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On anti—-invariant submanifolds in Sasakian manifolds
with vanishing contact Bochner curvature tensor

By HIROSHI ENDO (Ichikawa, Japan)

In a Sasakian manifold, MATSUMOTO and CHUMAN (4] defined a con-
tact Bochner curvature tensor, which is constructed from the Bochner cur-
vature tensor by the fibering of BOOTHBY and WANG [1] (see also YANO
[6]). HASEGAWA and NAKANE [2] and IKAWA and KON (3] have stud-
ied a Sasakian manifold with vanishing contact Bochner curvature tensor.
YANO [6], [7] studied it in the theory of submanifolds. In this paper we shall
give a sufficient condition for an anti-invariant submanifold in a Sasakian
manifold with vanishing contact Bochner curvature tensor to be totally
geodesic.

1. Preliminaries

Let M bea (2r + 1)-dimensional contact metric manifold with

the structure (@, £,7,7), where ¢ is a linear mapping TM — TM (TM is

the tangent bundle over Hzr“), € is a vector field, 7 a 1-form, and 7 a
; . % 2

Riemannian metric on M rH, such that

=0, 7&)=1, ¢ =-I+70¢E nX)=39EX)

§(6X,0Y)=3(X,Y) - X)(Y), 3(X,¢Y)=dn(X,Y)

for any vector fields X and Y on 7 il

. If a contact metric manifold
M is normal (i.e., N +dij ® € = 0, where N denotes the Nijenhuis
tensor formed with ¢), M s called a Sasakian manifold. It is well-

known that in a Sasakian manifold £ is a Killing vector field.
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S, 4’_1’1he contact Bochner curvature tensor B of a Sasakian manifold
M is given by

+ ﬁi(ﬁ(?)z" X +7(X)T A D),

- _ : —2r4l = . s
where R is the Riemannian curvature tensor of M , @ 1s the Ricci
—2r+1

operator of M ', k = (S 4 m)/(m +2) (m = 2r, and S is the scalar
curvature tensor of M- ' ),and (X AY)Z =g(Y,2)X — g(X,Z)Y (see
[4]).

Let M™ be an n-dimensional submanifold of M~ . By Ny (A =

1,2,...,2r+1—n) we denote local mutually orthogonal unit vector fields
normal to M™. Let V (resp. V) be the Riemannian connection on i

(resp. M™) determined by the metric g (resp. the induced metric g). Then
the Gauss and Weingarten formulas are given by

VxY =VxY + ZhA(XsY)NAs VxNa=-HsX + ZLBA(X)NBs
% B

where h4 and H4 are the second fundamental forms and Lg4 the third
fundamental forms of M™. h4 and H,4 satisfy h4(X,Y) = g(H4X,Y) =
g(X,HAoY) = ha(Y,X). For any vector field X,Y,Z and W on M" the

Gauss equation is given by
9(R(X,Y)Z,W) = g(R(X,Y)Z,W)

(1:2) 5" g(HpY, 2)9(HaX, W)+ S g(HpX, Z)g(HpY, W),
B B

where R is the Riemannian curvature tensor of M™.

_ M™ immersed in M is said to be anti-invariant in Hzrﬂ if
T, (M™) C To(M™)* for each ¢ € M™, where T,(M™) denotes the tan-

gent space of M™ at z and T,(M ™)L denotes the normal space of M™ at
z. Then we see that ¢ is of rank 2r, n < r 4 1.
2r e e Y RTL A = : s
Define5* = 5. G(R(E:,E;)$E;,6E:)on M "', where {E;} is an
t,7=0
orthonormal basis. We need, in the sequel, the following two lemmas
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Lemma 1.1. (e.g., [8]) M ™" is a Sasakian manifold, we have

(1) §(QX,8) =2rq(X)

(2) 3(QéX,0Y)=7(QX,Y)-2rf(X)7(Y)

Lemma 1.2. ([5]) For any (2r + 1)-dimensional Sasakian manifold

—2r+1
M

, we have
F*-S+4r?=0.

2. Some Lemmas

Lemma 2.1. Let M ' be a Sasakian manifold with vanishing con-

tact Bochner curvature tensor. If M™ (resp. M™*t!) is an anti-invariant
submanifold of M normal to the structure vector field € (resp. tangent
to the structure vector field £), then we have

(r+2)3*"=(r+ 2)§ -n ZE(Q_E,', é€i) — 4r2(r + 2),

where {é;} is an orthonormal basis of T(M™") (resp. {€;} is an orthonor-
mal basis of T,(M™*!), that is orthogonal to £).

