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f(3,1)-Finsler structures and their integrability
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Dedicated to Professor Dr. Lajos Tamdssy on the occasion
of his 65 th birtday

In [11] K. YANO has unified the notions of almost complex structure
and almost contact structure by considering on an n-dimensional manifold
M a tensor field f of type (1,1) such that f3 4+ f = 0 and the rank r of
f is everywhere a constant even numbers. This structure has been called
an f-structure (or an f(3,1)-structure). The theory of integrability of this
structure [4], [9], is given in [8] using f-connections.

The main purpose of the present paper is to introduce the notion of
f(3,1)-Finsler structure on M and to study this structure with the method
used by R. MIRON [7].

Terminology and notations belongs to M. MATSUMOTO [5] and R.
MIRON [6].

1. Preliminaries

Let M be a C*°-differentiable manifold, paracompact with n dimen-
sions, let T(M) = (T M, p, M) be its tangent bundle, and let N be a non-

linear connection on T(M). We denote by (z%,y*) (1,7, k, . . . »=12,...,n)
the canonical coordinates on TM. Then § = 8; — Nfox (8 = 3=,
O = %;, 6 = 7%) is a local basis of horizontal distribution N, and

d; is a local basis of the vertical distribution (TM)". The dual basis is
(dz',6y') where 6y' = dy' + Njdz*. We have

(1.1) [6;,8¢) = Ri i, [6,0k] = (OxN})Di, [05,04] =0,
(1.2) 8N} — 6;Ni = Ry, 0N} —9;Nj = ti,

where R, and t}, are the curvature and torsion fields of N.
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A Finsler connection on M is a triad FI' = (N, F,C), where N is

a non-linear connection on M, and F respectively C are the h- and v-
connection coefficients, given by

V&ts == F;k(s" Va*a = Jka"

1.3
(1.3) Vs,6; = Cixbi, Vs 8;=Clidi.

With | and | we denote the k- and v-covariant derivatives with respect to

" The torsion Finsler tensor fields of FT' will be denoted by: TJ,‘, N},

Ci» P;',,, S},,, and the curvature Finsler tensor fields of FT' will denoted

by: Ri‘sas Pi*aas Sitea-

2. f(3,1)-Finsler structures and f(3,1)-Finsler connections

Let M be an n-dimensional differentiable manifold of class C*°, and

let £ = (z*) and y = (y*) denote a point of M and a supporting element
respectively.

Definition 2.1. A Finsler tensor field f(z,y) # 0 of type (1,1) and of
class C® is called an f(3,1)-Finsler structure of indez K, if it satisfies

(2.1) fP+f=0, rank ||f(z,y)]| =n— K =2p,
where K, p are integers and 0 < K < n.

Proposition 2.1. For any f(3,1)-Finsler structure of index K, the
operators h(z,y), v(z,y) given by
(2.2) h=-—)"2 v=f2+I

I denoting the identity operator, are complementary projection operators
applied to the tangent bundle of M.

Now we denote by H and V the complementary distributions corre-
(Eondm.g to the pro;ectlon operators h and v respectively, and we have:
'H(,,)—n— dlmV(,,)——K

Proposition 2.2. An f satisfying the relation (2.1), acts on 'H as an
almost complex Finsler operator and on V as a null operator.
In fact, we have

fh=hf=f, fo=ovf=0
(22) { f2h = —h, Po=0.

Remark 2.1. If the rank of f(z,y) is n, then h = I and v = 0 and

f(z,y) satisfies: f2 = —I. Consequently the f(3,1)-Finsler structure of
minimum indez (null index) is an almost complex Finsler structure (cf.

with G. B. Rizza [10], I. Ichuyo (3], R. MIRON [7], etc.). In this case

the dimension n must be even.
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Remark 2.2. If the f(3,1)-Finsler structure is of indez 1, then H is
(n — 1)-dimensional, and V is one-dimensional. Consequently if we denote
the local components of f(z,y), h(z,y) and v(z,y) by f}(z,y), h:;-(::,y)
and v;(;, y) (4,4,... =1,2,... ,n) respectively, then v}(:r, y) must have the
form: v} = n;£*, where n(z,y) and §(z,y) are covariant and contravariant
Finsler vector fields respectively. From the relations (2.2) and (2.3) we

have : . i : ;
.f:-f; = _6_;' +n;€", f;ﬁj =0, nif;‘ =0, ni{' =1.

Thus an f(3,1)-Finsler structure of index 1 is equivalent to an almost
contact Finsler structure [2].

