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On functions continuous on certain classes
of ‘thin’ sets

By WOLFGANG RING (Graz), PETER SCHOPF (Graz) and
JENS SCHWAIGER (Graz)

Abstract. Continuity properties of functions with continuous restrictions to cer-
tain classes of ‘thin’ sets are considered. By construction of an explicit counterexample
it is shown that continuity of the restriction to neither of the following classes of sets is
sufficient to guarantee continuity of a real-valued function on the plane: (real) analytic
images of compact intervals, zero sets of real analytic functions in two variables and
regular C1-®-images of compact intervals. However, continuity of a real-valued func-
tion in two variables along all regular Cl-curves implies its continuity. In addition it
is shown that a function which is continuous on the boundary of some ball of positive
radius in a Hilbert space, or even — in the finite dimensional case — on the boundary
of a bounded open set must be continuous if it satisfies a Cauchy-type functional equa-
tion. In dimension two the same result can be obtained if the set on which continuity
is required is connected and contains three noncollinear points.

1. Introduction

In [Z] F. ZorziTTO showed that every function f : C — C which
satisfies the Cauchy equation

(1) flz+y) = f(2)f(y)

and is continuous on circles has necessarily to be continuous globally. He
wrote: “The above proof leads one to speculate, out of mere curiosity,
whether any function f : C — C, having continuous restrictions to all
circles in C, can still possess a point of discontinuity.”

In Section 2 we deal with the problem of constructing several discon-
tinuous functions which have continuous restrictions to certain classes of
‘thin’ sets, all of them including the class of circles Zorzitto was curious
about. More specifically we give an example of a discontinuous function
[+ R* — R with continuous restrictions f|.r (f|n, resp.) for every an-
alytic image y(I) of a compact interval I and for every zero-set N, of an
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arbitrary (non vanishing) real analytic function a(x,y) in two variables.
Under the additional regularity assumption that +(¢) # (0,0) for all t € I,
we can drop the requirement of analyticity for v assuming only that v is
taken from some Holder-class C'1® with o > 0.

In contrast to these counterexamples we show in Section 3 that any
function f : R? — R, for which all restrictions to arbitrary regular C!-
images of compact intervals are continuous, has to be continuous itself.

The last Section 4 is devoted to the study of continuity properties
of functions satisfying a generalized form of the functional equation (1).
Problems of similar structure, dealing with Jensen-convex functions in-
stead of solutions of the Cauchy equation (1), were considered by GER
[G1], [G2] and Kuczma [K].

2. The counterexamples

We consider the well-known function ¢ : R — R, defined by

@ o) = { orie) e

This function is of class C* with ¢(™(0) = 0 for all n. We also note
separately the important property that for all n € Ny

lim M

z—0 g™

z#0

=0.

(This is used to establish the relations ¢(™ (0) = 0 mentioned above.)
Using this we may define 1) : R — R by

1 p(a?)
© e e )

Again, 1 is (well-defined and) of class C*°. Moreover

0<¢<1, ¢(0)=1, and o(z)=0 outside [—1,1].
This is used for the definition of the function f : R? — R:

0 <0

f@w%={¢(im@_§ﬂﬂﬁ x> 0.
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Remark 1. By the properties of 1 it follows easily that f vanishes
outside the closed set A defined by

(4) A= {(z,y) €R? |2 > 0,p(x) <y < 2p(x)}.
Moreover, 0 < f <1, f(0,0) = 0 and f(z, 3p(z)) =1 for all z > 0.

Lemma 1. The function f is of class C* on R?\ {(0,0)} and discon-
tinuous at (0,0).

PROOF. Obviously f is C* on the open set R? \ A since it is zero
there. Moreover it is clear from the definiton that f is C'°*° in the right
halfplane. Therefore f is C'™° on the union of these two open sets, which
is B2\, {(0,0)}.

Finally, f is discontinuous at (0,0), since f(0,0) = 0 and

lim f(w, S(x)) = 1. O

The function f is constructed in such a way that a curve which is
either an analytic image of an interval or part of the zero set of an analytic
function in two variables and which passes through the origin cannot do
so from within A. This property of f is the essential point in the proof of
the following two theorems.

Theorem 1. Let I C D C R with D open and I compact. Let
furthermore v : D — R? be (real) analytic and denote by ~(I) the image
of I under ~y. Then the restriction f|. ) is continuous.

PrOOF. We write v(t) = (71(¢),v2(t)), where 71,72 : D — R are real
analytic. Since f is continuous on R?\ {(0,0)} the assertion of the theorem
is obviously true if (0,0) ¢ ~(I). Thus we may suppose that (0,0) € ~(I).
If, in this case, v(I) € R?\ A° we conclude that f”y(]) = 0 and thus

continuous. Here A° denotes the interior of A. So we are left with the case
v(I) N A° £ 0.

