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Another version of a common fixed point theorem

By ROY O. DAVIES (Leicester)

Abstract. The existence of a unique common fixed point for two weakly com-
muting self-mappings in a Banach space, of which one is linear and non-expansive, is
established under a contraction hypothesis which is shown to be weaker than that in a
similar theorem of DivicCARO, FISHER, and SESSA.

The main result of the present paper is the following,.

Theorem 1. Let T and I be two self-mappings of a non-empty closed
convex subset C' of a Banach space X, satisfying the inequality

ITz - Ty|| < a- |[Iz — Iy|| + B - max[||Tz — Iz||, | Ty — Iy|| ]+

1
) +-max{|Iz - Iyl |Tz — Ia|, | Ty - Iy}
for all z,y in C, where a,3,y > 0 and a + f + v = 1. Further, let I
weakly commute with T, that is, ||TIz — ITz| < |Tz — Iz|| for all z in C,
and let I be linear and non-expansive in C. If I(C) contains T(C), then
the equations * = Ty = Iy have a unique solution for z € C, and z 1s a
common fixed point of T and I, at which T is continuous.

The above theorem is the same as that in the paper [1] by DIVICCARO,
FISHER, and SESSA — to which the reader is referred for a more general
discussion - except that we have given a slightly more precise statement
about the common fixed point, and (more importantly) instead of (1) their
‘contraction’ condition was

(D) ITz - Ty|” < a- ||[Iz - Iy|[* + (1 — a) - max[|| Tz — Iz|]?, || Ty — Iy||"],
where 0 < a < 1/2P~! and p > 1. The following will also be proved here.

Theorem 2. Condition (I) with 0 < a < 1 and p > 1 implies (1) for
a certain triple a, 3,7 > 0 witha+ 8 +~v = 1.

Thus our Theorem 1 not only implies the theorem of [1], but also
implies that the condition 0 < a < 1/2P~! in [1] can be relaxed to
0<ax<l
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I am grateful to BRIAN FISHER for useful comments.

PROOF OF THEOREM 1. This closely follows the proof in [1], with one
significant extra feature, but for completeness we give most of the details,
since the use of (1) instead of (I) makes a number of changes necessary.

Let z¢ be an arbitrary point of C. Applying the fact that I(C) 2 T(C),
inductively define points z,,z,,... in C by choosing as z,4; any point of
C such that

(2) Izsp1=T4%, [p=B 1,2, )

Write ¢, ="||Iz, — IZ,41]|| (r = 0,1,2,...) and observe that from (1) with
T =Ty, Yy = Tr41, and applying (2) where appropriate — we shall do this
in future without special mention — we have for r > 0

(3) crt1 Saccr+ B mﬂ-x{cn Cr+1} 49 ma-x{cn CnCr+1}-

From (3) it follows that if ¢, < ¢4 then ¢,4; < a-¢,+(8+7%) - ¢r41 and
therefore ¢,+; < ¢, and so ¢,4+; = ¢,. Consequently

(4) G20 Z6>

We now introduce the extra feature referred to earlier, which if incor-
porated in the proof in [1] would have made it immediately possible to relax
the conditionona to 0 < a < 1. Write d, = ||Iz,— Iz, 42| (r =0,1,2,...).
gbserve that from (1) with z = z,., y = 2,42, and using (4), for r > 0 we

ave

(5) dr-l-l <a-d.+f- max{cracr-i-z} Al & ma.x{d,-, Cr, Cr+2} <
<a-d.+ f-¢cy+v-max{d,,co} < max{d,,cp}.

