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On the approximate realizability of
certain spaces of transfer functions

By CARMEN E. VERA (UCV Caracas, Venezuela)

In the present paper we consider an infinite dimensional realization
problem. If the transfer function H(s) is a fractional matrix then it can
be realized by a finite dimensional system, described by an ordinary dif-

ferential equation:
z = Az + Bu, y=Crz.

Now, transfer functions belonging to the Hardy space H of analytic
functions will be realized by partial differential equations. We shall prove
that the functions H € H?, realizable by an infinite dimensional system
described by a partial differential equation and an observation equation

(1) Oiu + Ozu = bv,
y=<cu>,

form a dense subset in H%. This means, that all functions H € H? are
approximately realizable by systems of type (1). The realizations are de-
fined in terms of b, ¢ belonging to a very naturally defined Banach space.
We mention that the author in her thesis [4] has defined such a subspace
X of H? equipped with a complete norm, that all functions belonging to
X are realizable by (1) . Nevertheless, the author prefers the results and
methods of this paper in spite of the fact that these results deal only with
approximately realizability (see also [3]).

1. Preliminaries

Now we define a Banach space Xg(R > 0) of measurable functions
g : R — R(C) satisfying the following condition:

i b
lollxa = sup R [lo(@)| Elde < oo
1I€EZ4 4 !
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The space X3} is defined analogously:
T
X ={9:Ry = Rilgllxg = sup R‘/Ig(z)' lat g, < 0

Consider the family of operators
®(t): Xp— Xp, t>0

defined by
(B(t)g)(z) = g(z — 1).

Lemma 1. The inequality
2l < exptR
holds for each t > 0.
Indeed, for each 1 € 24, g € Xpg,

I®(t)gll s+ = sup R’ j lo(z - )1 ELdz <
R ez, 1

x|t
< sup RY I J),dx— lgllxn exp Rt
J--O

Now define the Banach space Yg of strongly measurable functions
f: R4 — Xp satisfying the condition

1= [ 1 lxe exp(—sRyds < .
R
Define the operators ¥(t): Yg — X%, ¢ >0, by

Y(t)f = [@(t — 3)f(s)ds.

Lemma 2. The inequality
()]l < exp Rt
holds for each t > 0.
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Indeed, for each f € Yg,
4
190)fllxg < [ 156 lxn exp(t = )Rds < [fllv exp Rt
0

Consider the functions f € Yg, g¢0,91 € X?{.
Let g € Xg be defined by g|r, = go and g(t) = g1(—t) (¢ <0).
Then the generalized solution u : R4y — X3 of the initial value problem

2) TR
u(0,:) =go, u(,0)=g¢

is given by the formula

(t,z) = u(t,z) = u(t)(z) = (B(t)g)(z) + (¥()f)(z) =
go(z —1t)+ j'f(.s,:c —t+3s)ds (z21),
0

gi(t—z)+ j' f(s,z —t+s)ds (2 <¢)

t—zx

\

Then, by Lemmas 1, 2, the inequality
(3) lu@®lix+ < (Ifllva + llgllxz) exp tR

holds for each t > 0.

We mention that if f,g, are C'-functions, g¢,g; : R4+ — R are also
Cfunctions then u is a C'-solution of (2) in the ordinary sense over
R4+ x R4\ {z = t}. This fact justifies that (3) will be called a generalized
solution of (2) (see [1]).

From inequality (3) we get that

sup |[u(t)||xr exp(—tR) < || fllve + ll9llxz =
tER+
1 fllva + ol s + llosllxs-

Now we turn to the definition of control functions. The space Cp
consists of the functions v : R4 — R satisfying the following condition

Iollca = [ o(s) exp(-sR)ds < oo.
R+
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If v € CR then, for each b € X3, the function

belongs to Yg. Indeed, f : R4 — Xpg is strongly measurable, f(t,:) |z =
=-0 and

7y = [ Io@)blxa exp(—tR)dt = Bl g ol
R+

If we have a function b € X3, then the differential equation
(5) a‘u + azu = bv

will be understood in sense (4) and (5) will be called a control system.
Now define the observation of this system. Let C € (X%)*. Then

y=<cu>
is the observation of the control system (5), where < -, > is the dual pair
map of (X%, X%*).
Define the space Og of the observation. Og consists of the functions

y : R4 — R, such that

lyllor = sup{|y(t)| exp(—Rt)} < oo.
>0

Lemma 3. The input-output map defined by the system

(6) aiu i 5 atu - b‘U, P(O, ') = Go, au('a 0) = a1,
y=<cu>

is a linear and continuous
X}'i X X; X CR — OR

operator.
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Indeed,
llyllor =sup{|y(t)|exp(—tR)} < sup{| < c,u(t,-) > |exp(—tR)} <
>0 >0

<lellxz- sup{llutt, Y3 exp(~tR)} <

<lellxz+ (Ibllxollcn + gollxs + laallxs) <

<llellxg~ (1+ bl xz ) (ellca + lgollx2 + lloallxs)

We notice that Lemma 3 shows that if the control v grows exponentially
then the corresponding observation also grows exponentially. Thus the
Laplace transform of both functions will be convergent over the open half
plane {Re z > R}. Thus the transfer function of the system (6) can be
defined in terms of the Laplace transformed equations (6). To do so,
suppose that the initial conditions go, g; are equal to O. Then

Ly=HLv

Lemma 4. The transfer function H satisfies the equality
(7) 1) = [ [exps(e - a)be)de cla)is.
R+ 0

Indeed,
s(Lu)(s) + Bz(Lu)(s) = H(Lv)(s)
(Ly)(s) = ] e(Lu)(s).