This means that both v; and v, are different from zero and that there
is some t € I such that v,(£) > 0 and ¢(71(f)) < 72(f) < 2¢(y1(f)). In
particular 71,72 are not constant. Since I is compact and v is analytic,
there are only finitely many zeroes t1,ts,... ,t, of 71 in I. Now, for 1 <
i < r we have representations

Y1(t) = (t —t:)7 71,4t —t3),
Ya(t) = (t — i) y2,i(t — i)

where 71 ;(0),72,,(0) # 0 for 1 <14 <.

(5) (O’i eN,T; EN()),
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Now, choose m € N such that mo; > 7; for all i. Due to the continuity
of the functions v;; there are positive reals M, M,y such that for all
1 <i<randalltel wehave that |t — ;| < dy implies

[v2,i(t —ti)| > Mz and  [y1,;(t — &) < M;.
Then, for 0 < 6 < min(1, My /M{™,d) and 0 < |t — t;| < §

Ti

2 (O)] = 18 =t ™ [r2,i(t = t:)| = [t = tz‘|mm_1 Mo
>t =" (=)™ = @)™

Fore > 0put 7. := {t € I | |71(t)| < }. Then T is contained in the union
Kj :=;_,Jti—0,t;+0] provided that ¢ is sufficiently small. (For otherwise
we could construct a sequence (s,) of reals contained in the compact set
I'\ Ks, converging to some ty € I\ K5, such that lim, . 71(s,) =0 =
v1(to) contradicting the fact that ¢1,to,... ,t. is the set of all zeroes of ~;
inI.)

Taking into account the properties of the function ¢ we may choose
0 < e < 1 such that

T. CKs and 2p(|z]) <[z[" (|z] <e).
Thus t € I and |y1(t)| < e implies t € T, and

20 > IO = 2¢ (I @)

But this means that v(I) N (]—oo0,e[ x R) N A° = (). Accordingly f is
continuous on y(I)N(]—o00,e[x R) as it vanishes on this set. But obviously
f is also continuous on y(I) N (]0,00[ x R). So f‘w(l) is continuous. O

Now we consider the restrictions of f to locally analytic sets.

Theorem 2. Let D C R? be an open set and assume that a : D — R
is a real analytic function, a # 0. Moreover let

Na = {(z,y) € D|a(w,y) = 0}.
Then f|y, is continuous.

PROOF. The assertion is obviously true whenever (0,0) ¢ N,. Thus
we suppose that (0,0) € N,.

If, in this case, N, is contained in the complement of A°, we have that
f vanishes identically on N,, implying continuity.
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Otherwise we have N, N A° # (). Tt is enough to show continuity of
f ‘ N at (0,0). We can assume that the power series representation of a at

(0,0) given by
(6) a(z,y) = Z azijiyj,

i,j>0
is absolutely and uniformly convergent on Qs = [—6, 4] x [—0, ] for some
d > 0. Without loss of generality we may also assume that a (as given in
(6)) is neither divisible by x nor by y. If, for example, a(z,y) is divisible by
x, we could write a(z,y) = z‘b(x,y) with £ > 1 and b(0,y) # 0. Putting
c(z,y) := x* this would imply N,NQs = (NyUN,)NQs. But N, = {0} xR
and f is continuous on the y-axes (and, as for the divisibility by y, on the

z-axes as well). Thus f is continuous on N, at (0,0) iff it is continuous on
Ny at (0,0). This and a(0,0) = 0 implies that

(7) apo =0 and agy, ano #0 for some £,n € N.

We will now show that there is some integer m > 1 and some € > 0 such
that
|| <e and a(z,y) =0 implies |y|> |z|™.

This can be seen as follows. The properties (7) imply that
(8) Z A 0™ = — Z ai o'y’
m>n (¢,7)€Ng xN

for all (z,y) € N N Qs, where n > 1 is minimal with a, ¢ # 0. We may
rewrite the left-hand side of (8) as

" (A0 + Gng1,02 + -+ ) = 2" (an,0 + g(x)),

where a,, 0 # 0 and |g(z)| < |an,0/2] for all |z| < 4, if § is chosen sufficiently
small. Hence for |z| < § we have

(9) 2" (an0 + 9(@))] = [2]" (Jan o] = g(2)]) = [2]"

an 0 ‘
72 .