—2r+1
PROOF. Since the contact Bochner curvature tensor of M i van-

ishes, we have

JRXY)Z,W)= ——('g’(f 2)§(QY,W)
5 3h

-3(QY, 2)5(X, W)—g(Y 2)3(QX,W)
+3(QX,2)g(Y W) +3(¢X,2)5(QeY,W)

~-7(Q%Y,Z)5(¢sX,W)-3(3Y,Z)5(Q ¢ X, W)

+9(QeX,2)5(3Y,W)+25(QéX,Y)5(4 Z,W)
(2.1) +25(6X,Y)5([Q 32, W) +(Y)(3(E 2)5(Q X, W)

-3(@X,2)3(5,W)) +7(X)FQY, 2)3(E, W)

-9(§,2)3(QY, W= (9(¢X Z2)3(¢Y, W)

-9(8Y,Z)g(s X, W )+2y(¢X Y)g(¢Z,W)))

+ 22 G(X, 2)5(Y, W) - 5(¥, Z)5(X, W)
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k 2 STk R i, e
- — V)X, 2)9C, W) - 3, Z)a(X, W)
+ W X)(G(& 2)5(Y, W) -5(Y,2Z)g(§, W))).

If we t&kea.qb*bams(cl,eg, en!E$ €n+ly eﬂ+2! ‘
, e, ), 5* is expressed by the foilowmg form

er’a ¢é]a¢é2a ol

?ééﬂ?

Z§ (,¢)) ¢e,,¢e)+2 Z g(R(&:,%;) ¢, 6é:)

1=1 j=n+1l

s Z Zﬁ(ﬁ(é;,&é;)?é;‘,géi)
i=1 j=1

£33 ¥ 3(R(é:, 02,)9 ¢;, 9¢:)
i=1 j=n+1

+ Y Y 9(R(zi,¢5)9¢;, 6e)
i=n+1 j=1

b3 Y a5 b)
i=n+1 j=n+1

+ Y YR, 96)8 ¢, 06)
1=n+1j=1

e S g(R(:, 6¢,)9 €5, ei)

i-n+1j—-n+l

+ Z ZQ(R(¢61! 33)¢ep¢ e.)

=1 j=1

T Z Z R(¢el933)¢631¢ éi)
i=1 j=n+l

+ 30 (R(3ei, 3,)8 45,3 )
j=] =]

+3 Y (R34, 9%,)9 €5, &)
i=1 j=n+1

+ Y Y 9(R(%Ei,¢5)%¢5, 6 <)

i=n+1 =1
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$ ¥ ¥ §(R(9e:,¢;)9%;,9 &)
i=n41j=n+1

3 Z 25(5(36.-,5&,-)326;,32&)
i=n+1 j=1

+ E Z §(ﬁ($ai,36j)3261.3235)-
i=n+1 j=n+1

Thus, using (2.1) in the right hand members of (2.2), we get after some
lengthy computation

n r

" dr-n+4 ih s 4r + 4 —_——

8§ = —H—229(Qeuei)+ R Z 9(QE;,€;)
(2.3) i=1 ' j=n+1

k+m k-4
s r(2r4+1)— r+2r.
On the other hand, by Lemma 1.1, we have
r ey S 1_ n N .
(2.4) Z 9(Qej,¢;) = 55 - Zg(Qeisei) -1
j=n+1 =1

Substituting (2.4) into (2.3), we get our result.

Lemma 2.2. Let M ' be a Sasakian manifold with vanishing con-

tact Bochner curvature tensor. If M™ is an anti-invariant submanifold

normal to the structure vector field £ of M , then we have
4r+1)(n—1) ) G(Q&, &) = 4(r+1)(r+2)S—4(r+1)(r+2) Y (TrHp)?
i=1 B

+4(r 4+ 1)(r 4+ 2) ZT!‘HB"’ —n(n —1)(6r + 8) + n(n — 1)S,
B

where S is the scalar curvature tensor of M ™.

ProOOF. Taking a ¢-basis, we find

Y 9(@Qéi, &) = > G(R(E;,E)E:,6) + Y TR(E,&)éi, E)
1=1

1,)=1 =1

(2.5) +Y Y 3R, &)+ ) D T(R(9E;,6)E, 9¢5)

1=1 y=n+1 i=1 j=1

+3° 3 9(R(%e;, e, 6;).

1=1 j=n+1l
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Here, by (1.2) we have

Z G(R(éj,&)éi,é5) = S — Z(TrHBf - ZTrHB

|J_"1

Moreover, using (2.1) in any other members on the right hand side of (2.5),
we get

r_1§ Zﬁ('Que”e )+ ﬁ E Q(Qene.r) 3= Z(TrHB)z
(2.6) = g

+ZTTHB2“ (4n—-r—-1)+k(2r-n+3))=0.
B

2+4

Substituting (2.4) into (2.6), we obtain our result.

