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Skew pure projective abelian groups

By S. JANAKIRAMAN (Madurai)

In [2], we have investigated skew projective abelian groups. Recently
J.D. REID and BERLINGHOFF have studied the structure of quasi—pure
projective abelian groups. In this paper we study the structure of skew
pure projective (s.p.p.) torsion abelian groups. We prove the following
theorem assuming the generalized continuum hypothesis.

Theorem. A torsion abelian group G = Y G, is skew pure projective
if and only if each G, is a direct sum of cyclic groups, or a direct sum of
a divisible group and a bounded p-group (primary p-group).

All groups considered are abelian.

Section 1. We start with the following;:
Definition 1.1. A group G is called skew pure projective if every dia-
gram of the following type
0+5—-G3G/S—0

|l a
G/S

with S pure in G can be completed to

I, la
0-S5S—-G—G/S—=0
"

where 7 is the natural map and a and @ are endomorphisms of G/S and
G respectively such that an = né.
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Remark 1.2. Every direct summand of an s.p.p. group G is s.p.p.
The proof of the above remark is obvious.

Remark 1.3. A torsion group G is s.p.p. if and only if each of its
primary components is.

PROOF. We notice that if G = ) G, and S is a pure subgroup of G,
and S = ) S, then G/S ~ }_ G,/S, and since the G,’s are fully invariant,
the endomorphisms of G/S are specified by those of Gp/S,.

Section 2. In view of remark 1.3, in this section we consider only p—primary
s.p.p. groups and we study their structure.

Lemma 2.1. Let G = A® B bes.p.p. If A is a pure epimorphic image
of B, then A ~ to a direct summand of B.

PROOF. Let 3 : A ~ B/S where S is a pure subgroup (p.s.g.) of B.
Consider the following diagram

053~ AGD " AaBIS 0

I la
0-S—A®B 5" A9B/S 0

Let a be the endomorphism of A® B/S where a|B/S = ™! and a|4 = B.

Now by hypothesis there exists a § : A@B — A® B such that v = av.
Clearly 6(A) C B. Also if a # 0 and 6(a) = 0, then v8(a) = 0 whence
av(a) = a(a) = 0 which contradicts that a| A is an isomorphism. Thus 6

is monic on A. Then we have ALB YA so that o~ 'v8 = a~lav = A.
Hence A is isomorphic to a direct summand of B.

Lemma 2.2. Let G = D & R, where D is divisible and R is reduced,
be s.p.p. If D # 0, then R must be bounded.

PROOF. Consider G = Z(p*°)®R®D,. Then clearly G; = R®Z(p*>°)
is s.p.p. Now if R is unbounded R contains a pure subgroup S such that
R/S ~ Z(p*). Hence by Lemma 2.1 Z(p*°) ~ a direct summand of R

which is reduced, a contradiction.

Proposition 2.3. Let C be s.p.p. and let R be pure in C. Then C/R
is s.p.p. if and only if the following holds:

(») For every pure subgroup L 2 R and for every endomorphism 6
of C such that 6(L) C L, there exists an endomorphism ¢ of C' such that
o(R) C R and (8 — 0)(C) C L.

PROOF. Assume C/R is s.p.p., L a pure subgroup 2 R. Let
n:C—C/R; 7:C/R— C/L. Let 6 be an endomorphism of C such that
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6(L) C L. Let 8 be the endomorphism on C/L induced by 6. Now by hy-
pothesis there exists @ : C/R — C/R such that 7 7 = 67.

Since C is s.p.p. there exists a ¢ : C — C such that no = 7. Also
no(R) = an(R) = 0. Hence o(R) C R. Further consider
71(8 — o)(c) = 7(nb(c)) —7(no(c)) = 7(8(c) + R) = 7j(an(c)) = [8(c)+ L] -
#7(c + R) = [6(c) + L] — 6(c + L) = [6(c) + L] = [8(c) + L] = 0 of C/L.
Hence (6 — o)(c) € L for every cie. (8 —0o)(C)C L

Conversely, let C' be an s.p.p. satisfying (x). Then we claim C/R is
s.p.p. where R is pure in C. Identifying a given pure quotient of C/R as
C/L where L is pure in C containing R, let 8 be an endomorphism of C/L,
andlet n: C — C/Rand 7 : C/R — C/L be the natural maps. Now since
C is s.p.p. there exists a § = C' — C such that 67 = 7m6. Also it is clear
that (L) C L since (7)8(L) = 6mim(L) = 0 of C/L. Hence by (x) there
exists a 0 : C — C such that o(R) C (R) and (@ — ¢)(C) C L.

Let & be the induced map on C/R. Now consider i (c+R) = f(o(c)+
R)=o0(c)+ L, and 67(c+ R) = 6(c+ L) = 6(c) + L. Also (f — o)(c) € L
for every ¢ € C. Hence 7§ @ = 7. Thus C/R is s.p.p.

Lemma 2.4. Let G be areduced s.p.p. group. If B is a basic subgroup
of G then |B| = |G]|.