Now we consider the right-hand side of (8). This expression is not zero
since ap ¢ # 0 and it does not contain any pure power of . Thus there is

a maximal k > 1 such that the right-hand side of (8) is divisible by y*.
This yields

(10) < [y[*Ih(z, ),

i, 0] —
> aay’| =

(i,5)€No xN

k i J—k
Y Z ai o'y’

(4,7)€Ng xN
Jj=k
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with h continuous on Q5. Let K > 0 be the maximum of |h| on the
compact set Q5. Combining (9), (10) and (8) gives

an,0
2

|

| < 2" (ano + 9@))| = [y h(a,y)| < lyI* K

for all (z,y) € Ny N Qs. If we set M := (|an,0/2| K’l)l/k we get

lyl > M ||"*,

and for m € N, m > (n/k) + 1, and § < min(1, M) we finally get
[yl > 0" 2 2] O > o

provided that (z,y) € N, N Qs.
Now the proof can be finished as in Theorem 1. O

Remark 2. 1) The compactness of the interval I in Theorem 1 is
necessary. This can be seen by considering the curve

7:R = R?  y(t) = (cos(t) + cos(wt), sin(t) + sin(wt))

with irrational w. The image of this curve is dense in the disk of radius 2
centered at the origin (and the origin is in the image). Thus f restricted to
~v(R) cannot be continuous. Note, however, that although the restriction
fl+(R) is discontinuous, the composition f o+ is continuous.

2) Theorems 1 and 2 are not independent. It can be proved that
every analytic zero set is locally the union of finitely many analytically
parametrized curves (c.f. [KP] Theorem 3.2.3, p. 84 and Theorem 5.2.1
p. 153), thus, in fact, Theorem 2 follows from Theorem 1. However, the
proof for this fact requires deep methods from the theory of real analytic
functions and is restricted to dimension n = 2, so we preferred to give
elementary proofs for both cases. It is not known to the authors whether
every analytic curve is locally the zero set of an analytic function, so
conversely Theorem 2 would imply Theorem 1. A counterexample to an
analogous situation is known for 2-dimensional analytically parametrized
surfaces in R3. (c.f. [N] Example 1.4.16, p. 28.)

A modified version of the function f can be be shown to have contin-
uous restrictions to all C1**-images of compact intervals. We briefly recall
the definition of the Hélder space C1%(I,R?): Let I be a compact interval
and let 0 < o < 1. Then C1*(I,R?) consists of all curves v : I — R?;
Y(t) = (71(t),72(t)) for which v; € C*(I,R) and there exists a constant
M = M () such that

(11) 9i () = i(s)| < M|t — s|*
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forallt,s € I and i = 1,2. An important property of C*®-functions lies in

the fact that the remainder in the first-order Taylor expansion is of order
O(1 + ). Actually we have

(1) W)=+ -9+ [ [0 — )] de,
and due to (11),

(13) [ B9~ 3165 df] < Mt — s+

fori=1,2 and s,t € I.
A curve v € CY(I,R) is said to be regular if |¥(t)| # 0 for all t € I.
Let v be as defined in (3) and let p : [0, 00[ — [0, c0] be given by

" ds

pz) == — s

1
f € {0, f},
or x 5
and suppose that p is continued outside [0, %] in such a way that p is
monotone and C*°-smooth on [0,00[. It follows easily by de 1'Hospitals
rule that
(z)

. p
(14) wli}n[;l_'_ m1+06 =0

for all o > 0 and

(15) lim 23 g,

z—0+ T
We now define the function f :R? — R in analogy to f as
_ 0 <0
(16) f(z,y) i—{ w(ﬁ (y—%p(x))) > 0.
Note that, by definition, f(z,y) =0 if z < 0 or if y ¢ |p(z), 2p(z)[.

Theorem 3. For any a € ]0,1] the function f has continuous restric-
tions to all regular C1*“-images of compact intervals.

PRrROOF. Let v : I — R? be a regular curve of class C'®. Obviously
f‘»y(]“) is continuous at every point (x,y) € ~(I) which is not the origin.
We therefore assume that there exists ¢y € I such that y(to) = (0,0) and,
as 7y is regular, y(to) = (v1,v2) # (0,0).
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Let us first suppose that ve # 0. If we choose some neighborhood V;,
of ¢ty small enough that [t — ¢9|* < min{1, %} is satisfied for all t € V;,,
we can conclude from (12) and (13) that

o8] 2 foal It — to] = Mt — o]+ > P2Ljs g

and
71 ()] < (lo1| + M)t — o

holds for all ¢ € V;,. Consequently we obtain

a7) ralt)] 2 52 o)
on V;,. Now since
@)
G
due to (15), we have
(18) pn O < g B s o)

on some neighborhood Wy, C V;, of ty. Combining (17) and (18) we find
2(8)] = 2p(Im (t)])

and therefore f(7y1(t),y2(t)) = 0 on Wy,. Hence f o~ is continuous in this
case.