Definition 2.2. We shall call the Finsler tensor fields Q] and Q]
1

3] 3 ]
given by

= 3(6762 — 87vi — vi6) — fTf} + 3v[v}),

(24) o r r..s
; i = %‘(5{6} + 67 v] + v[6} + fT f] — 3v]v}),

the Obata operators of the f(3,1)-Finsler structure.

These operators have the symmetry Q] = Q;7 (a = 1,2), and act
[+ 4 o
on a Finsler tensor field K of type (1,2) as (QK)j, = Q5K (a = 1,2).
o a
Since (QQK)j, = Q5,Q% KT, the product QQ is defined by (QQ)%;, =
" ap a’’p ap a8
07197 (@, = 1,2).

Proposition 2.3. Q, Q are the supplementary projectors on the mod-
1 3

ule 73 of the tensor fields of type (1,2):

(2.5) ?+?=I, (22=?, ?-Q:Q-?:O (x=1,2).

: 3
The proof is elementary.
Proposition 2.4. QX = 0 has solutions, and its general solution is
2
given by X = QY , where Y € 1} is arbitrary.
1
An important problem concerning an f(3,1)-Finsler structure on M

is to determine the existence of arbitrary Finsler connections with respect
to which f}(z,y) is covariantly constant.
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Definition £2.3. Let fi(z,y) be an f(3,1)-Finsler structure of index
K. A Finsler connection FT is called an f(3,1)-Finsler connection, or
compatible with f}, (2.1), if:

29) fu=0 =0

Proposition 2.5. With respect to a Finsler connection FT compati-
ble with and f(3,1)-Finsler structure fi(z,y), the tensor fields h} and v}

covariantly constant:

(2.7) R =0, v, =0, &j

J|k=0’

U}Ik *r

Theorem 2.1. (i) The Obata tensor fields Q}; and Q are covariantly
1

constant with respect to any f(3,1)-Finsler connection F 4 |

(ii) The Finsler tensor fields Q"'R,- ki, Q g 0 Q;’; +*x1 and their
2
h- and v-covariant derivatives of every order Va.msh for every FT with the
property (2.6).

PROOF. The statement (i) results immediately from (2.4), (2.6) and
(2.7). Applying the Ricci identities to f; and taking into account (i) we
get the property (ii).

Theorem 2.2. If on the differentiable manifold M there exists a Fins-

ler connection FT' = (N, F,C), then there exist f(3,1)-Finsler connections
with respect to the f(3,1)-Finsler structure (2.1). One of these is:

ﬁ;=N}= h;'k= i‘ “l{ﬁ; !‘Tk+”;.'1k_3v;"”;h},

(2.8) i | |
i =Chy — LA, + il — 3vjul], ).

where ¢y and T denote the h- and v-covariant derivatives with respect to
FT.

PROOF. A straightforward calculation shows that the Finsler connec-
tion given by (2.8) satisfies equations (2.6).

We shall determine all f(3,1)- Fmsler connectlons by a well known
method based on Proposition 2.4. Let FT = (N F C ) be a fixed Finsler

connection on M. Then any Finsler connection FT' = (N, F,C) on M can
be expressed in the form, [6):

(29) N;:N;—A; F‘k—-Fk‘I'C' Ar ;k! C}kIC;k“D;’ks



f(3,1)-Finsler structures and their integrability 99

where A' B! HY Di % are arbitrary Finsler tensor fields.

We consider FF FT in (2.9), where FT' = (N,F,C) is given by
(2.8). In order that FT is an f(3,1)-Finsler connectlon, that is, (2.6)
holds for FT, it is necessary and sufficient that A}, B, D}, satisfy

}k+(f:f3 —vjv})Bp =0, D; sk +(f.,f, =4 ”h)D ae =0,
which is equivalent to QB = 0, @D = 0. From Proposition 2.4, however,
2 2
the last system has solutions in Bj,, Dj, for any Finsler tensor field 4} =

XJ'-. Hence

Theorem 2.3. Let F f‘ be a fixed Finsler connection. The set of all
f(3,1)-Finsler connections FT' with respect to the f(3,1)-Finsler structure

(2.1) is given by:

%ﬁ:M-xf
Fiy = Fiy + C5. X — MM + £, XP) + vin+
(2.10) ¢

+ U;Tka 3”!:(”} Tk + UhT Xin)} - 3 Q Ymp

C;k = ’ e {fthka +v Tk 31};0"1*} + Q Z}.ka

where X }, J-*,‘, Z}k are arbitrary Finsler tensor fields.