It follows that max{d,41,c0} < max{d,,co}; thus (max{d,,co}) is a de-
creasing sequence, and consequently d, is bounded, that is, limsupd, is a
finite number d. Taking the upper limit on both sides of (5), we conclude
that d < a-d+ - co + v - max{d,cp}, from which it follows that d < c,.
Thus we have proved that

(6) limsupd, < c.
Now let € > 0 be chosen so small that

(7) (a+7)e/4 < acy/8 ;

in view of (6) we can choose r so large that

(8) d < cp+e.
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Define a point z by z = %x,.;.l + %z,.“. (The point z used in [1] corre-
sponded to r = 1, and instead of (6) a weaker, but more complicated,
estimate was used.) Since C is convex, z is in C, and since I is linear,
Iz =3Iz, 41 + 312,4,. From (4) and (8) we have

1 1 1
9) Iz —Iz/|| = “-2-(1':::,.4.1 - Iz,.) + §(I$r+2 —Iz;)|| < co + ¢
From (4) again we have
1 1
(10) 11z = Izra| = Hg(fﬁirw =Izr11)| < Sco.

Write A = ||T'z — Iz||. By the triangle inequality

1 1 1 1
A= ”E(TZ — I.Tr+1) + i(TZ o II,+2) S EllTZ—TJ:,-”-F E"TZ—T:L',.p]".

Apply (1) to each term on the right, and use (4), (9), and (10): this gives
A 5-2]1[0 (T8 = Lol + B mimxf); e} 47 <mnx{§T5 = Toells A e )]+
1
+ ola- |z = Lrep 1+
+ B -max{, cr41} + 7 - max{||[z — Iz 41|, A, crq1}] <

1 1 1
_<_§ [a (co+ 56) + B -max{\,co} + 7 - max {/\,co+ 56}] +

1 1
+ > [a- 50 + B -max{A,co} +7- max{A,co}l <

<3aco/4+ (a+v)e/4+ (B + 7v) - max{\, co},
and hence by (7)
(11) A < Tacy/8 + (B + ) - max{A,co}.

It follows from (11) that A < A-¢p where A = 7a/8 4+ 3+ v. Thus we have
shown that there exists a constant A < 1 such that for every zo in C we
can find z in C with ||Tz — Iz|| < A-||Tz¢ — Iz||; we now argue similarly
to [1], with minor modifications.
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It follows first of all that inf{||Tz — Iz|| : z € C} = 0. Therefore the
sets K, = {z € C : ||Tz — Iz|| £ 1/n} (n = 1,2,...) are non-empty,
and moreover K; 2 K; 2 K3 2 ... . Therefore the closures IK, are non-
empty subsets of C satisfying IK; D IK; D IK3 D ....Forz,y € K,, by
the triangle inequality we have

2
11z = Iy|| < Iz = Tz|| + Tz = Ty|| + Ty - Iy|| < | Tz — Tyl +

and therefore by (1)

2 1 2
72 -7yl <o (172 =Tyl + 2) 45 2 4 (172 01 + 2) <
>
<(a+7)- Tz -Tyl + -,

whence
(12) ITz — Ty|| <2/Bn, |Iz-1Iy|| <(2+2/8)/n.

Hence ( IK, ) is a decreasing sequence of non-empty closed subsets of C
with diameters tending to zero, and so their intersection is a one-point set
weCl:

(13) ) TK, = {w}.
n=1
If z € K;,, then because T, I are weakly commuting and I is non-

expansive (this is the first point at which we use these hypotheses)

1

|T(Iz) — I(Iz)|| < ||TIz — ITz|| + |[ITz — IIz| < 2||Tz — Iz|| < -

we have shown that
(14)  § O o (n=1,2,...).

Choose a positive integer M so large that aM > 1; we shall prove
that

(15) /TRt PR | B A O
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Let zo be any element of K, ; then zo = limz, where each z, € Ky,
and by continuity Iz, — Izo as r — oco. Write A = limsup ||T'z, — T'zo|.
By the triangle inequality

ITzo — Izo|| < I Tzo — Tl + || Tz — Izc|| + || T2 — Tzo|
and therefore (taking the upper limit on the right)

1
e < cinion,
(16) "TIO I:cu" <A+ Mn
By (1) we have

Tz, — Tzo|| < a- || Iz, — Izo|| + B - max{||Tz, — Iz,||,||Tzo — Izo||}+
+ 7 - max{||[z, — Izo|, | Tz, — Iz, ||, | Tzo — Izol|}
and hence by (16), and taking upper limits,

A< (B +7) max { = o0~ Teoll} < (3470 (4 + 71)

from which it follows that A < (8 + v)/aMn, whence by (16)
|Tzo — Izo|| < 1/aMn < 1/n.