Now assume that vo = 0. Then v; # 0 since « is regular. Let the
neighborhood V;, be choosen in such a way that |t — ¢o|* < %
Then, using again (12) and (13) we obtain

2 (6)] < Mt — to]

on Vi,

and
2

el < M () (ol

By (14) and since v1(t) — 0 as t — to, we can choose a neighborhood W,

of ty so that -
pUn@)) =M (=) )]+,

|v1]

for all t € Wy,. We thus have
2(8)] < p(In @)
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and accordingly f(v1(t),72(t)) = 0 if t € W,,. Hence also in this case we
obtain that f o 7y is continuous at %g.

So far we have shown that f o~ : I — R is continuous. It is still
to prove that f restricted to ~(I) is a continuous function. To this aim

suppose that (z,,yn) — (z,y) with (z,,yn) = 7(ts) and (z,y) = 7(t) and
assume that

(19) F(y(ta) = Fy(®)| = ¢ forall neN.

By the compactness of I, we can find a convergent subsequence ¢, — s
of {t,}. The continuity of f o~ implies that

(20) FOy(tn)) = F(v(9))-
Since 7 is continuous we also have «y(t,,) — v(s). Thus () = v(s) in
contradiction to (19) and (20). O

Remark 3. By means of the functions f and f we can easily construct
functions F' and F respectively which have discontinuities of the above
discussed types at all points of an arbitrary countable set {x,}n,en C R2.
In fact, we set f,(x) := f(z — x,) and we define

(21) Fla):=3" o fula).

The series (21) is uniformly convergent on R?, and every function f,, is
continuous on R?\ {z,,}, hence the limit-function F is continuous at every
point x ¢ {x,}. Let G be either an analytic image of a compact interval,
or the zero-set of a real analytic function. Then every restriction f,|c is
continuous and therefore F' is again a continuous function on G. Finally
F cannot be continuous at z,, € R? since it is the sum of the continuous
function >, ,, > fr(x) and the discontinuous f,.

The construction of F is completely analoguous.

3. Functions continuous on regular C' I_curves
are continuous

In contrast to the counterexamples given in Theorem 1 and Theorem 2
we shall now show that the continuity of f along regular C'-curves implies
its continuity.

Theorem 4. Suppose D C R? is open and f : D — R. Moreover
assume that f o~ : I — R is continuous for every regular curvey: I — D,
v € CY(I,R?) and I C R compact. Then f is continuous.
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PROOF. Suppose that f is discontinuous at zg € D. Then there is a
sequence z, € D, z, # 29, zn, — 2o, and € > 0 such that

(22) [f(zn) = f(20) 26 (neEN).

Our aim is to find an appropriate subsequence of {z,} which can be in-
terpolated by a C'-curve «. Since f is continuous along ~ this would
contradict (22).

Before we proceed any further, some technical comments have to be
made. In the following we shall frequently choose subsequences of {z,}
which we shall always denote by the same expression {z, }. Furthermore let
g € CY([-1,1],R) be given, fulfilling the requirements g(1) = 1, g(—1) =
—1, ¢’(1) = ¢/(—1) = 0. For instance we could choose g(z) = 3(3z — ?).
We set

(23) M =gl =sup {|g'(x)] | -1 <z <1}.

Using polar coordinates centered at zop = (zo,y0) we can write z, =
(Tn,yn) = (xo + 75 COS Pp, Yo + Tnsing,) with r, > 0 and ¢, € T =
R/2nZ. From the compactness of the torus group T we conclude that
there exists a convergent subsequence ¢,, — . Without loss of generality
we assume @ = 0, for otherwise we could rotate the coordinate system and
use {(cos g, sinp), (—sing,cosp)} as a new basis on R2. Since ¢,, — 0 it
follows that x,, — x¢ > 0 for sufficiently large n. By taking a subsequence
we can assume that this property holds for all n.

We shall now list several properties which can be supposed to hold for
some subsequence of the current (sub)sequence z, = (x,,y,) and which
remain valid if we take further subsequences.

e Since x,, — zg and z,, > 0 we may choose a subsequence such that

Tn — X0

(24) Tpi1 — T < — 5 (n € N).

e As y, — yo there is a subsequence such that

(25) Yn+1 — Yol < |yn —wo|  (n€N).

e Since ¢, — 0 we also have tan ¢, — 0 asn — oo. Therefore 22=2>—0
and we find a subsequence for which

’Z/n—yo\ S l
T, — o n

(26) (n €N).