Remark 2.1. The f(3,1)-Finsler connection F ['=(N,F,C) given by
(2.8) is obtained from (2.10) for X; =Y}, = Z}, = 0.

Corollary 2.1. If Ff‘ is a fixed f(3,1)-Finsler connection, then the
set of all f(3,1)-Finsler connections FT' is given by:

Ni =N - X},
(2.11) Fj, = F3 + Ci, Xi + ?i,_;‘yi:h
C}k s Ci O'hzhh

where X}, Y},, Z}, are arbitrary Finsler tensor fields.

We denote by FT'(N) the Finsler connections having the same non-
linear connection N.
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Theorem 2.4. The set of all f(3,1)-Finsler connections F' I‘(R’ ) is
given by

o

F::k - _iik o %{fl:fhk +* ”;h; s 3”;;”_?1&} + Q Ymp

Cjk g Jk z{fhthk ey Tk 3vhthk} + Q'hZ;ka

(2.12)

o . .
where FT is a fixed Finsler connection, and Y}, Z}, are arbitrary Finsler
tensor fields.

3. The group of transformations of f(3,1)-Finsler connections

Let us consider the transformations FT'(N) — FI(N) of f(3,1)-
Finsler connections that conserve the non-linear connection N. According
to Theorem 2.4 they are given by:

(3.1) N} =Nj;, Fj,=F}, +?1§Yh‘h Cih =Ci + Q i Zhk-

Theorem 3.1. The set of all transformations (3.1) together with the
mapping product is an Abelian group Gy isomorphic with the additive

group of pairs of Finsler tensor fields (Qi’;l’,fk, Q:ﬁ Z3:)-
1 1

By a straightforward calculation we can prove:

Theorem 3.2. The following Finsler tensor fields are invariants by
the action of the group Gy:

(3:2) Ry th

At i P8 g
Jk - Q rﬂ 1k = qu jkcrn

Di i papq > i _ pri plSq
jk"zpquk rs jk_gpquk rs?

'T'k-h' — FIRTE + (FITI + 2T f
Ri, = Wi R, — frfRE, + (fIRD + fLRD)fi,
(34) <’:'.,—h- — FHICE, +(f1Cm + FICRfins
P*.,—h' — FfLP + (FPD + fLPE) i,
hS‘a—h' — fIf2St, + (F7ST + FAST) foms
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[ 2

6= bR = [ fiR, = (fRT, + SERT) S,
(3.5) ¢ an =hi frf'C' +(ffCm - fk'C_;’:)f,'u,

\P'k_hm )k f;f:P (fJ rk 'P;:')f:‘l$

f 3 3
T = b T52 — (ST P — fIPR )

le = h' m frfk (.frckr"fk )f:ns
J ’;‘-k = Ko O + S SECi, + (F}5T% + FLRT) i,
P‘k 52 fl Jrz +f"f’P' +ff: fm

S'k—hm 7t~ S fiRys + (f7C% = £iCo}) fm:
| Tjx = f{fiTh — (F]P7 — fEP3) fin.

(3.6)

1o 30 3.
Theorem 3.8. The Finsler tensor fields N, Ny, T, S}y vanish if

and only if there exists on M a h- and v-semi-symmetric f(3,1)-Finsler
connection FT'(N).

Remark 3.1. If the f(3,1)-Finsler structure is of index null, that is,

if it is an almost complex Finsler structure (h' = 6' v; = 0), then we
1 L L | o L 1 » " 1 - 2 1 %
haveN T=N,R= R,C’:C:C,P:P:P,N=S=N,
2 *x 2 s 2 L tt
R=R,C =C, P= P, and (3.6) can be constructed with R,k = S

and fi 7 f2Tm = T%,, only (cf. with R. MIRON [7], Theorem 3.2, where
there are &,1-2,... ,?l:)

4. F (3,1)-structures on the tangent bundle

Let N be a fixed non-linear connection on T M.
An F(3,1)-structure of index k' on TM is given by a tensor field

F € r}(TM) with property:

F*4+F=0 rank||F(z,y)]|=2n-k =2p/,

(4'1) ]
0<kKk <2n,V(z,y) € TM
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In the adapted basis X4 = {6;,0;}, A =1,2n, i = 1,n, F can be repre-
sented by:

% 1, ¥ ® :