R+

From these equations we get that

(Ly)(s) = / / exp s(€ — z) H€)dE (z)dz(Lv)(s)

Ry 0

that is, (7) holds.

We shall say that the system (5) is a realization of the function H if
the equality (7) holds. It is obvious that if a function H has a realization
of type (6), then H is analytic over the half plane {Rez > R}.
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The following lemma justifies a generalization. Now we recall that,
in the Hardy space of the analytic functions over the disk of radius R
with square integrable trace over the boundary dDpg, the scalar product
is defined by

< oy / F(Rexp(2ip))g( Rexp(~2rip))dp.
Lemma 5. Let ¢ > 0, b,c € X}_,. Then the function H defined by

(7) belongs to H.

PROOF. If a function g € X;; +e then the function

(8) s / () e

k=0

belongs to the space Hj. If ¢ = 0 then this statement is obvious. If g # 0

then
1
k

1=1Ilim ||g|]1/k > (R + ¢)lim /lg(:.':)|—da: ;

thus the convergence radius r of (8) satisfies the inequality
1

" Tm( [ lo(2)| 2t
Ry

>R+¢

Now we can estimate the series of the function H(s).

FOE b3 ] j 16 e el de | 1l <

k=0 1—0

L /[ € eyl de I ¥ ),|c(z)|dx|s|*-'

1=0 k-"R+ ’R+

5_: / E)I S d Lo Z j 2 lo(z)| dz st
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Thus, by the first part of this proof, the series of H is analytic over
the disk D4 consequently H belongs to H%.

We shall say that a function H is weakly realizable by the system (6)
if there exist b, ¢ € X7 such that (7) holds. It is not true all elements of the
space are weak]y realizable. Nevertheless, we can consider the approximate
realizability of the space H%. We say that a space X of analytic functions

is approximately realizable if the subset of weakly realizable functions is
dense in X.

2. The approximate realizability of H%

In this section we prove a theorem on the approxlma.te realizability
of the space H%, for each R > 0. Let ¢ > 0 and b € XR+¢ Define the

operator Hy : XR+= — H% by

9)  Hyc)(s) = Z Z( 1)k ] ] Eb(c)dcc(x) ) s*.

We shall prove that following lemma.
Lemma 8. The operator Hy : X};,, — H} is linear and continuous.

Indeed, by Lemma 5, the operator Hj is well defined. The linearity is
obvious. The continuity follows from the estimate

I(Hae)(s)| < Z f e) S de Z / o) S et | <

r
= R ’ R+e¢
S(E( RH)) Iz, elxg,, = (52 ) bl llelxs.

for each |s| = R. Thus |[Hyc||p2 < (B ) ”b"x+ ||C”x+ that is

R+e¢
it < (222) oy

R+e :

Now we are able to prove our main theorem.
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Theorem. Let R > 0 . Then H} is approximately realizable by a
system of type (6).

PROOF. Let € > 0, b € X%, ,. Suppose that b # 0. Then we define
the operator Hy : Xp4+. — H% by (9).
We recall the orthogonality relation

H% = R(H,) ® N(H}).

Thus we need to prove that the kernel of the adjoint operator Hy is 0. By

the definition of the adjoint and by the Riesz representation H} = H%
we have

<HjH,e>=< Hye,H >=

j $° S -1 [ / £ ME)dE o{6) G 7o

k=0 ;=0

- H (Rexp(2mip)) Rk exp(—2kmip)dp =

/ ] (Z €= H(k)) b(€)dE c(z)dz =

k=0
= f h(z — €)K(E)dE c{z)dz = 0
Ry 0
for each c € XR+¢ thus
(10) 2r— [z - OME)dE =0,
0
where
H(k) = ]H(R exp 2mip)R* exp(—2wkip)dp, k€ Z,,

are the Fourier coefficients of H in H% and the function h is defined by

k
— B(E) = Z( & A (k).
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By the Titchmarsh theorem, from (10), it follows that A = 0, that is
H(k) = 0 for each k. Thus the equality Hy H = 0 implies H = 0. So, by
the orthogonality relation, it follows that, for each b # 0, the range R(Hj)
is dense in H3.

Remark. Let b € X ; +e- Suppose that b # 0. Then, for each
H € H}, there exists a sequence (cn) : N — X3, such that the trans-
fer function H, , corresponding to the system of type (6) described by
bycn € X3 4+ converges to H on H%. This means that the function b can
also be prescribed and only the functions ¢,, depend on H.
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