2) shows that Pw is skew-symmetric in 7 and j, while
(3.6) shows that P, is symmetric in i and j. Hence P;;,=0. Then equation (1.18)

and (3.6) give

(3.10) P}, = —-DiCp—Dj|,
(3.11) Ciin = 0 Cij+ Cyim PRI
2 Py = —D;, Cii—Dj, _
Hence substituting the vz .(3.11) and using (3.1), we get (3.2).

Again substituting Cip = ax Ciji+ Cijm Piiag (3.11), we get (3.3).
Conversely, let us assume that (3.1), (3.2) and (3.3) hold. Writing the formula
P, from (2.3), using (3.3) and contracting the resulting expression with y' we get

(after using (1.16), (1.17), (1.18) and (3.1))
(3.12) P},+D}, Cit + D], = Clyjo— Cim Pi-

Contraction of this equation with y* and use of (3.1) and (1.16) yields
(3.13) P}, = —Dil:y*.

Substituting (3.13) in (3.12) and using (3.1), and (3.2) we find that the right hand
side (R. H. S.) of (3.12) vanishes. Thus we get

(3.14) Pl+DiCr+Dj), = 0.

Thus from (3.1), (3.2) and (3.14) we get (3.11). Substituting (3.11) and (3.3) in (2.3)
we get Py, =0, which in view of (1.9), (3.11) and (2.1) give (3.4).
From the theorem (3.1) we have

Theorem (3.2). A Finsler space is an h-recurrent generalized Berwald space if and
only if there exists a Finsler (1,1) tensor ﬁe.'d Di, a covariant vector field a, and a
skew-symmetric Finsler (1,2) tensor ﬁe!d T5#0 satisfying conditions (3.1), (3.2) and
(3.3), where the connection is the one given from Dy, a, and T}, by Theorem (2.3).

6-
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If we consider the Finsler connection without deflection we have

Theorem (3.3). A Finsler space is an h-recurrent generalized Berwald space if
there exists a covariant vector field a, and a skew-symmetric Finsler (1.2) tensor field
T}, #0 satisfying the condition (3.3) and

(3.15) Cikt = 4, Cie
where the connection is one given from a, and Tj, by Theorem (2.4).
Corresponding to the Theorem (2.5) we have

Theorem (3.4). A Finsler space is an h-recurrent generalized Berwald space if there
exists a covariant vector field a, and a skew-symmetric (1,2) tensor field Tj,#0 satisfy-
ing the condition (3.3) and the following two:

(3.16) Cipf{Ao— % (agd+ary'—a'y) = 0,
(3.17) Cijept = Cipmle {48 — 7 (@07 +any' —a"y)},
where the connection is the one given from ay and T}, by Theorem (2.5).

Corresponding to Theorem (2.6) we have

Theorem (3.5). A Finsler space is an h-recurrent generalized Berwald space if
there exists a covariant vector field a, satisfying the conditions

(3.18) CU*" = a,CUk

(3.19) 9,0, =0
where the connection is the one given from a, by Theorem (2.6).

References

[1] E. CARTAN, Les espaces de Finsler, Actualites 79, (1934).

[2] M. HasHiGucHI, On determinations of Finsler connections by deflection tensor fields. Rep. Fac.
Sci. Kagoshima Univ. (Maths., Phys., Chem.) 2 (1969), 29—39,

[3] M. HasmigucHr, On Wagner's generalized Berwald Space. J. Korean Math. Soc. 12(1975), 51—61.

[4] M. MATsumMoTo, A Finsler connection with many torsions. Tensor N. S. 17 (1966), 217—226.

[5] M. MaTtsumoTo, The theory of Finsler connections. Publ. of the study group of geometry 5, Deptt.
Math. Okayama Univ. (1970), 120 p.

[6] M. Matsumoto, Foundations of Finsler geometry and special Finsler spaces, Kaiseisha
Press, Saikawa, Otsu, 520 Japan (1986).

B. N. PRASAD

DEPARTMENT OF MATHEMATICS
ST. ANDREW'S COLLEGE
GORAKHPUR, INDIA

H. 8. SHUKLA AND D. D. SINGH
DEPARTMENT OF MATHEMATICS
GORAKHPUR UNIVERSITY
GORAKHPUR. INDIA

{ Received September 10, 1986)



