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On the geometry of generalized metric spaces II.
 
Spaces of isotropic curvature
 

By HIDEO IZUMI (Yokosuka) and MAMORU YOSHIDA (Fujisawa) 

§o. Introduction 

Let M be an n-dimensional differentiable manifold and T(M) its tan­
gent bundle. We consider the bundle MT which does not contain zero 
vector of T(M), that is, MT := T(M) - {O}. A generalized metric space 
M n (or a generalized Finsler space) is a pair (MT, gij(X, y)), where gij(X, y) 
is a symmetric tensor satisfying the following conditions: 

(a) gij(X, y) is positively homogeneous of degree zero in yi, (b) gij 
is positive definite, (c) g\j := tfj2 F 2 / 8yi8yj is non-degenerate, where 
F 2 := 9ijyiyj. 

In the previous paper [1] we introduced three types of connections in 
M n (see §1): Cf(N) = (Fjik,C/ k), Rf(N) = (F/k,O) and Br(G) = 
(G/k,O) and the curvature tensors are (Rhijk,Phijk,Shijk) for Cf(N), 
(f{hijk,Fhijk,O) for Rr(N) and (Hhijk,Ghijk,O) for Br(G) respectively. 

Let K.hijk be one of the above seven curvature tensors of M n . For the 
plane 7f(X, Y) spanned by two independent vectors Xi and y i in M n , the 
scalar 

is called the sectional curvature for 7f(X, Y) with respect to K.hijk. If the 
sectional curvature K. is independent of any Xi and yi, then the space 
Mn(n > 2) is called to be isotropic with respect to K.hijk, or of «-isotropic 
curvature. We assume that the scalar K. does not vanish. 

The purpose of the present paper is to investigate the properties on 
generalized metric spaces of R-, K: and H-isotropic curvature. 

We shall show that a generalized metric space of f{-isotropic curvature 
is a Riemannian space of constant curvature (§3) and a generalized metric 
space of H -isotropic curvature is a Finsler space of constant curvature (§4). 
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It seems that R-isotropic curvature on a generalized metric space has not 
yet been sufficiently investigated. 

The terminology and notations are the same as in the paper [1] unless 
otherwise stated. 

The authors wish to express their sincere gratitude to Professor T. 
SAKAGUCHI for his valuable advices. 

§l. Preliminaries 

In this section we shall quote some quantities and relations from the 
paper [1] for later use. 

Let M n be a generalized metric space with tensor gij(X, y) mentioned 
in §O. As usual we raise or lower indices by means of gij. 

Three types of connection forms defined on M n are given as follows: 

i i k i kWj = Fj kdx	 + Cj k8y , 8yk := dyk + N kmdx m for Cf(N), 
. . k

wj = F/kdx k for Rr(N) and wj = G/ kdx for Bf(G), 

where 

. 1	 h . khF/ k := '2 g' (djg hk + dkg hj - dhg jk), dk := fA - N kOh, Ok:= %x , 

. h' 1 .h
Oh := %y, C/ k:= '2 g' (ghk(j) + ghj(k) - gjk(h))' gjk(h):= Ohgjk, 

cr, := tAG ij, G i
j:= o.c-, Gi := ~g*ih(yjOjahF2 - OhF2), 

* ih * "ig g hj = "i» 

and we have N i k = Fj i kyj. 
The covariant derivatives of a vector vi (x, y) are defined as follows: 

(a) Vi jk := dkv i + F/ kvj for Cr(N) and Rf(N), 
i . i i h(1.1) (b)	 V j(k) .= V (k) + Ci, kV for Cf(N), 
. _. h - h . 

(c) V'jjk := dkv' + Gh'kv , dk := Ok - G kOh for Bf(G). 

Here	 the following relations are satisfied:
 

i a i
(a) Co k = C/o = 0, (b) C jk := Cj k = gij(k)Y , 
(1.2) 

(c) COk = C jO= 0, (d) gij(k) = Cijk + Cjik, 
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where the index °denotes transvection by y; 

. . "h h"
(1.3)	 V'//k=V'/k+Dh'k V -P kV'(h), 

o i ""	 "0
(1.4 ) (a) P j k = Pj 0 = 0, (b) Po'k = 2P'k, (c) P'o = P k = 0, 

The connection Cr(N) is a metrical connection, that is, 9ij/k = 0, 
9ij/(k) = 0. 

It is known if C i j = °or C i j k = 0, then the generalized metric space 
reduces to a Finsler space or a Riemannian space respectively. 

