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Summing power series with exponential
polynomial coefficients

By LASZLO SZEKELYHIDI * (Debrecen)

To the memory of Professor Béla Barna

In the paper [1] the author derives the formula

(1) f2) =3 Ata(0)z*/(1 - 2)*!
k
for
(2) f(z)=)_a(n)z"
n=0

where a is a polynomial and A denotes the difference operator (see also
[2]). Using the Fourier transform of exponential polynomials introduced
by the author in [3] here we show that we can go one step further to sum
any power series with exponential polynomial coefficients. We note that
the method can easily be extended to multiple power series.

Theorem. Let f be a power series having the form (2), where the
coefficient a is any complex exponential polynomial. Then we have

(3) fle) =YY AMa(A)(0)(A)* /(1 = Az)H+!
A k
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and here both sums are actually finite. ( @ denotes the Fourier transform
of a.)

PROOF. The proof is straightforward by using the “inversion formula”
(Theorem 2.2 in [3]) for the exponential polynomial a

(4) a(n) = 3 () (n)\"
A
Substituting into (2) we have
(5) f@) = Y T a0 (n)As)"
A n=0

whenever the inner sum is convergent (the sum ) is finite).
)
Now we apply formula (1) for the inner series to obtain (3) which was to
be proved.
Example. For the power series

f(z) = Zn:r cos(na)

n=0

where a is arbitrary, we have

" PP
BN =1 3 EAET
0 otherwise
and hence
1 e%r 1 e oy 23 + 7)cosa — 272
flz)= 5 oo T 5 —ia 2=( ) 2\2 °
2(1—e*zx) 2(1—etoz) (1 -2zcosa + z2)
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