For (z,,yn) satisfying properties (24), (25) and (26) we now con-
struct a regular Cl-curve v = (vy1(x),v2(x)) : [x9, 1] — R? such that
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v2(zo) = yo and ya(zy,) = y,, for all n € N. We define

2 — 4n
@1 ()= 2ETT) g G n] neN)
Lp — Tn+1
and
(@, 5(Yn = Ynr1)9(ln(2)) + 5 (Yn+1 + Yn))
(28) ~v(x) := if © € |zpy1, 0],
(0, ¥0) if z =z
Note that ¢, : [xp41,2,] — [—1,1] is linear, ¢, (z,+1) = —1 and

4, (xy,) = 1. The only delicate points with respect to continuity of
and 4 are the points x = x,, for n € N and the point x = x(. It is
easy to see that ~y is continuous at z = x,. For the derivative we find
(29)

i) = (1, (g — yn+1>g’(en(x)>1) (2 € i1, 2n]).

Tp — Tp41

Again we easily find that the left sided and the right sided derivatives
of v at x = x, exist and that they both equal (1,0). Thus (z,)
exists and ¥ is continuous at x = x,,. From (25) we obtain

(30) Y — Yn+1l < 2|Yn — yol (n € N)

and (24) implies

Tp — T
(31) Tp — Tp41 = ($n — $0) — ($n+1 — ],‘0) > 5 0
Consequently
n -~ Yn n - 4

(32) n =] gl zwol 4 e,

In — Tn+1 Tn — X0 n
Due to (26) (using also (23) and (32)) we have

Yn — Yn+1 4

33 P E" <-M fi n < < n
(33) :L‘n—:Un+1g( (@) n Of Tnt1 ST =&

hence (recall (29)) lim, ., ¥(x) = (1,0). It remains to prove that -y
is differentiable at x = x¢ and that 4(z) = (1,0). Obviously only the
second component 2 of v has to be considered. For x € |z,41, 2]
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we have

2(@) — (@)l _ [2(@) = v2(@n)l 4 [12(n 1) — 72(20)]

r — X r — X
T)— T — 1
< ’72( ) ’72( ﬂ+1)| + |yn+1 y0| < sup "Yé(&)""
T — Tpt1 Tnt+1 — Lo E€[Tnt1,70] n+ 1
M 1
e — —
n n

by (26), (29) and (32). But this implies the desired properties of 4.

Now, for z sufficiently close to zy we may assume that v(z) € D.
Thus for some ng € N the function f 07‘[% o] is continuous. This implies
»ng

f(zn) — f(20) as n — oo since z, = v(x,,) in contradiction to (22). O

Remark 4. 1) Once the existence of an appropriate subsequence ful-
filling (24)—(26) is established, we can conclude the existence of an interpo-
lating C-curve by applying Whitney’s extension theorem (see [N, p. 31]).
But since the character of this paper is constructive we preferred however
to give an explicit construction of .

2) We stress the fact that the velocity of the parametrization of the
curves along which f is assumed to be continuous is bounded away from
zero. In fact |(z)| > 1 would be a sufficient requirement. By this assump-
tion ‘trivial’ interpolating curves, such as C'°*°-parametrizations of broken
lines with vanishing velocity at the vertices, are excluded. By this argu-
ment one can easily see that if we drop the assumtion of regularity, then
it is suffitient to claim that f is continuous on all C*° images of compact
intervals in order to obtain continuity of f.

3) The restriction to the two-dimensional case D C R? is not essential.
With some minor modifications the proof works for D C R", n > 2. How-
ever it is not clear to the authors what happens in the infinite dimensional
case, since we do not have compactness of the unit sphere in this situation.

4. Functions with a continuous addition law
and continuity on ‘thin’ sets

Here we present a generalization of ZORZITTO’s result. We start with
a lemma.

Lemma 2. Let (X,(,)) be a real inner product space of dimension
greater than 1. Let e € X with |le] = 1, and put B := B(e,1) =
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{# € X| ||z — el <1}. Then there exist continuous functions u,v : B —
0B, where 0B denotes the boundary of B, such that u+ v = id

B
PrROOF. We first derive some necessary conditions for the function
u : B — 0B Suppose, we have u = u(z) € B, v = v(z) € B and
z =u+v. Since u and v have the same distance from e, we get that
0= [lu—el” = lv—el® = (u,u) - (v,v) — {u—v,2e)
=(u—v,ut+v—2) = 2u—zz— 2e).
Upon dividing by 4 in the above equality it follows that (u— 3,

: .
On the other hand, if we can find a continuous function w : B — X \ {0}
which satisfies the orthogonality condition

(34) (w(z), 5 =€) =0,
then the construction
z z 2 w(z)
= = 1—-||=— A d =z —
u(z) 5 + H ) e‘ 0@l and v(z):=z—u(z)

will do the job. Note that |2 — el < (]lz — el| + |le]|) < 1, hence the
square root in the definition of u makes sense.

