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On ball-filling vector sequences in RV

By L. JOO (Budapest)

Let N > 2 be any natural number: (1) C R¥ fills the ball in RV
with center at 0 and radius § > 0 if for any z € RV, |z| = § there exists
(¢n), €n = {] such that z =Y eAn.

In this paper we shall prove the following

o0
Theorem. For any ¢ > 0 there exists (An) C RN, ¥ |An| =1 such
n=1
that (\,,) fills the ball in RN with center at 0 and of radius Ry — ¢, where

% 1 - I(N/2)
VT VRN -1 T ()

(1) R

but there is no such sequence (\,) C RN, 3" |\.| = 1, which fills the ball
in RY with center 0 and of radius Ry.

Remark. In the case N = 2 we have R, = 1/7 and for this case the
Theorem was proved in [1] using complex functions. We give a different
proof here which works for arbitrary dimension N > 2.

PROOF of the Theorem.
Let us take finitely many vectors in RV with equal length such that

3" |An] = 1 and their direction is distributed among all directions "uni-
formly”, going as far as we can. Namely define n™~! points Ajy 1 =

%} PERE 1IN=1) 0 & J15:: yJN=-1 En—1 with lengt’h |A}_| & ;N}—_l and

with polar coordinates

. . T . 2T
d1 =31 —yiss s N2 =)IN-3 =, ON1 = jIN-1 —
n n n
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i.e. the Cartesian coordinates of A i will be

2 = n'~V cos Yy
23 = n' "N sind, cos ¥,

z3 = n' "V sind; sin v, cos J;

BN = n'~Nsind;...sindn_z cosIn_1

zny =n'"Nsind,...sindn_2sinIn_1.
If we take a large number of vectors i.e. n is large, then the distribution of
their directions can be made more and more uniform and by taking limit,

the points reachable as a subsum of the vectors can be made to be at a
maximal distance Ry from the origin, where

1
(2) Ry = o /:c(l - xz)'&;_awn_lda:
WN
0

and wy denotes the surface of the unit ball in RV. Indeed, wy_1(1 —

:r2)¥ ldr = means the surface of the unit ball between the heights
-

z and z 4 dz; multiplying this by z we obtain the height of the sum of

vectors whose direction is in this surface. So the integral Ry denotes the

limit of the maximal heights of the subsums of our vectors. It is known [2]

that

1 T(V/2)
vVa(N -1) T(52)

Now we shall prove that a ball of radius Ry — £ can be filled. Take the
first finitely many A, with equal length, with >"|A,| =1 — R% and with
almost uniform distribution of the directions. If the number of vectors

tends to infinity then, as the above computation shows, the subsums give

a net which approximates more and more the points of the ball of radius
M

Ry — e. Take so large a number M of vectors that the subsums Y e,An
1

(3) Ry =

approximate any point of the ball of radius Ry — ¢ with an error less than

M
¢/2. Now around any point Y e, A, take a ball with radius /2. Repeating
1

Mf
the above argument we can find Ays41,... ,Ape such that the net 5 e, A,
1
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'

approximates with an error less than /4 and }° |Ax| = 5p—. In the
M+1 i

following step we can ensure an error < £/8 furthermore Y. |A,| = 4—§—
M'-l'l N
etc.. Repeating this process we can construct the sequence (A,) filling the

whole ball of radius Ry — €. On the other hand, we prove that an (open)
ball of radius Ry cannot be filled. Take the indirect assumption. Given

any direction e € SV~ all points ce,0 < ¢ < Ry can be obtained, hence

(4) Y (e,An) > Rpforalle e SN
n:{e,Ap,)>0

Take the integral of the left side; since for fixed n
/ (e, An)dSN~! = |)\,| wnRN
{e,An)>0

we get

Y (e An)dSN! =wnRN Y Al =wnRN
gN=-1 n:(e,An)>0

which means by (4) that

(5) Z (e, An) = Rn.

n:{e,An)>0

Consider again the expansion of the elements ce where ¢ - Ry — 0 and
e € SN-1. If we assume that (e, \,) # 0 for all n then (5) implies

(6) Y - A= Ry

n:{e,An)>0

Let now €' Le, ¢’ € SV~! and 6§ > 0. Excluding countably many é’s we
can also ensure that

e + é¢'
(7) Z An = RN —_—— .
n:(e+8e’ A, )>0 1+ 6?
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We multiply here by v/1 + 62 and extract it from (6) to obtain

Ryée' = — Z Ao $\f14-52 Z X

n:{e,An)>0 n:{e+de’ , A,)>0

Taking the scalar product by e’ we get

Rné = — Z (,\me:) + Z ('\me’)'l‘

ni(e,An)>0, ni{e,An)<0,
(8) (e+8e' A, )<0 (e+6e’ ,An)>0

+(V1+62-1) Y (An€).

n:{e+de’ Ap)>0

Here the summands of the first resp. second sum on the right are negative
resp. positive, and the third member has order O(6%). Consequently we
obtain the following statement:

Let e,e' € SN-1, ele’, § > 0 and suppose that (e,\,) # 0,
(%) (e + é¢', Ap) # 0 for all n. Then (e, An) <0, {e + d¢',A,) >0
implies 0 < (e’,A,) < Rné + O(8?).
Now let 0 < £ < 1 be arbitrary and take e € SNV~ satisfying —¢|\;| <
(e, A1) < 0, (e,\,) # 0 for every n. Then choose ¢’ € SN~ €' Le such

that
(€', A1) > V1 —=e?|\.
Finally take 6 > 0 with the conditions <§< —& ;
1-¢? 1—¢2

(e +6€', A,) # 0 for every n. Since (e, A1) < 0 and (e + de’', A;) >
> (6V/1—¢€2—¢) |A] > 0, we have by (*) that

V1=e2|\ | < (¢, \) < Rné + O(82)

and then
Rn& + O(6?) ( € )
Al < =0 — ).
ol V1 —¢g? V1 -—¢g2

Since € > 0 can be arbitrarily small, this would imply |A\;|] = 0. The
contradiction proves that a ball of radius Ry cannot indeed be filled by
subsums ) e,A, as asserted.
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