F=Fi§; @ dz? + Fi6; ® 6y’ +
(4.2) s o 4
+ Fi0; ® dz’ + F}0; ® 8y,

where ;'; (a =1,2,3,4) are Finsler tensor on M. Then we have

2 - PR - 4. ;
(4.3) F(ISJ) = F;-é,--i-F}B;, F(a,) = F}&i +F}6,-,
and the condition (4.1) is equivalent with
(

lilh 2‘_3‘.1’ 1.2, 2.“1; a 1,
(F;.F,"FF}‘F‘)FJ"*'(F&F,+FhF‘)FJ'+F"=0,
2 CT. VO P W TN L e 2.
(4.4) (FyF, + F;,F,)F; + (FyF, + F;‘F,)F; + F; = 0,
i 5.1 £ .3 1 3. 2 4. 4. 3 §,
(F;.Ff + F},Fi‘)F; + (F},Ff + F;,Ff)F} + F; =0,

$ 1.  4.3..3 I TS 4.
(FLF: + Py P+ (FLF + Iy FOF: + Fy =0,
Also, we suppose that the components of F fulfil the conditions

(4.5) H=-F? V=F41,

so as to be orthogonal and supplementary projectors.
The Nijenhuis tensor of F' is given by

N(X,Y) =H[X,Y] + F[FX,Y] + F[X,FY]-
- [FX,FY], VX,Y €E(TM).

The integrability condition of the F(3,1)-structure F is N(X,Y) = 0
VX,Y € E(TM), [4], [9]. It is sufficient to calculate N(§;,6%), N(6;,0%)
and Nr(é_,-,é,,), and we can determine N(X,Y).

If fi(z,y) is an f(3,1)-Finsler structure of index K on M, then on

TM, in the presence of a non-linear connection, we have some important
special cases:

(4.6)

4

1
F = fi6; ® dz’ + f}0; ® by,
2

(4.7) \ F=fi6;®@dzi - fi5; ® 6y,

s
%

f;fsi ® 8y’ + f;a: ® dz’.
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The tensor fields F (a = 1,2,3) given by (4.6) are F(3, 1)-structures
of special type on TM. Indeed, conditions (2.2) and (2.3) being fulfilled

for f}, we get
F*+F =0 rank|F(z,y)llurm =
= rank ||F(z =n-—k
s < | F(z,y)llvrm

H = —F? = his; @ de’ + hid; ® by’

k V = F? +I=v}6;®d.r"+v}3i®6yj, Va=123

where h§ = —fi f}', v} = fif} + 6.
To the formulae (4.7) we give F(3,1)-structures on TM by the lift of

an f(3,1)-Finsler structure from M to the total space TM of the tangent
bundle T'(M).

5. The integrability of f(3,1)-Finsler structures

Let N be a non-linear connection of T(M). Then an f(3,1)-Finsler
structure on the base manifold M can be lifted to an F(3,1)-structure on

T(M) in three manners (4.7). The values of the Finsler components of F
from (4.2) are given in the following table:

FlF|F|F| F
ff' fi 0 0 f
F gt 100 e ] g
137" 0 i N 0

We remark the following relations
- . L s
F(6;) = fiéi,  F(95) = f;0;,
2 B -
F(6;) = f;6,  F(8;) = —f;0;,

3 o - |
F(&;) = fibi,  F(8;) = fisi.
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Definition 5.1. An f(3,1)-Finsler structure of index K on a differen-
tiable manifold M is called integrable of type I, IT or II1I with respect to
1 2

the non-linear connection N, if the corresponding lifted F(3,1)-, F(3,1)-,
3
or F(3,1)-structure is integrable.

We characterize these cases of integrability using only the invariants
of the group Gjy.

Theorem 5.1. The f(3,1)-Finsler structure, (2.1) is integrable of type
I, IT or III if and only if the invariants of the group Gy have the values
given in the following table

Type of Characterization
integrability by inva.ria.nt,s
I T'k—U R'k—O C'k—ﬂ P'k-—O S;k‘_
II T'k—O Rk—U CJ,‘—D P,‘—U S;k—
III T,k—O .FSZJ,‘—O C,k—O PJ,‘—O
Sil_r_= 0; Tjk=0

PROOF. The f(3,1)-Finsler structure is integrable of type I if and
1
only if N(X,Y) =0 for F. But N(X,Y) =0, VX,Y € E(TM) is equiva-
lent to R Sy
N(6;,6x)=0, N(6;,0¢)=0, N(9;,0¢)=0

whxchaxeeqmvalentto ‘L =0, R‘k—O C,‘—O ij = 0, .S'
The proofs of II and IIT follow the same pattern
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