Now let eg € X be given such that [|eg]| = 1, (eg,e) = 0, and let
P(z) = z—(z, eg)ep denote the projection onto the orthogonal complement
of the subspace generated by ey. We have P(z) # 0 for all z € B, for
otherwise we would have z = ey and consequently 1 > ||z —¢|* = A2 + 1
due to the orthogonality of ey and e.

To determine the function w, we put

w(z) = a(2)eo + B(2) P(2).
The orthogonality condition (34) implies
a(2){eo 3) + B()(P(2), 5

which allows the determination of the coefficients

—e)=0

2 z
0(z) = ~(P(), 2 ) and B(2) = (e0, D).

To prove continuity of u, we still have to ensure that a(z)? + 3(2)? # 0 for

z € B. However 3(z) = a(z) = 0 would imply z L ey and

z 1
0= (2 = (z eoeo, 5 — ) = 3122 = (z.e),
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leading to the contradiction
1> [z —ef® = [|l2]* = 2(z,€) + |le]|* = 1.

Thus we have constructed a function w which has all the properties we
want. Il

We have the following generalization of Zorzitto’s result.

Theorem 5. Let (X, (, )) be a real inner product space of dimension
greater than 1, let Y be a topological space, g : Y XY — Y continuous.
Let furthermore f : X — Y fulfill the functional equation

(35) flz+y)=9(f(2), fly) (z,y€X).

Then f is continuous on X provided that its restriction to the boundary
of some ball of positive radius is continuous.

PROOF. At first we suppose that f|sp(e,1) is continuous, where
lle|| = 1. By Lemma 2, we can write z = u(z) + v(z) where z € B(e, 1),
u(z),v(z) € 0B(e,1), and u,v are continuous. Then from (35) it follows
that

f(2) = f(u(z) +v(2)) = g(f(u(2)), f(v(2)))

which implies continuity of f on B(e,1).

But the continuity of any solution f of (35) in some point implies
global continuity. To see this consider f(x; + h) = f((xo + h) + (z1 —
z0)) = g(f(wo + h), f(x1 — x0)) and f(z1) = g(f(x0), f(z1 — 20)). The
same arguments show that continuity of f|sp(s,,r) for fixed r implies the
continuity of flop, ) for all x1. So if we suppose that flop(z,,r) is
continuous, we can conclude that f|sp,) must be continuous. Hence
also the function f,. defined by f.(z) := f(rz) has continuous restriction
onto dB(0,1). But f, also satisfies (35). Thus f,|sp(e,1) is continuous,
and, by the first part of the proof, we have continuity on X. Accordingly
also f is continuous on X since f(z) = f,.(r~lz). O

It is clear that this result generalizes ZORZITTO’s result ([Z]) when
we consider C as a (2-dimensional real) Hilbert space. But in the finite
dimensional case an even stronger result may be derived. In the sequel
the inner product space X is replaced by R" equipped with the usual
Fuclidean norm.

Theorem 6. Let X = R™ withn > 2, Y, f, g be given as in Theo-
rem 5. Suppose moreover that there exist a bounded, open and connected
set O C R™ and a compact, connected set C' C R™ containing the boundary
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00 of O such that the restriction f|c is continuous. Then f is continuous
on R™.

Before we start proving Theorem 6, we formulate a topological lemma
which we shall need henceforth.

Lemma 3. Let O C R" be a bounded, open and connected set and
assume that C' C R"™ is compact and connected satisfying 00O C C. Then

20 C C + C and therefore (C + C)° #0.

PROOF. It has to be proved that, for every « € O, we can find u,v € C
with u4+v = 2z. Let x € O. We translate R in such a way that x is shifted
into the origin and consider the sets C* = —x + C and O* = —x + O.
We shall prove that C* N (—=C*) # (). We choose w from the compact set
C* such that |lw|| = sup{||y| |y € C}. Since O® C C*, we have

|wl| = sup{|lyl| |y € 00} = sup{|ly|l |y € O"},

implying that —w ¢ O%, for otherwise we could find some v € O" with
|lv]| > ||lw]|| contradicting the above inequality. We can also suppose that
—w ¢ 00", for otherwise we would have C* N (—C?%) # () and the assertion
is proved. Now we choose p € R in such a way that n := pw € C* and

lp| =inf {|o| |ow € C*, 0 € R}.

Again we assume that —n ¢ C¥ for otherwise we would conclude that
C* N (—=C*) # (. We consider [—n,n[, the straight segment joining —n
and n with n excluded. Obviously 0 € [—n,n[ and also 0 € O*. Moreover
[—n,n[ does not intersect C* by the minimality property of p, hence it
also does not intersect OO*. Since [—n,n[ is connected, has one point
in O and does not intersect the boundary of O%, it must lie completely
within O®. (C.f. [R, p. 141, Prop. 14.5].) Therefore —n € O*. Thus
we have —n,—w € —C?*, —n € O% and —w ¢ O*. Employing again [R,
p. 141, Prop. 14.5] and the fact that —C? is connected, we conclude that
—C* N 00" # () and, since 00” € C*, we obtain C* N (—C*) # 0.