The so-called Ricci formulae for a vector vi(x, y) are given as follows: 

(a) i "I k R i h R h i T." i h R h iv IJ/k - } = h jkV - jk V /(h) = .fih jk V - jkV (h),
(1.6) 

(b) v i /fj//k - }"Ik• = H h i jk V h - Hh jk V i (h), 

where - j Ik means the interchange of indices j, k in the foregoing term and 
subtraction, for instance AjmBim k - jlk = AjmBim k - AkmBim j. Here 
the curvature tensors Rh i jk, K hi jk, H hi jk are defined as follows: 

i i(a) R h j k:= K h j k + ChimRmjk, 

(1. 7) (b) Khijk:= dkFhij + FhmjFmik -jlk, 

i(c) H h j k :=;hGhij+GhmjGm'k -jlk, 

and the torsion tensors R i jk and Hi jk are defined by 

In this case, the following relations are valid: 

i i i i(a)	 R j k = R O j k = K O j k, H j k = HOijk,
 

i
(b) Hhijk = Khijk + Ehijk' Ehijk:= D h j/ k + DhmjDmik­

-pmkGhijm-jlk, Ghijk:=fhGhij, 
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i(c) Hijk = Rijk + E j k,
 

i i

E j k := E O j k. = pi j/ k + P'" jDm i k - jlk, 

i i(d) Hi k	 = R k + E k v 
(1.9) 

Hik:= HiOk,Rik := RiOk,Eik := Eiok' 

(e) E OO j k = 0, e, = _pi k/O - pimpmk, 

(I) Hijk(h) = Hhijk' Hik(j) - Hij(k) = 3H!jk. 

From the Bianchi identities, we shall list the following: 

where +hljlk means the cyclic permutations of indices h, i. k in the fore­
going term and summation, for instance AhmBjm k + hljlk = AhmBjm k + 
AjmBkmh + AkmBhm j. 

Moreover we have the useful expressions 

(1.11)	 Rhijk - Rjkhi = B hi j k, 

(1.12) I<hijk - I<jkhi = ~(Thijk - ghi(m)Rmjk + gjk(m)Rmhi), 

1(	 m m )(1.13) Hhijk - Hjkhi = "2 T hi j k - ghi(m)R jk + gjk(m)R hi + 
+Ehijk - Ejkhi' 

where 

2Bhi j k := T h i j k + (C him - Cihm)Rmjk - (Cj k m - Ckjrn)Rmhi, 

Thijk := ghj(m)Rmik + gik(m)Rmhj - jlk, 

and they satisfy the following relations: 

m(1.14) 2Bh i j k. + hljlk =(3Chim + Cihm)R jk­

-	 (Cj km - Ckjm)Rmhi + hljlk, 
m(1.15) T h i j k + hljlk =2ghi(m)R jk + hUlk. 

Lastly, we shall prove the following result: 
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Lemma 1.1. If a tensor Ahijk of degree 4 satisfies 

(1.16) Ahijk + Ajihk + Ahkji + Ajkhi = 0, 
(1.17) Ahijk = -Ahikj, 

(1.18) Ahijk - Ajkhi = Uhijk, 

(1.19) Ahijk + hUlk = Vhijk,
 

where Uhijk and Vhijk are certain tensors, then Ahijk is expressible as
 

(1.20) 

PROOF. Interchanging indices hand j in (1.18), we get 

(1.18)' 

If we take the sum of the three equations (1.16), (1.18) and (1.18)' 
and use (1.17), we obtain 

(1.21) 

The cyclic change h ---+ k ---+ j ---+ h of indices in (1.21) gives 

(1.21)' 

Subtracting (1.21)' from (1.21), we have 

(1.22) 

Making use of (1.19) on the left hand side of (1.22), we can see (1.20). 
Q.E.D. 

§2. A generalized metric space of R-isotropic curvature 

First we consider a generalised metric space of R-isotropic curvature. 
In this case, from the relation corresponding to (0.1) we have 

(2.1) 

When we put 



190 Hideo Izumi and Mamoru Yoshida 

provided equation (2.1) holds for any Xi and yi, then the following equa­
tion must hold: 

(2.2)	 rhijk + rjihk + rhkji + rjkhi = O. 

On the other hand, the tensor rhijk obeys the following relations using 
the properties of Rhijk: 

(2.3)	 rhijk = -rhikj, 

(2.4) rhijk - rjkhi = Rhijk - Rjkhi = B h i j k, 

(2.5) rh~jk + hljlk = Rhijk + hljlk = ChimRmjk + hljlk. 

