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Estimate of the rate of mean convergence
of Hermite interpolating processes

By S. SZABO (Budapest)

The mean convergence of interpolating processes was first investigated
in the famous work [1] of P. ERDGs and P. TURAN in 1937 on a finite
interval and this was generalized for an infinite interval in 1961 by J.
BALAZS and P. TURAN [2]. In [3] JO6 and SZABADOS proved an L'-
convergence theorem for interpolating processes based on Laguerre nodes,
with estimate for the rate of convergence and this was generalized and
strenghtened in [4] by I. JOO. Probably, the results given in [4] are not
refinable.

The aim of the present paper is to generalize the Theorem of JOO
on the Hermite interpolating process based on Laguerre nodes in two di-
rections: first we give a different form for the rate of convergence, and
secondly, our method works for more general nodes than the Laguerrian
one.

Denote by LS;Q)(J‘) b x““e‘;{—,[e“’x""’“]{n) the Laguerre polynomials
(a > —1) and by z;,...,z, the zeros of LE:;(I) (in fact zx = z(k,n, a);
but we simplify the notation). Define by £x(z) := L'\ (2)/L" (zk)(z—2k)
the fundamental polynomials of the Lagrange interpolation based on the

roots of LLQ](J.‘) and put
Fal(f,z) :=
i Z [f(:rk).’rk(xk - CR) + .'I'(ﬂ +1- .’l'k) +f'(1'k)(-r i -’Bk) ei(z)
k=1

Lk

Introduce the space C()) := {f € C[0,00) : limoof(:v)e_’\’ = 0}, and

write w(f,6) := woo(f,0) ;= sup | f(z) — f(y) | for the modulus of

r,yER
|z—y|<8

continuity of f.
We shall prove the following
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Theorem. Supposea > -1, 0 <A< u<1; f,f € C()). Then

oo

(1) /:c“e"’|f(:r) — Fo(f,z)|dz <

0
b
<C {w (F‘, 2) + (é) + ZE’rn"e_G"}
n p

1/r
wherer > 1 (may dependonn ), a = (-l—q__"—“) yo=n(1-r"1), F¥(z) =
f'(|z|")e~*=I" and the constant C doesn’t depend on n,r, f.
For the proof we need some lemmas.

Lemma 1. Given 0 < A < u < 1, r > 1(r may depend on n), a :=

(ﬁ._np)l/r’ b=n(1-1); f,f' € C(}), there exists a polynomial p(z) €

[,y such that

b
() If'(:c)—p'(x)l=0(e"’){w (F',—)+(;) } (0<z<a),

o0

(b) f 2%e~*|f'(z) — p'(2)ldz =

0
ﬂ A b n A r
=0 w (Ft‘ _) A (_) J 27&!‘06-(]— )a
n M
PROOF.

(a) We have to modify the definition of p(z) in [3], (6) so as to obtain

b Az )k
Pa) =Dy Sk
k=0 '

(b) According to (3], using the estimate

/e"tﬁdt =e*s? (1+0(s7')), BER, s— +oo,

8

we obtain

/1'-“6_2”'(3') -p'(z)|ldz =0 ((az—r) -) /a:%'*'“e_“_’“’d;r =

a” a’”

=0 (2?a'°e_“""’“r) ;
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Lemma 2. If the conditions of Lemma 1 are fulfilled, then

oc

o, -1 « @ A s 2 ra_—(1—p)a”
'm/.-'lT e”*|f(z) — p(z)|dz = O{w (F ,;) + (;) 4+ 2% ra"™@e~ (174 }
ProoF. We may suppose that f(0) = p(0) and so
1@ -pa) = [ (0 -p)ar

In case 0 < z < a”, using Lemma 2 (a) we obtain

|f(z) = p(z)| < jlf'(t)-p'(f)ldt <
0
cofe 31+ )) o
0
oo+ ()}

r

}/m“e‘“"”)‘d:c <
0
a A ’

On the other hand we can estimate the integral

Hence

ar‘

a b Tt
/ 2°e~%|f(z) — p(z)|dz < O {u (5 2) (;)

0

o0

[ae*11(@) - plalda

in the following way:

o

[ame 1@ = p@ld < [ane (1) + @)z = i +

af
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where, obviously

o0

-]

oC
%% f(z)|dx < C/r“e"’“'”’dz o o e bl L
a’ a’
For the estimate of I, we have to estimate |p(z)| in case z > a”. Using
z
pa) = [ Flu)du +pla")
Rr
and taking into account Lemma 1 (a) we obtain
P[] £ Ce™; BLt£d,

hence
lp(t)| < ce*, 0<t<a",

consequently
)l < [ (ldu+0(ex).

Taking into account [p'(u)| < ce** , 0 < u < a" and using [6] pp. 61-62
we obtain

n/r
1P (w)| < C e (3“) - iy

al"

From this we get

F 3 2 n
Ip(z)] < C/e‘"‘ (a—?) du+cet <

a’
a
-

S Y nalp
<ce**|—=) zrt'—4ce**, z>a",
a” n ,

SO

oc

I = ./-Tae*x|P(1')|dm =O(e‘“") /z“e"d:c+

a'

+o((%)r . g) /xa+9+le—(l—p)rdx —

=) (a”’e‘“‘”)“r) +0 (2'-'l 1a"“"'“"e_“_"'}mr) ’
n
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hence

oo

/xne_llf(-'r) —pz)ldz <L+ =

a"

A o 1 ;
— O w (F"v E‘) o = + arae-(l—‘\)a + 2r rarae_“_")“ —
n/ " \u

b
=0 {w (F*, 2) + (i) - 257'(1“'3_“'“)“'} .
n r

and Lemma 2 is proved.
Lemma 3 ([3], [4], [5]). If 9,¢' € C(A), 0 < A< pu < 1, then

oo

@, —zI < —uTk ' —HTk
[ate IFata,) de <  max. lo(an)le™ + ¢ max 19/ (2l
0

Now we return to the PROOF OF THE THEOREM.

Obviously
[z 1@ - Falf,lds < [ 26 1f(x) — pla)lde+
0 0

oC

4 [ 2 e*|Fu(f - p, 2)lde,

0
where p(z) is the polynomial in Lemma 1. Applying Lemma 3 we get

oo

[ate 1P = poolde < max |f(zy) - pewle™ =+
) 22
+e max |f'(ze) — p(ar)le .

1<k<n
Here 0 < z; < 5n, and applying Lemma 1 (a) we have

max |f'(z3) — p'(ze)|e™** =0 {w (F‘, E) + (i)b} :

1<k<n
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On the other hand, we have seen in the proof of Lemma 2 that

6n
1—p

)

|f(z) — p(z)| = O(e**) {w (F‘, g) + (%)b} . 0<z<a =

ez e -sonn =0 (o () + (2)'}

hence

7Iae-zm.(f ~p,z)ldz = O {w (F, g) + (;’})b} :

0

Using this last estimate and applying Lemma 2 we obtain

(= =]

[ e S la) — Pl o) =

0

« @ A ’ 2 ra_—(1-p)a”
=0{w(f"*;;)+(11) P }:
ofs(r5)+ () satnee]

and the Theorem is proved.

Remark.
1. The case r = 2 is proved in [4].
2. Our method works also for the Jacobi, Hermite and Markov-Sonin
cases.
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