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1. Introduction

In the present paper we give a dual theory corresponding to the theory
of nonlinear connections in Lagrange spaces, given by the first author in
[1].

We study the possibility of determination of a nonlinear connection N
on the cotangent bundle T*(M) = (T*M,r*, M) of a differentiable man-

ifold M, starting from a linear connection V* on the vertical subbundle
VT*M of T*M. We also study the possibility of the determination of a

distinguished connection F*I' = (Njy, Fj‘k, Ci’*) on T*M, whose restric-

tion to VT™*M coincides with V",

The terminology and notations follow those in MIRON’s papers [4],
(5], [6], with some modifications given in ATANASIU-HASHIGUCHI's paper
[2]. For convenience sake, in §2 we shall sketch the material from MIRON’s
theory necessary for our discussions.

The authors wish to express here their sincere gratitude to Professor
Dr. R. MIRON for his invaluable suggestions and encouragement.

2. Distinguished geometrical objects on the cotangent bundle

Let M be an n-dimensional C*® -manifold and #* : T*M — M its
cotangent bundle. Since a point of T*M is a covector (z,p) at a point

z of the base manifold M, a coordinate system z = (z*') in M induces a

canonical coordinate system (z,p) = (z*,p;) in T*M by p= p,(d.r')
A transformation of the canonical coordinate system in T*M is given

~ ~q n o 3:::'" . 33:"
(2.1) T =z (z!,... ,7 ), Pi= B?Pn det (&r);éo
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The kernel of the differential of the maping n* : T*M — M gives us
the vertical subbundle VT*M of the tangent bundle TT*M. If V{; ;) is
the fiber of VT*M at the point (z,p) € T*M, then we have the vertical
distribution V : (z,p) € T*M — V(; ;) C T nT* M.

A nonlinear connection N on T*M is a distribution of class C*° given
by (I,p) €eT*M — N(:,p) C T(:rp)T‘M such that T'(z,p)T‘M = N(:l:,p) %)
WV(z,p)- N is spanned by

(2.2) 6; = 8; + Nyi(z,p)d",

where 8; = 8/0z*, 8 = 0/dpi. {6:,0;} is a local basis adapted to the
distributions N and V, and its dual basis is {dz*, §p;}, where

(2.3) 0p; = dp; — N;,dz" .

The functions Nji(z,p) are called the coefficients of the nonlinear connec-
tion N and these are uniquely determined.
With respect to (2.1), we have

S r ~. .
5 = -gi,—.a,., o = g“’,a',
(2.4) o e
&&= ds”, 8P = b
el — L R L

and the transformation formula of N with respect to (2.1) is

i Oz* Oz' 0%z"
(2.5) N;i(z,p) = %ﬁNn(map)'}'er'

A distinguished tensor field, a d-tensor field for short, of type (r,s)
on M is defined by its components, satisfying the classical law of transfor-
mation with respect to (2.1).

A d-connection on M is a triad F*TI' = (N, F,C), where N = (Nj;)
is a nonlinear connection, F = (Fj%) is a special d—object and C = (C;’*)
is a d-tensor field of type (2.1). The transformation formulal of Nji, F) .
C:?* with respect to (2.1) are (2.5) and

“ %' Oz* Ozt - 2 or* 0%z"
(2.6) il o= st =
P Oz 077 oz*
Jk hed st
(2.7) Cio" = 0%t Oz°® Ozt Cr™.
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Given a d-connection, the h— and v-covariant derivatives are defined
for a d-tensor field, e.g. for K7j, by

(2.8) Ki= 6K} +K[F - K\F", Ki|*= 0"K} + K]C.7* — KiC;™.

For example the, h— and v-covariant derivatives of the d—covector p; are:

(2.9) pis = N — F%, pi|* =6 -C*,
where the index “0” means the contraction with p;.

We denote
(2.10) Din=Nin - F%, d*=8-C*.

The d-tensor field D is called the h—deflection tensor field and d;* is
called the v-deflection tensor field of the d—connection F*I" on T* M.

3. Nonlinear connections and d—connections on T*M
derived from linear connections given only on the
vertical subbundle VT*M
Let us denote by I"_, e, Ci7% the coefficients of the linear connection
V" obtained by restricting the d-connection F*T" on the vertical subbundle
Yol L
(31) 5}3:' _F; ka; VU aj = -C; Jkal

Effecting a change of the canonical coordinates (z,p) — (Z,p) on T*M

we can deduce by a simple calculation the transformation law of T';%

—

* “ ~ . m
_ 07" 92° Oz ( o7 _ & m) &%z

(32 Lh=g e’ 6Ja_m Pl

and C;’* has the transformation law given by (2.7).
There arises the following problem: given a linear connection

‘6" (f‘, % C‘,-"‘) on the vertical subbundle VT* M, under which conditions

does V? determine
(1) a nonlinear connection on T*M

(i1) a d—connection on T*M whose restriction to VT*M coincides

with V"”.
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To solve this problem we first give the following definition.

Definition 3.1. A linear connection V."’ on the vertical bundle is called
strongly regulated if the v—deflection tensor field d;* = 6;* — C;°* is non-
degenerate, i.e. rank ||d;*|| = n.

We show that for a strongly regulated linear connection V¥ the above

problem has a natural solution. — In fact, we multiply (3.2) with p;, and
we get

= o _ 9z O2' » &*z™
35 D% = 5 gL+ + 4 P e -

Since 6" is strongly regulated, the inverse of the matrix (d;") exists, and

it will be denoted by (d;")~! = (4";). Then by mutiplying (3.3) with b,
we obtain

~ % Q2" Bz , o*z™
(3:4) Vil % = Gz gaa bl + P -
We define
(3.5) N = biT,5%,
and from (3.4) we get
~ dz" Oz* Pz™
Ll Niw = 22 gar Ve + Pm g

that is, the transformation law of the nonlinear connection on T* M.

In this way have obtained

Theorem 3.1. Let be gven a strongly regulated linear connection ve
on the vertical subbundle VT*M of the tangent bundle n* : T*M — M,

with coefficients (fjik,Cijk), then:
(a) there exists a global nonlinear connection N defined on T*M, and

determined only by ve . The coefficients Nj; of N are given by the
formulal (3.5), where (b)) = (d;*)™};
(b) the triad (Njk,FJ‘ik,C.‘jk) with

(3.7) Fj'y =T + C;" Ny,

»
is a d-connection, which depends only on tie vertical connection V"

and whose restriction at VT*M is V.
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