Consequently, r hij k satisfies the conditions for Ahij k in Lemma 1.1, 
where Uhijk = B h i j k and Vhijk = ChimRm jk + hljlk. Therefore rhijk has 
the form 

6rhijk	 = B h i j k + B j ih k - B k ih j - B h i k j + 2(ChimRmjk + hljlk) 

= 3Bhi j k - (Bhijk - 2ChimRm jk + hljlk). 

Making use of the definition of B h i j k and (1.14) in the above equation, 
we obtain 

6rhijk	 =[(Cik m + 2Ckim)Rmhj + (Ch j m + 2Cjhm)Rmik - jlk]+
(2.6) m	 m+ 2(Chim - Cihm)R jk - (Cj k m - Ckjm)R hi· 

Consequently, we have the following 

Theorem 2.1. A generalized metric space of R-isotropic curvature is 
characterized by (2.6). 

Making use of (2.6), we shall prove the following two propositions. 

Proposition 2.2. In a generalized metric space of R-isotropic curva­
ture, if the relation 

is satisfied, then the following equation holds: 

(2.8) 

PROOF. If we substitute (2.7) into (2.6), then direct calculations show 
rhijk = O. Hence (2.8) is obtained. Q.E.D. 
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Proposition 2.3. In a generalized metric space of R-isotropic curva­
ture, if the symmetric tensor Cij is proportional to hij, namely 

(2.9) c., = )..hij ().. i- -1), 
then the following equation holds: 

(2.10)	 R ijk = R(yj8i - Yk8~). 

PROOF. Transvecting (1.7) (a) by Yi and using (1.2) (b), we get 
K h0 jk = -(ghm + Chm)Rm jk, transvection of which by yk gives 

(2.11)	 K hj = (ghm + Chm)Rm
i­

where K hj := Ki, 0 jO' Similarly, if we transvect (1.10) (b) by yiyk, then we 
obtain 
(2.12)	 K hj = K jh. 

On the other hand, transvecting (2.6) by yh and using (1.2) (a), (b), 
we get 

6rOijk =(Cikm + 2Ckim)Rm 
j - (C ijm + ic.; )Rmk­

(2.13)	 - (C jkm - Ckjm)Rm 
i - 2(CimRmjk+ 

+ CjmRmki + CkmRmij). 

Further transvection of (2.13) by yj yields, with.(1.2) (c) in mind, 

(2.14) 2(Rik - F 2 Rhik) = Ck'Rmi - CiRmk, 

where Rik := ROiOk. 
Moreover, if we use the hypothesis (2.9), then from (2.11) we have 

(2.15)	 Rhj = Khj/(1 + )..). 
Consequently, substituting (2.15) and (2.9) into (2.14) and noting 

(2.12), we get 

(2.16)	 Rhj = F 2 Rhhj. 

Using (2.16), we can easily see that 

(2.17) (Cikm +2Ckim)R
mj-(Cijm+2Cjim)Rmk-( Cjkm -Ckjm)Rm

i = 0, 

because of Ci,» = Cu«. 
On the other hand, we see 

K hOjk = -(ghm + Chm)Rmjk = -(1 + )")ROhjk, 

which yields 

(2.18)	 CimRmjk + ilj Ik = -)..Kiojk/(1 + )..) + ilj Ik = O. 

Therefore, if we apply (2.17) and (2.18) to the right hand side of 
(2.13), then we can conclude rOijk = 0, namely ROijk = R(Yjgik - Ykgij), 
which is equivalent to (2.10). Q.E.D. 
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Propositions 2.2 and 2.3 yield the following 

Theorem 2.4. If c., = >..h i j (>.. # -1), the generalized metric space 
of R-isotropic curvature is characterized by 

§3. A generalized metric space of K-isotropic curvature 

Secondly, we consider a generalized metric space of K -isotropic cur­
vature. In this case, if we put 

then	 we must have 

(3.1 )	 k hi j k + k j i hk + k h kj i + k j kh i = O. 

It is easily shown that the tensor khijk satisfies the following relations: 

(3.2)	 k h i j k = -khikj, 

(3.3)	 khijk - kjkhi = Khijk - Kjkhi 

1 ( m m )= 2" Thijk - ghi(m)R jk +gjk(m)R hi, 

(3.4)	 k h i j k + hljlk = K h i j k + hljlk = O. 

