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On extrinsic spheres in Kahler manifolds

By CZESLAW KONOPKA (Wroclaw)

1. Introduction

An m-dimensional submanifold, m > 2, of a Riemannian manifold
is called to be an extrinsic sphere if it is totally umbilical and its mean
curvature vector field is non-zero and parallel. Extrinsic spheres have been
geometrically characterized by NoMizu and YANO [2]. Since they have
the same extrinsic properties as ordinary spheres in a Euclidean space, it is
natural to ask when an extrinsic sphere is 1sometric to an ordinary sphere.

When the ambient manifold is a Kahler manifold, it is proved that:

Theorem A [1]. A complete, connected, simply connected and even-
dimensional extrinsic sphere of a Kahler manifold is isometric to an ordi-
nary sphere if its normal connection is flat.

Theorem B [4]. A complete, connected and simply connected extrin-
sic sphere M in a Kahler manifold M is one of the following:
(1) M is isometric to an ordinary sphere,
(2) M is homothetic to a Sasakian manifold,

(3) M is a totally real submanifold and the f-structure is not
parallel in the normal bundle.

Here we note that the cases (2) and (3) occur only when dim M =m

is odd and dim M > m + 1, respectively.
The main theorem of the present paper is as follows:

Theorem 1.1. Let M be a Kihler manifold and M a complete, con-
nected and simply connected extrinsic sphere of dimension m > 3 in M.
Assume, additionaly, that the curvature tensor of the connexion induced
in the normal bundle of M satisfies the condition

(1.1) VaVamRiinz = Vi VaR

i z =0

Jiy
Then one of the following cases occurs:

1) M is isometric to an ordinary sphere,
2) M is homothetic to a Sasakian manifold.
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Moreover, we give some sufficient conditions for an extrinsic sphere to
be homothetic to a Sasakian manifold. In the proofs we use the following
well-known theorem of Okumura [3].

Theorem C. Let M be a Riemannian manifold. If M admits a Killing
vector field v of constant lenght satisfying

Vijv,‘ = hz(ngik = vig;’k)s

for a non-zero constant h, then M is homothetic to a Sasakian manifold.

2. Preliminaries

Let M be a Kahler manifold of dimension n and (F,G) its Kahler
structure. Then we have

(2.1) Fo,F7g = -6, FAoF'3Goy = Gap, V,F25=0.

Here and in the sequel the indices a, 3, ... run over the range {1,2,...,n}
and V denotes the covariant differentiation in M. ~

Let M (dimM = m, m < n) be a submanifold of M. Denote by
(%) and (u') local coordinates of M and M, respectively. The continual
indices h,1,j,... run over the range {1,2,...,m}.

Let z® = z%(u') be a local parametric representation of M in M.
Set B = 8z /0u’. M inherits from M the Riemannian metric g of local

components g;; = Go3B;*B;?. Next we take n — m mutually orthogonal
unit local vector fields normal to M and denote their local components by
N.“. Theindices z,y, z,u,w, ... runover the range {m+1,...,n}. Denote
by g,y the components of the metric tensor induced on the normal bundle

T+M of M from the metric tensor G of M, that is g;y = GagN:*N,”.
e Let us express F'B; and F' N, as linear combinations of B; and N, as
ollows

(2.2) F,*B;" = f;"B + fi*N,°,
(2.3) F‘yaNz.r = f:rBra o fy:Nza-

Then f,* are components of an f - structure in the normal bundle TLM.
It can easily be noted that

fij e "'fjl's fi: - _.f:i9 f:y - _fy:a
where
fij = firgrjv fl' — fiygzys f::i = fzrgris .f:ry e f:vgvy-
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With the help of (2.2) - (2.3), we find

(2.4) i fri + £i* fzi = —gij,
(2-5) firfrr 5 fi”fv: =0,
(26) fzvay 4 f:rfry = —@0zy-

If FT.M C T;}*M for any z € M (i.e. f;'=0), then M is said to be
a totally real submanifold of M.

Denoting by h;;* the components of the second fundamental tensor
of the submanifold M, we have the following equations of Gauss

(27) VjBia = hl'ijvos
and of Weingarten
(2.8) Vsza = "'hjprras hjrx = hjivgirgvza

where V denotes the Van der Waerden - Bortolotti covariant differentiation
(see e.g. YANO and ISHIHARA [5]).

The mean curvature vector field of the submanifold M has local com-
ponents h* = 1/mg"*h,,* and the function h is such that h* = g,,h*h? is

the mean curvature.
The submanifold M is said to be totally umbilical if h;;* = gi;h* and

totally geodesic if h;;* = 0. If the mean curvature vector field of a totally
umbilical submanifold is non - zero and parallel (V;h* = 0), then M is
called an extrinsic sphere in M (cf. [2]). The mean curvature h of an
extrinsic sphere is a non - zero constant.

Let M be an extrinsic sphere in M. Differentiating (2.2) and (2.3)
covariantly along the submanifold M we obtain, by virtue of (2.1) - (2.3),
(2.7) and (2.8),

(2.9) Vifij = vigjk — vj gik,
(210) kai.r = fvzhvgik o hzfika
(2.11) kazy = hyfk:: - hszya

where v; = f;. h*.
The covector field v = (v;) satisfies

(212) V_,—v,— == —h2f,'j.

