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On a functional equation characterizing
inner product spaces

By C. ALSINA (Barcelona) and J. L. GARCIA ROIG (Barcelona)

Abstract. We give a characterization of inner product spaces by solving a func-
tional equation. In doing this, a characterization of similitudes is obtained.

Let (E,|| ||) be a real linear normed space of dimension (finite or
infinite) different from 1. Since the mapping o : E — R% defined by
o(z) = 1||z||? is a convex functional we can define the mappings o/, , o’

E x E 5 R given by R

b o o g 2ty = l=l?
diley) = g, B

The mappings oy play a crucial role in characterizing inner product spaces
(see (2], (3], [4], [5], [6], [7], [8]). In fact, when the norm is derivable from
an inner product (E,- ) then o' (z,y) =z -y, i.e., g} reduce to the given
inner product.

Our aim in this paper is to solve the functional equation:

=y oo ex(f(y), f(=)
W (v S o) = - SR s

where the unknown function f : E — E is surjective, continuous and
vanishes only at zero and (1) holds for all z,y in E such that =z # 0.
Equation (1) has a natural motivation: in inner product spaces (1) says
that f transforms the height of the triangle determined by = and y into
the corresponding height of the triangle generated by f(z) and f(y).

In order to solve (1) we quote here some elementary results concerning
the functions p/, that we will use in the sequel (for a detailed study see

2]):
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(i) oi(z,z) = ||z]|> and |ol(z,y)l < [l |yll;

(i)  oi(az,y) = oy(z,y) = agi(z,y),a 2 0;

(iii)  o}(az,y) = o} (z,ay) = ag’ (z,y),a <0;

(iv)  ei(z,az +y) = dy(z,y) + allz|*,a 2 0;

(v) o', (z,y) = ¢ (y,z), for all z,y in E if and only if E is an

inner product space.

We begin with the following:

Lemma 1. If f : E — E is a surjective, continuous solution of (1)
and f(z) # 0 whenever x # 0 then f must be a linear automorphism.

PROOF. First we will show that f preserves the linear independence
of any couple of vectors z,y in E, z,y # 0. In fact, if we had f(y) = A f(z)
for some A # 0 by (1), (i), (ii) and (iii) we immediately would obtain

(- Glan) L) ) - SO gy g

=]} ILf(2)II?

and this would yield y = &4 (z,y)

llz]|?
of z and y.
Next consider u,v in E, u,v # 0, two independent vectors. The

substitution ¢ = v and y = u + v into (1) together with properties (1),
(iv) yield:

-z in contradiction with the independence

AU @)
A B e | L

-1 (w0 B = (- S5)
_ f(v) - LUOLIW) oo

| f(u)][?
Therefore

4 (f(u +v), f(u)) — &4 (f(v), f(u))
Il f(u)]|?

(2) flu+v)=f(v)+2 - fu),

and reversing the roles of u and v,

&4 (f(v +u), f(v)) — 04 (f(u), (f(v))
()12

(3) flutv)=f(u)+ - f(v).
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By (2) and (3) and bearing in mind that f(u) and f(v) are indepen-
dent we can conclude that f must satisfy

&y (f(u+v), f(w) - 24 (f(0), f(w) _
Ok

1,

ie., by (2)

(4) f(u+v) = f(u) + f(v)

where (4) holds for all couples of non-zero independent vectors u and v.

Moreover if v = Au we can choose in a plane containing u a sequence

(vn) of vectors independent of u but with limm vn, = Au. By (4) and the
n—

continuity of f we obtain

flutv) = flut u)= lim f(u+ova) = lim (f(u) + f(va)) =
= f(u) + fQu) = f(u) + f(v).

Thus (4) holds for all v and v in E\ {0} and obviously if either u = 0 or
v = 0. Consequently f satisfies the classical Cauchy functional equation on
E and (ACZEL, 1966) f is a linear transformation. Since f~!({0}) = {0}
and f is onto, f is an automorphism.

Remark. Observe at the end of the preceding proof that the hypoth-
esis of f being onto is only needed in the infinite dimensional case.

Now we will prove our main result

Theorem 1. A continuous function f from a real linear normed space
(E, || ||) of dimension (finite or infinite) different from 1, onto itself satisfies
(1) and vanishes only at zero if and only if (E,|| ||) is an inner product
space and [ is a similitude.

PROOF. It is a straightforward verification to show that any simili-
tude satisfies (1) whenever E is an inner product space. Conversely, assume
that f is a solution of (1). By virtue of Lemma 1 necessarily f must be a
linear automorphism and must satisfy

oi(2,y) _ 4(fw), f(z))
EE 1F@)IP

Consider any couple of linearly independent vectors u,v in E \ {0}
and any real t > 0. The substitution z = f~!'(u) and y = f~'(u + tv) into

(5)
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(5) implies:
dy(utto,u) o4 ((f o f~)(u+ 1), (f o f1)(w)

ful2 l(f o £=1)(u)||?
_ o4 (f” Y(u), [~ (u+ tv)) _ |If~ Yl + o4 (f ' (u), f7' ()
l£=2 (u)]I? If =2 (u)|l?

o, 0 (TN u), ST (te) L dh(tv,u) o tel(v,u)

=T Ewr - e T T
i ol (u+tv,u) = lull® + toly (v,u),
whence
(6) o', (v, u) = ‘l_if& 0% (u + tv;u) — |Ju|? |

Now we will compute the limit (6) by using (5), the definition of o/,, (ii)
and (iv) and the fact that u +tv # 0 :

oy (u+tv,u) — [|ull?

4 (v,u) = Jim. :
o (), f() + () flut toll? = ful? [ + to)]?
t—0+ t“fu+tv II?
o LFQOI flu o + 10!, (F(w), S(0)) flu+ = [l Lf(u + to)?
= tllf(u o)
i Lot o el 2SRt ol = ul?
‘r‘~o+{9+‘f SOl ¥ THu+ o) 2t
N T _IIf(u)+tf(v)II2—Ilf(u)llg}
T7(u + )] 2t
~dutren ol — oo iy 2 IBE e 7)) whence
* ror ¥ 20+ = 2se e o+
Jul

o4 (v, u) =20 (u,v) - TONE 4 (f(u),(f(v)) and by (5)

2 |2
o'y (v,u) = 20! (u,v) - ”}I(ﬂl)”z ”{I(Lllzll o'y (v,u)
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therefore we obtain

lul® 1@
IFI? vll?

By (7), o'y (u,v) = g, (v, u) if either of these values is zero. Otherwise,
reversing the roles of u and v we obtain:

[ P
A2 flull?

Combining (7) and (8) we immediately get

(7) 20!, (u,v) = [1 + l o (v, u).

(8) 20/ (o) = 1+ | ebtwo)

full®  If()I?
9 . =1
@) TFE ol
and therefore
(10) o4 (u,v) = gl (v,u),

for independent u and v. In the case that u and v are linearly dependent
using (i1) and (ii1) we immediately see that (10) also holds. But, as re-
marked before, (10) is equivalent to the derivability of the norm from an
inner product and (9) forces f to be a similitude. The theorem is proved.
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