Consequently, k h i j k satisfies the conditions for A h i j k in Lemma 1.1, 
where Uhi j k = HThi j k - ghi(m)Rm jk +gjk(m)Rm hi) and Vhi j k = O. There­
fore khijk has the form 

1( . m m 
6k h i j k =2" Thijk + Tjihk - nihj - Thikj - ghi(m)R jk - gji(m)R hk+ 

m m m m 
+	 gki(m)R hj + ghi(m)R kj +gjk(m)R hi + ghk(m)R ji­

m m 
- ghj(m)R ki - gkj(m)R hd· 

Making use of the definition of Thijk and (1.15) in the above equation, 
we obtain 

From this equation, we shall derive the following interesting result. 
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Theorem 3.1. A generalized metric space of non vanishing K-isotro­
pic curvature is a Riemannian space of constant curvature. 

PROOF. Interchanging indices hand j in (3.3), we get 

(3.3)' 

Summing the three equations (3.1), (3.3) and (3.3)', we have 

2(k hi j k + kj i hk ) =~(Thijk + T j i hk - ghi(m)Rmjk + gjk(m)Rmhi­
(3.6) 

m m 
- gji(m)R hk + ghk(m)R ji). 

If we consider +hljlk in (3.6) and use (3.4) and (1.15), we obtain 

(3.7)
 

Transvecting (3.7) by yh and making use of (1.2) (b), we have
 

(3.8)
 

Further transvection of (3.8) by yk yields, with (1.2) (c) in mind,
 

(3.9) 

Transvecting (3.5) by yh y j and using (3.9), we obtain 

(3.10) kOi Ok = 0, 

which gives, by the definition of khi j k , 

(3.11) 

Substituting (3.11) into (3.9), we have 

(3.12) 

Since we assume K -=I 0, we must have ej k = O. From this result, 
(3.8) and (3.11), we obtain gjk(i) = O. This means that the space in con­
sideration is a Riemannian space. Q.E.D. 

The above proof also yields the following 

Corollary 3.2. A Finsler space of K-isotropic curvature is a Rieman­
nian space of constant curvature. 
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§4. A generalized metric space of H -isotropic curvature 

Thirdly, we consider a generalized metric space of H-isotropic curva­
ture. In this case, if we put 

hhijk := H hijk - H(ghjgik - ghkgij), 

then we must have 

(4.1 )	 hhijk + h j i h k + hhkji + h j k h i = O. 

On the other hand, the tensor hhijk obeys the following relations: 

(4.2)	 hhijk = -hhikj, 

(4.3)	 hhijk - h j k h i = Hhijk - Hjkhi 

m m 
= ~(Thijk - ghi(m)R jk + gjk(m)R hi) + Ehijk - Ejkhi' 

(4.4)	 hhijk + hljlk = H h ij k + hljlk = O. 

Consequently, hhijk satisfies the conditions for Ahijk in Lemma 1.1, where 
Uhijk t(Thi j k - ghi(m)Rm j k + gjk(m)Rm hi) + E hi j k - E j k h i, 

Vhijk = O. Therefore hhijk has the form 

m m 
6h h i j k =~(Thijk + T j i h k - T k ih j - T hi k j - ghi(m)R jk - gji(m)R hk+ 

m m m 
+	 gki(m)R hj + ghi(m)Rm kj + gjk(m)R hi + ghk(m)R ji­

m m 
- ghj(m)R ki - gkj(m)R hd + Ehijk - Ejkhi + Ejihk - Ehkji­

- E ki h j + E h j k i - E h i k j + E k j h i. 

Making use of the definition of Thijk, (1.15) and (1.10) (d), we obtain 

m m m 
6h h i j k =(2gh j(m)R ik + gik(m)R hj - jlk) - 2ghi(m)R jk+

(4.5) 
+ 3Eh i j k - E j k h i + Ekjhi - Ehkji + Ehjki. 

Now we put E i k := E OiOk, Eh j := EhOjO, and we first show two lemmas 
in a generalized metric space. 

Lemma 4.1. In a generalized metric space, we have 

(4.6) 

PROOF. Transvecting (1.10) (d) by yiyk and using (1.9) (e), we have 
(4.6). Q.E.D. 
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Lemma 4.2. In a generalized metric space, we have 

(4.7)	 E h·J-- E hJ. + C h·I E i J". 

PROOF. Using (1.5), i.e. 