This establishes (15).
From (13), (14), (15) we see that

(17) wEN R e e (5

n=1 n=1 n=1

Therefore Tw = Iw. But it also follows from (17) and (13) that

o0 o0
Iw € nIK,.C_ ﬂK:{w};
n=1 n=1
this implies that w = Jw, so w is a common fixed point of T' and I. The
solution ¢ = w of the equations z = T'y = Iy is unique since if z = w' is
any solution then w' € I K, for all n and hence v’ = w.

Finally, let z, - w as n — oo. Since Tw = Jw and I is non-
expansive,

IT2n — Tza]| < T2 — o]l + | Tw = Iza]| < |Tza - Too] + o - za]l
Applying (1), we have
Tz, — Tw|| < a||llz, — Iw|| + B - max{||Tzn — Iz,||,||Tw — Tw||}+
+ v - max{|| [z, — Tw|[, ||Tzn — Iz,||,||Tw — Tw||} <
Sa-|zn —w||+ (B + V(T2 — Tw|| + ||z — w]) <
= ||zn — w|| + (8 + V)| T2zn — Tw|,

and therefore ||Tz, — Tw|| < (1/a)||z, — w||, proving the continuity of T
at w.
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Remark 1. Since z = w is the unique solution of the equations z =
Ty = Iy it is automatically the unique common fixed point of T' and I. It
is not necessarily the unique fixed point of I or T, as is shown by examples
in which C = X = R with the Euclidean norm and Iz = z, Tz = az or
Iz = —z, Tz = z respectively.

Remark 2. Theorem 1 becomes false if either of the first two terms on
the right hand side of (1) is omitted, that is, if either of the conditions

a >0, B > 0 is weakened to a > 0, f > 0 respectively. This can be
shown by simple examples in which C = X = R with the Euclidean norm,
Iz = z, and Tr = éz + 1 for some small § > 0; here T and I have
no common fixed point. If the third term in (1) is omitted we obtain a
stronger condition than (1).

PROOF OF THEOREM 2. It is clearly sufficient to show that if 0 <
a <1 and p > 1 then there exist constants a, 3,y >0 witha+ f+9y=1
such that for W, X,Y,Z >0
(17) W? <a-X?+(1-a)-max(Y?,ZP)

implies
W<a-X+p -max(Y,Z)+v -max(X,Y, 2Z).

Considering the maximum possible value of W permitted by (17), we see
that this is the same as proving the inequality

a-X? + (1 - a) - max(Y?, 2°) <

(18) < [a X + - max(¥, 2) + 7 max(X, Y, 2)]".

By symmetry we may assume that Z < Y. Then (18) becomes

(19) a-X?+(1-a)Y?< [a-X +8 Y +v-max(X,Y)]".

We first find the conditions on a, 3, v for (19) to hold whenever 0 < X <Y,
in which case (19) can be rewritten as

(20) fX,Y)=[a-X+(1-a)Y]" = [a-X?+(1-a)Y?] > 0.
For this inequality to be true for X = 0 it is necessary that
(21) (1-a)<(1-a)®, thatis, a<1-(1-a)'/?.

Moreover for Y = X the inequality (20) becomes an equality, while

Of(X,Y)/0Y = (1-apla-X +(1- )Y~ — (1 —a)p¥?~* >
> pY? (1~ )’ (1 -a)},
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which is non-negative provided that (21) is satisfied. Thus (21) is necessary
and sufficient for (19) to hold whenever 0 < X <Y.

It is now clear by symmetry that (19) will hold for 0 <Y < X if and
only if

(22) B<1—a'l®

Finally we can now conclude that provided (21) and (22) are satisfied and
a, 3 are also chosen so small that ¥ = 1 — (a + ) is positive, all our
conditions are met. The proof is complete.
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