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The mean convergence of interpolating processes was investigated by
many authors after the pioneer work of ERDOS, TURAN and BALAZS [24].
See for references on this topic, e.g. [10,12]. We mention first the classical
result of ERDOS and TURAN [1,2] stating that for a general class of weights,
the Lagrange interpolation converges in L? —norm on finite interval. For
the case of infinite interval, the analogous theorem was proved by BALAZS
and TURAN [4,5]. In [13] the authors gave an estimate for the speed of

L? —norm convergence of the Lagrange interpolation with Laguerre abscis-
sas; it was based on a Jackson type theorem corresponding to the Laguerre
weight. For the Hermite interpolation on finite interval a general result is
given in [1, p. 419].

In [15] JOO and SZABADOS proved an L! —norm convergence for two
interpolating processes based on roots of Laguerre polynomials L3(z)
(-1 < a@ £0). Using the ideas of the present paper, one can extend this
result for any a > —1.

Here we concern ourselves only to the case of Laguerre nodes, becanse

t}i;i[s2cgr]1tains the ideas for Jacobi and Hermite nodes too. We use the ideas
of [2-7].

Denote by Ls,a}(a:) = et A [e‘z“"'“](n) the Laguerre polynomials

for a > -1 and by 0 < 2; < - < z, the zeros of LL“)(x) (in fact
zx = z(k,n,a); we simplify the notation).
Define further

LY (z)
LS (24)(z — )

Liz):=
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the fundamental polynomials of the Lagrange interpolation.
Let L,(f,z) := E f(zi)€x(z) be the Lagrange interpolation of f. For

any f € C'(0,00) the Hemute interpolating polynomial of f is defined as
follows:

Half,2) = i[f(m“(“ —olrtetiorl,

k=1 Ik
+ f'(zi)(z - Ik)]f (2).
As in [15], introduce the following space:

c(\)={feCl0,00) : lim flz)e™ = 0},
further let

Ed(f):=Exf)i= inf max|f(z) = pa(z)le™

We shall prove the following
Theorem. Let a > —1, 0 < A < 1/2, then we have the estimates

(1)
oo 1/2
(f:v“e_‘lf(ﬂf) = L,,(f,:r)|2d.1:) <c-Ep_,(f) (feC0,00))

0

(2)

oo

f 2%e7?|f(z) — Ha(f,2)ldz < c- E},_y(f') (f € C*[0,00))

0

(n = 1,2,...) where c is an absolute constant (independent of f and of
n). ( II, denotes the set of algebraic polynomials of degree at most n).

Lemma. Let a > —1 and 0 < u < 1/2, then for any f € C (0,00) :

oo 1/2 1A
(3) /x"e‘-’f .Ln(f,;;)zd;[: <e (lglka_(x U(“)Iz -;u:,,)

0
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and for any f € C' (0, 00)

(4) /x"e“‘IHn(f,x)ldz Sc- max |f(zx)|e™ = +
0

= ) =PI
Hee ek |f'(zk)|e™ """,

PROOF -of the Lemma.
Consider a function g € C?™(0, 00) with property ¢©*® > 0 on (0, c0). Then
either ¢ > H,(g) on (0,00) or ¢ £ Hp(g) on (0,00). Indeed, if g(y1) >
H,(g9,y1) and ¢g(y2) < Hn(g,y2) then the function ¢ — H,(g) has at least
2n + 1 zeros (counted with multiplicity) and then (g — Hn(g))?™ = ¢(?»)
has also a zero - a contradiction. Choose specially g(z) = e**, we get

yo{on ozl @t o) e gy i) <

k=1 Tk

<™ (220)