PROOF. [Reid] Let B be basic in G and assume |B| < |G| Put D =
G/B so that |D| = |G|. Since G is s.p.p. and B is pure in G we have
for every endomorphism 6 of D, and endomorphism a of G such that
va = Ov, v the natural map of G onto D. Let E(G,B) = {0 : 0 is an
endomorphism of G such that o(B) C B}. Then we have an isomorphism

E(D) ~ H_oﬂ;(n%BL) Since G is reduced, restriction gives a monomorphism

of E(G, B) into E(B) so that |E(G, B)| < |E(B)|. But |[E(D)| = 2!P! and
|E(B)| = 2!Bl. Hence 2/P! = |E(D)| < |E(G,B)| < |E(B)| < 2!Bl. But
}Jy assumption 2/8l < 2/Pl  a contradiction to G.C.H.. This proves the
emma.

Lemma 2.5. If G is s.p.p. and B is basic in G, then we can assume

r(G) = finr(G) = r(B) = finr(B).

PROOF. First we write G = G'®G" where G’ is bounded and r(G") =
finr(G"). [4 §.35]. Then G" is s.p.p. and G is a direct sum of cyclic groups
if G" is. So we may assume r(G) = finr(G) to begin with. Similarly for B
basic in G, we write B = B'® B" with B’ bounded and r(B") = finr(B").
Then G = B' @ H for some H and we have r(G) > r(H) > finr(H) =
finr(G) = r(G). Hence r(H) = finr( H). Now consider a basic subgroup B,
of H. Then B' @ B, is basic in G and so B' @ B; ~ B' ® B". Hence B" ~
a basic subgroup of H. Thus we have replaced G by an s.p.p. group H
satisfying r(H) = finr(H) and r(B) = finr(B) for B basic in H. Further
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by Lemma 2.4, |B| = |H| and r(B) = |B| = r(H). Hence the Lemma is

proved.

Lemma 2.68. Let C be a direct sum of cyclic groups with L basic in
C. Let B, and B, be basic in L, such that C/B, ~ L/B;. Then there
exists an isomorphism ¢ : C ~ L such that ¢(B,) = B,.

PROOF. Since C is a direct sum of cyclic groups and L is basic in
C, there is an isomorphism ¥ : C ~ L. Put By = (B;). Then L/B, ~
C/B; ~ L/Bj;. So by Hill’s theorem, there is an automorphism A of L such
that A(B]) = B;. Consider ¢ = Ay. Then ¢ does the work.

Theorem 2.7. A reduced p—group G is s.p.p. if and only if it is a
direct sum of cyclic groups.

PROOF. Let G be areduced a s.p.p. p—group. By Lemma 2.5 we may
assume finr(G) = finr(B) for every basic subgroup B of G. Taking B to
be a lower basic subgroup of G and B’ to be a lower basic subgroup of B,
since r(G/B) = finr(G) and r(B/B') = finr(B) and G/B and B/B' are
divisible, we have G/B ~ B/B'. Now there exists a pure exact sequence

0 - R — C35G — 0 where C is a direct sum of cyclic groups. Since
|G| = finr(G), G has a pair By, B, of disjoint lower basic subgroups.

Now we can choose Bj, B} basic in B;, B; such that G/B; ~ B, /B;
and G/B; ~ B,/Bj. Let L, = n~'(B,), L} =n~'(B}) and L, = n~!(B,),
L}, = n~'(Bj). Clearly L,, Ly are basic in C and L}, L} are basic in Ly, L,
and L£ o~ f}’ t = 1,2. Then by Lemma 2.6, there are isomorphisms
¢i : C ~ L; such that ¢;,(L;) = L. Since R C L, C L;, : = 1,2, by
Proposition 2.3 there exist endomorphisms o;, ¢ = 1,2 of C such that
oi(R) C R and 6;(C) = (¢; — 0;)(C) C L;.

Let 6; be the endomorphism of G induced by ;. Let K; be the kernel
of 6;. Then K; is the image under n of {z € C such that o;(z) € R}. Now
if 0;(z) € R, then (¢; — 0;)(z) € L!. Hence ¢;(z) € L; and ¢; being an
automorphism z € L;. Hence n(z) € B;. Hence K; C B;.

Now consider the two endomorphisms 6,, 6; of G into the disjoint
basic subgroups B, and B; with kernel §; C B;. Define 6, x 6, : G —
Bl ® Bg by (01 X 92)(1.‘) = GI(I) + 62(1:). Now the kernel of 61 X 62 =
{z|6:(z) + 62(z) = 0}. Also 6,(z) = —62(z) = 0 since the 6;’s map G into
B;. And as the kernel 8; = K; C B; we have z € B;,i = 1,2. So z = 0.
Thus G is isomorphic to a subgroup of the direct sum of cychc groups
B; @ B; and so is itself a direct sum of cyclic groups.

The converse is well known.

Theorem. *(under G.C.H.) A torsion abelian group G = 3 G, is

*The author is grateful to the referee for suggesting the correct form of this theorem
and significant changes.
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skew pure projective if and only if each G, is a direct sum of cyclic groups,
or a direct sum of a divisible group and a bounded p-group.

PROOF. This easily follows from Remark 1.3, Lemma 2.2 and Theo-

rem 2.7.
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