Now we choose v/ € C* N (=C%), i.e. v/ € C* and —u' € C*. By
definition of C* there exist u,v € C such that v’ = —z+wu and —u' = —z+v
and therefore 2x = u + v, which completes the proof. O

PROOF of Theorem 6. Let z € O. We want to show that f is contin-
uous at 2x. Assume that it is not. Then there exists a sequence z,, € O,
x, — x, such that f(2z,) does not converge to f(2x). This implies the
existence of some neighbourhood V' of f(2z) and of a subsequence z/, of
the original one such that

(36) f(2z) ¢V (n € N).
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But every point 2x] may be written as

2z, =, + v, (uy,, vy, € C)

n»-n

and we get
fQ2ar,) = g(f(uy,), f(vn,)-

Using the compactness of C' we may (by choosing suitable subsequences,
if necessary) assume that u), — v € C and v, — v € C. We also have
2x = u + v. Passing to the limit and using the continuity of f on C we
derive

fQ2al,) = g(f(uy), f(v,) = g(f(w), f(v)) = f(u+v) = f(22)

which contradicts (36).
Hence f is continuous at 2z. Using the arguments given in the proof
of Theorem 4 this implies the continuity of f on X. O

If O € R™ is an open, bounded and connected set which has a con-
nected boundary 0O, then it is possible to choose C = 90O in Lemma 3
and we obtain

20 C 00 + 00.

Furthermore we conclude by Theorem 6 that f (satisfying the functional
equation (35)) must be continuous on R™ if its restriction to 9O is con-
tinuous. Thus Theorem 6 is in fact a generalization of Theorem 5 in the
finite dimensional case.

It is however possible to derive an even more general result.

Lemma 3°. Let O C R" be a bounded, open and connected set. Then
20 C 00 + 90  and therefore (00 + 00)° # ().

Corollary 1. Let X = R" withn > 2, Y, f, g be given as in Theo-
rem 5. Suppose moreover that there exists a bounded, open and connected
set O C R™ such that the restriction f|so is continuous. Then f is con-
tinuous on R™.

Once the assertion in Lemma 3’ is established, Corollary 1 follows from
Lemma 3’ in exactly the same way as Theorem 6 follows from Lemma 3.
Therefore we focus on the proof of Lemma 3’.

PROOF of Lemma 3’. Let O C R"™ be open, bounded and connected.
The complement R™\ O contains exactly one unbounded, open, connected
component which we denote by O,. Let C = d0,. Then C is compact
and C C 00. (c.f. [D, p. 356, Th. 1.2] for these facts.) C is separating
the space R™ in the sense that R™ \ C' is not connected. Especially O and
O lie in different components of R™ \ C' (Suppose they lie in the same



On functions continuous on certain classes of ‘thin’ sets 221

component, then there exists a path v in this component which connects
some point in O with some other point in O,,. This path however must
intersect 00, = C contradicting the fact that v lies entirely in R™ \ C'.)
It can be proved by means of Zorn’s Lemma that there exists a mini-
mal compact set (with respect to inclusion) C* C C such that O and O«
lie in different components of R™ \ C*.
The set C* is connected. This is proved as follows. Assume that

C* = C,UCy with C1NCy =0, C; # 0 and C; closed for i = 1,2
and let p € O and ¢ € Oy be given. Suppose that p and g belong
to the same component of R™ \ C; and that they also belong to the same

component of R"\Cy. Let 8, : R"\{p} — S"~! be defined as 3,(z) = =2

" |z—pl

and 3, : R" \ {¢} — S™! be analoguosly given by j3,(z) = Ii:gl' It is

known [D, p. 359, Prop. 4.1] that two points p and ¢ belong to the same

component of R™ \ A, where A is some compact set, if and only if the
restrictions O,|a and ;|4 are homotopic. Hence there exist homotopies
®,; : [0,1] x C; — S"! with ®;(0,z) = B,(z) and ®;(1,2) = B,(x) for
r € C; and ¢ = 1,2. But now it is easy to construct a homotopy &
between 3, and 3, on C* = C; U Cy. We define ® : [0,1] x C* — S"~1 by

Bt z) = { Oy (t,z) ifzxeCy

<I>2(t,:v) if x € Cs.

It is easily seen that & is continuous and satisfies ®(0,2) = £,(x) and
®(1,z) = By(z) for all z € C*. Using again [D, p. 359, Prop. 4.1}, we
conclude that p and ¢ belong to the same component of R™ \ C*. This
however is a contradiction to the fact that C* separates O from Og.
Therefore p and q are separated by at least one of the Cj-s say by C;.
Since O and O are connected and O NC = Ox NC; = 0, it follows that
O and O are subsets of different components of R™ \ C7, which cannot
be true since C* is a minimal set fulfilling this requirement. Thus C* is
connected.