Multiplying by z%e™* and integrating from 0 to co we obtain:

o0

(5) /x“e"‘ Z s zi(zk —a)+ z(a+1- zk)e,f(::)dz <

Tk

o0
< /z“e"(l““)‘d:r =: ¢{a, ).
0

Now

00 o 2
z%e"*La(f,z)%dz = ]:r“e"’ [Z f(:cg)fk(:c]] dz =
0

k=1

2% Y f(zk)*€i(z)dz <
k=1

Q\.g Q'\.g

T 1<k<n

oD
n
< max f(zi)’e P+ /I“e"’Ze"“fi(m)dz =
o0

= max f(z)’e™#**

/xﬂ e Zn:eurt Ik(Ik —C!)+I(a + 1 —l‘k)
1<k<n

€
T
- k=1 k
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since
Y enh(n) -y emEaizlatl-n)y,,
k=1 k=1 k
n 1 - Y
=D e =t ik)(xk I)fi(:r);
k
further

o0 oo

/x“e_”lHn(f, :c)|d:c < /Iae—: if(zk)zk(xk - 0) +I:(a +1- .'L‘k)
k=1

0 0
o0

dx+/.7:°'c

0

e (z) dz = I + I,

=Y f (k)= — 2r)(2)
k=1
by orthogonality

il a_ =z = 7Y i
hys max el fz e 2 e [(3k+|a|)+ (1+azk +:::)]

+|a|/3: e Ze"“f (J:)d:r+(1+a)/ z° -’fz:eﬂ"“-ez(x)ar.—.::r
k=1

+ / 3%e~" Ze""‘xkfi(.r)dz} <

- Zetp”"fi(z)dx+

1<k<n
k=1

< max |f(zk)|e” ""I* {2

g e

et* 02 (z)dzx } <

oC
+ (1+a+|a]) /r“e"
2 k=1

1
1<k<n 5 )+ (1 +0+|a|)c(a,p)} =

< max |f(zx)|e "= {2c(a,“

= KTk
e |f(zk)|e™* c*(a, p)



On speed of mean convergence . .. 251

and
< e a_—z BTy e
I, < lrgkagc |f'(zk)|e” /a: e Zle (z + z )} (z)dz =
0
= n
T -z = 2
=2 121&" 1f'(zs)le™"** f:c“e ';le" rrpli(z)dz <
o n
! —pz — szl 2
<2 gax I (aulle™r [2e 3 0o <
p+1
< Bzy
<2e (o 252) mm If (@u)le”
Summarizing our estimates we get (4) with ¢ = max{c*(a, u), 2¢(a, £*)}.

O

PROOF of the Theorem.
Let p, € [],_, be such that m;a.adf(:r) — pa(z)|le™* < E)_,(f), then
x—
applying (3) we get for u = 2\
o0 oo
[aoe11@) - Lalf )z < 2 ] 2% |f(x) — pa(z)Pdz+

0
oo

12 f e*|La(f — puyz)dz < 2E2_y(f) ] e (1-7gy 4

0

+2%(, §) max |(f -~ pa)zi)Pe ™™ < @iB2_\(f) + aBasy(),

hence (1) follows. For the proof of (2) pick a polynomial p, € [],,_; such
that max |f'(z) = pl(z)|e™** < E},_,(f'). We can further assume that

f(1) = pa(1), hence

r

[ (ro-rw)a

1

|f(z) — pa(2)| =

< JIF —pal £ Bzn-a(f') -
/

I

- / Mdt = O (**Eyna(f')) (z > 0)

i.e. max|f(z) — pa(2)le™* < e3En—2(f') (n21).



252 K. Balazs and 1. Joo

Hence, applying also (4) for p = A :

o

%" *|f(z) — Ho(f,z)|dz < /x“e"lf(:c) — pn(z)|dz+
0

o

+ [ S E sl S e B o) [ ze~(-Nrdzy
0 0

= " —=AZp 4 = ' Sz gl SAEN o
+Cll§135xn|f($k) Pn(zi)lé +cl§1§—$xn|f(xk) Pn(zk)le

=0(Ezn-2(f")). O

Remark. For the sake of completeness we have to investigate the
quantity E,(f) defined here. We return to this in a subsequent paper.
Taking into account the Stone-Weierstraf Theorem, we have at least:
En(f) =0 (n— o0).
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