Lemma 2.3. Let M ' be a Sasakian manifold with vanishing con-

tact Bochner curvature tensor. If M+ is . an anti-invariant submanifold
tangent to the structure vector field ¢ of M~ , then we have

4r+1)(n-1) Z":z;(éé.-, &) =4(r+1)(r +2)S
i=1
~4(r+1)(r+2) Y (TrHp)? + 4(r +1)(r +2) Y TrHg? + n(n —1)S
—2n(4r? + 3(3 + nE;r +4n +4). g
PROOF. Taking a ¢-basis, we have (2.5). Here, by (1.2), we get

Zg(R (€;,€:)é,€;) =S — Z(TrH3)2+ZTrH3

§,y=1

-2 Za(ﬁ(f, &)éi €).
i=1
From (2.1) and Lemma 1.1, we find

2n(r + 2)
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Thus, we have

= 4dn(r + 2)
fatis . Sdnes ke 2 2
E g(R(€j,€:)€i €;) =S — EB (TrHB)" + EB TrHg* — =%

ij=1

Moreover, using (2.1) in any other members on the right hand side of (2.5),
we find

1 o n : X
L 9(Qé;, &)+ — 9(QE;,¢€; - TrHpg)?
r+2;g(0e e)+r+2,§19(9"’ &)+ S ZB;( rHp)

(4n+1)+ k(2r—n+3)) =0.

(2.7) i

2r+ 4

+ Z TrHg? —
B
Substituting (2.4) into (2.7), we obtain our result.

3. The results

Proposition 3.1. Let M?*"*! be a Sasakian manifold with vanishing
contact Bochner curvature tensor. If M™ is an anti-invariant submanifold

normal to the structure vector field € of M~ ', then we have

dn(r + 1)(r +2) (S + ET:PH,:_;2 - Z(TrHBf) -
B B

n*(n —1)(6r +8 - 5).

PRroOF. By Lemma 1.2, Lemma 2.1 and Lemma 2.2, we have our
result.

From (3.1) we get the following.

(3.1)

Proposition 8.2. Let M™ be a minimal anti-invariant submanifold

normal to the structure vector field £ of a Sasakian manifold M with

vanishing contact Bochner curvature tensor. If the scalar curvature S
of M" satisfies S > 0, then the scalar curvature S of M satisfies
S < 2(3r +4).

Theorem 3.1. Let M" be a minimal anti-invariant submazﬁfglld nor-
mal to the structure vector field € of a Sasakian manifold M~ ' with

vanishing contact Bochner curvature tensor. If the scalar curvature S of
—2r+

M satisfies S > 2(3r + 4) and the scalar curvature S of M™ satisfies
S > 0, then M™ is totally geodesic, and S = 2(3r +4), S = 0.

PROOF. By our assumption, the left hand side of (3.1) is non-negative

and the right hand side non-positive. This completes the proof of the
theorem.
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Proposition 3.3. Let M'™"" be a Sasakian manifold with vanishing

contact Bochner curvature tensor. If M™*! is  an rz_a.‘_r}ti—invaria.nt submani-
fold tangent to the structure vector field £ of M , then we have

4(r+1)(r+2)n E TrHp? + 4(r + 1)(r + 2)nS
B

(3.2) =4(r+1)(r +2)n ZB:(TrHB)z

+ (n —1)(4r(r + 1) — n?)(S - (8 + 67))
+8(r + 1)(r + 2)(n? +r(2r +1)(n - 1)).

PrOOF. By Lemma 1.2, Lemma 2.1 and Lemma 2.3, we get our result.

Theorem 8.2. Let M"™*! be a minimal anti-invariant &bzxrna]nifold
tangent to the structure vector field  of a Sasakian manifold M with

vanishing contact Bochner curvature tensor. If the scalar curvature S of
HQHI satisfies S < 2(3r +4) and the scalar curvature S of M™*! satisfies
e, 2("2+r(2r:1)(“_1)), then M™*! is totally geodesic, and

S ama 2(n’+r(2r+l)(n—l)) -§ - 2(3r + 4)-

PROOF. From (3.2), we have the following relation

2(n? +r(2r +1)(n - 1))

n

an(r +1)(r +2) ( Y TrHp®+ 5 -

(3.3) - :

= Y (TrHp)* )= (n - 1)(4r(r +1) - n?)(S — (8 +6r)).
B

This completes the proof of the Theorem.
From (3.3) we have the following

Proposition 3.4. Let M™*! be a minimal anti-invariant submanifold

tangent to the structure vector field £ of a Sasakian manifold M with

vanishing contact Bochner curvature tensor. If the scalar curvature S

3 e
of M"*1 satisfies § > 2 tr@rtl)(n=W) ' then the scalar curvature S of
=zir+1

M™7" satisfies S > 2(3r + 4).
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