By O* we denote the component of R™ \ C* which includes O as a
subset. Then we have 00 C C* [D, p. 356, Th. 1.2 (3)] and O* is bounded
since it is separated from the (unique) unbounded component of R™ \ C*
(which includes Oy, ) by C*. Therefore Lemma 3 can be applied to O* and
C™* respectively and we finally get

20 C20* C C*+C* C 90 + 90
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which completes the proof. (|
In dimension n = 2, this result can be generalized.

Lemma 4. Let C C R? be a compact, connected set, containing three
noncollinear points a,b and c. Then

(C+C)° #0.

PROOF. 1. case: C° # (), then obviously (C + C)° # 0.

2. case: If R? \ C has a bounded component O, then 90 C C and
Lemma 3 implies that (C' + C)° # (.

3. case: Assume that C° = () and R? \ C is connected. Under these
assumptions C cannot contain all edges of the triangle, whose vertices are
a,b and c¢. Without loss of generality we suppose that there exists a point
x € [a,b] \ C. Here [a, b] denotes the closed line-segment joining a and b.
We denote by L the straight line passing through z, perpendicular to [a, b].
Then there exist two points z1,z2 € L\ {z}, such that [x;,22] N C =0
and [x1,x2] N [a,b] = {z}, since R? \ C is open.

We set C' := C'U[a, b] and we shall show now that R?\ C has at least
one bounded component. Assume to the contrary that R?\ C is connected.
Since z1,79 € R?\ C, there exists a broken line Py 2y C R?\ C with
endpoints x1 and x9, which does not cross itself. Here we use the fact
that the open, connected set R\ C is also polygonaly connected (in the
sense described above, see [R, p. 150, Thm. 14.29]). We also may assume
that Py, 4, N [z1,22] = {21, 22}. Hence J := Py, 4, U [x1,22] is a closed
polygonal Jordan curve. Moreover a and b lie in different components
of R?\ J, since the line connecting a and b intersects the Jordan curve
at exactly one point . On the other hand, a and b are elements of the
connected set C, and therefore C' must have a nonempty intersection with
the boundary of the bounded component of R?\ J, which is J. However
we assumed that [z1, 23] NC =0 and P, », N C = 0, in contradiction to
JNC #0.

Let O be one of the (open) bounded components of R? \ C' and let
w € 00 be a point with maximal distance § > 0 from a, b, the line through
a,b. Moreover let L, be the line parallel to a,b, with distance §/2 from
a, b which lies between a, b an w. We now consider the nonempty and open
intersection of the open halfplane H,, defined by 0H, = L, and w € H,,
with O. We put O, := H, N O and take any z € O,. Then, by Lemma 3,
there exist points u,v € 90 C C U [a,b] such that z = “%. It is casy

to see that u,v & [a,b], because u € [a,b] C a,b would imply that the
distance between v € 9O and a, b is twice the distance between z and a, b,

1,22
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which is greater that §, in contradiction to the maximality of §. Therefore
we have u,v € C' and we can write 20, C C + C, ie. (C+C)° #0. O

With Lemma 4, we can generalize a result by Kuczma [K, p. 219
(85 plane curves) Th. 2].

Theorem 7. Let D C R? be open and convex and let f : D — R be
a Jensen convex function, i.e.

f(x—i—y) < f@) + fy) for all x,y € D.

2 - 2
Furthermore let C' C D be a connected compact set containing three non-

collinear points, such that f is bounded from above on C. Then f is
continuous on D.

PROOF. Let f(z) < M for all z € C, then
T+y flx)+fly) M+ M
f< )g (@) + f) _
2 2 2
for all z,y € C, or, what is the same, f(u) < M for all u € 1(C + C).

By Lemma 4, we have (3(C + C))° # 0, and therefore, by the Theorem of
Bernstein—Doetsch, we get continuity of f on D. O

=M

By the same method we get the following generalization of Theorem 6
in the case of dimension 2.

Theorem 6’. Let f : R? — Y fulfill the equation
fx+y) =g(f(x), f(y))

with Y a topological space and g : Y x Y — Y a continuous function. If
C C R? is a compact connected set, containing three noncollinear points,
and if f|c is continuous, then f is continuous on R2.

PRrROOF. Imitate the proof of Theorem 6 by using Lemma 4.

Conjecture. Let n > 2 and let C C R"™ be a compact connected set
which contains n + 1 affinely independent points, then the n-fold sum
C + -+ -+ C has nonempty interior.
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