(4.8)
 

and (1.9) (e), we get
 

Ehj = D hOj/O - pihDiOj = -(9ij + Cij)pi h/O - Cij/Opi h - DiOjpi h 

= -(gij + Cij)pi h/O + DmOjpm h = -(gij + Cij)(pi h/O + pimpm h) 

i i i 
= (gij + Cij)E h = E j h + CijE h = E hj + ChiE j. 

Q.E.D. 

Next, we consider a generalized metric space of H -isotropic curvature. 

Lemma 4.3. In a generalized metric space of H-isotropic curvature, 
we have 

(4.9) 

PROOF. Interchanging indices hand j in (4.3), we get 

m m(4.3)' h jihk -hhkji = ~(Tjihk gji(m)R	 ji)+ Ejihk ­- hk +ghk(rr.)R Ehkji. 

Adding (4.1), (4.3) and (4.3)', we obtain 

2(hhijk - hjikh) =~(Thijk + Tjihk - ghi(m)Rmjk+ 

m(4.10)	 + gjk(m)R h i - gji(m)Rmhk + ghk(m)Rmj;)+ 

+ E h i j k - E j k h i + E j ih k - E h k j i. 

Considering +hlJlk in (4.10) and noticing (4.4) and (1.10) (d), we have 

(4.11 ) 

Transvecting (4.11) by yh, we have 

m m m 
CkmR ij + CjmR ik - gjk(m)R i + E j kOi + E j Ok i + E kOj i+

(4.12) 
+ EkjOi + EOjki + EOkji = O. 

Moreover, transvecting (4.12) by yk and using (1.9) (e), we have (4.9). 
Q.E.D. 
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Lemma 4.4. In a generalized metric space of H-isotropic curvature, 
we have 

i 2 i(4.13)	 H k = F Hh k · 

PROOF. Transvecting (4.5) by yhyj, we see that 

6h oiOk = 6(Hik - F 2 Hh ik) = 2C kmRmi - 3CimRmk + 3Eik - 2Eki - Eki. 

Lemmas 4.1 and 4.3 tell us that the right hand side of the above equation 
vanishes and then (4.13) holds.	 Q.E.D. 

Lemma 4.5. A generalized metric space of H-isotropic curvature is a 
Finsler space. 

PROOF. From Lemmas 4.2 and 4.3, we see 

c..t», = -c..s"; 
Hence, using (1.9) (d) and Lemma 4.4, we get 

0= Chi(Rij + E i j) = ci.n', = F 2 HChihj = F 2 HChj, 

from which we have Chj = O. Therefore the space in consideration reduces 
to a Finsler space. Q.E.D. 

Lemma 4.6. In a generalized metric space of H-isotropic curvature, 
we have 

i(a) E h jk = Phij/k + Phr,»;', - ilk, (b) E'jk = 0, E\ = 0, 
(4.14) 

(c) E h
i
jO= Ph

i
j/o, E h

i
ok = -Ph

i
k/O' 

PROOF. From Lemma 4.5, the space in consideration is a Finsler 
space. Then, noticing (4.8) we have pi k = 0, which means that D/ k = 
P/ k + pij(k) = p/ k. Hence (4.14) (a) follows from (1.9) (b) and the other 
from tv, = u-, = O. Q.E.D. 

Now we ready to prove the following 

Theorem 4.7. A generalized metric space of H-isotropic curvature is 
a Finsler space of constant curvature. 

PROOF. Transvecting (4.5) by v" and using Lemma 4.6, we have 

6h oijk = -2CijmR
mk + 2CikmR m

j + 3Eijk - E jkOi + E kjOi - E kj i + E jki. 

Noting R ik = Hi k + F 2 H hi. and Lemma 4.6, we obtain 

(4.15)	 6h oijk = 6(Hijk-H(Yjgik-Ykgij)) = 0, orH')k = H(yjtS1-YktSj). 

By virtue of a well-known theorem ([4], p.133), a Finsler space which 
satisfies (4.15) is a	 Finsler space of constant curvature, that is, 

hhijk = H hijk - H(ghjgik - ghkgij) = O. 
Q.E.D. 
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Remark. The right hand side of (4.5) reduces to 2(Phi j/ k + HChijYk) 

-jlk after some calculation using (4.15). This is consistent with the well­
known identity in a Finsler space (e.g. [2], (2.7) (b)) 

Hhijk + Hihjk = 2(Phi j/ k - Phikfj) - 2ChimHjmk. 
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