Thus it is Killing. Differentiating again (2.12) covariantly and making
use of (2.9), we obtain

(2.13) VkV,-v.- T hz(v_,-g,-k — v,-g_,'k).
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3. Extrinsic spheres

Lemma 3.1. For an extrinsic sphere in a Kahler manifold, the follow-
ing relations hold

(31) verjir = 03
(3.2) JreTkji" + fi"Rijzo = 0,
(33) frz(VanRkjir s vaanjir)+

fiu(vnvaka” = vaanjzv) -
= hz(fankiim = .fm:Tk'!'in . ginfr:Tkjmr - gimfrsz;!’nr)g

where
(3.4) Tkjin = Rujin — h*(9kngij — grigsn),

while Ryjin and Ryjzy = Rijz"gvy are covariant components of the cur-
vature tensor of M and the curvature tensor of the connexion induced in
the normal bundle of M, respectively.

PRrROOF. (3.1) follows from (2.13), the Ricci identity and (3.4). Differ-
entiating now (2.10) covariantly and applying (2.9), (2.11) and the Ricei
identity, we obtain

JreRiji™ + fi* Rijzo = hz(gs'jsz — girfiz)

This, by making use of (3.4), can be written in the form (3.2). To
prove (3.3) we transvect the Ricci identity

anijiy: = vanRjiyz e Rriyanmyr = Rjry::anir_
= Rjisznmyr e Rjiyuan:vr

with fi* and use (3.2), (3.4) and the known identity

VaVmBukji — Vi VaRpkji = — RekjiRamn™ — Rirji Ramik’ —
= thrianjr g thernm,'r:

This completes the proof.

The above lemma will be used in the following proof:

PROOF OF THEOREM 1.1. Suppose that M is a complete, connected
and simply connected extrinsic sphere in a Kahler manifold M.

By Theorem B, it is sufficient to show that in the case (3) of Theorem
B M is isometric to an ordinary sphere if its curvature tensor of the normal
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connexion satisfies (1.1). Let M satisfy (1.1) and be totally real (f;; = 0).
Then, from (3.3) it follows that

frt(VanRkjir = vmvanjir) =h2(fankjim " fm:Tkjin+

3.5
(3-5) + giﬂfr:Tkjmr =3 gim.fferf“r)’

and from (2.4)

(3.6) [i® fei = —9ji.

Next, permuting (3.5) cyclically with respect to the indices (k,j,1),
adding the resulting equations and using the relation T jir + Tjikr + Tikjr =
0 and the first Bianchi identity, we find

f.rr(ginTkjmr _gimTkjnr +gknTjimr —GJkm Tjinr"'gjnT:'kmr _gjmT'iknr) = 0.
Hence, by transvection with f;*¢'™ and making use of (3.6), we have
(3.7) (m = 3)Tkjnh = Tjngkn — Tkngjn,

where Txp = Tkjnng’", which by transvection with ¢g’" yields Tis = 0 for
m 2 3. If m > 3, then the relation Ty, = 0 used in (3.7) yields Ty;;n = 0.
As it is known, if m = 3, then Ty, = 0 always implies Tyjin = 0. Thus,
M is a manifold of constant curvature. As M is complete, connected and
simply connected, M is isometric to an ordinary sphere. The proof is
complete.

If Vif,* =0, then the f-structure in the normal bundle T+ M is said
to be parallel. It is known that if M is a totally real submanifold, then the
f-structure is not parallel (cf. [4], Theorem B). For an f-structure which
is parallel, we have the following.

Theorem 3.2. Let M be an extrinsic sphere in a Kahler manifold. If
the f-structure in T+M is parallel, then M is homothetic to a Sasakian
manifold.

PROOF. Suppose that Vi f,* = 0 holds. Then, from (2.11) it follows
that fi,hy, — fryh: = 0. Hence, by covariant differentiation and using
(2.10), we have

(3.8) hyfech® = hyfoyh® =0.

Now, transvecting (3.8) with hY, we get f,.h* = 0. On the other
hand, by transvection of (2.6) with h*h¥, we obtain, in virtue of the above
relation, v,v" = h%. The vector field v is Killing (see 2.12), satisfies (2.13)
and has non - zero constant length. But if a Riemannian manifold admits
such a vector field, then it is homothetic to a Sasakian manifold [3]. The
proof is complete.
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Corollary 3.8. If the f-structure in the normal bundle of M vanishes,
then M is a hypersurface homothetic to a Sasakian manifold.

PRrOOF. By Theorem 3.2, it is sufficient to show that M is a hyper-
surface. Suppose that f,; = 0 holds on M.

Then, (2.11) yields fxzhy — fiyh: = 0, which, by transvection with
f-*h¥ and the use of (2.6) gives h%g., = h.h, at each point of M. From
this we conclude that dim M = n — 1, which completes the proof.

Finally, note that from (2.9) and (2.11) we can easily obtain the fol-
lowing.

Proposition 3.4. An extrinsic sphere M in a Kahler manifold is to-
tally real if and only if the tensor field of components f;; is parallel on
M.

Contrary to the above we have

Proposition 3.5. Let M be an extrinsic sphere in a Kahler manifold.
There are no open subsets of M on which V. f;, = 0.

PROOF. Suppose that U is an open subset of M on which Vi f;; = 0.
Then, from (2.10) it follows that f;; = 0 and f.,;h* = 0 on M. From
(2.9) we get v; = 0 and from (2.11) h%f;, = vjh,. Consequently, we have
fjz =0 on U. This contradicts the equality (2.4). The proof is complete.
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