
Publ. Math. Debrecen

40 / 1–2 (1992), 1–10

Ob odnom vsegda shod�wems�
iteracionnom metode dl� rexeni�

neline$inyh uravneni$i

M. VARTERES (Debrecen)

Abstract. For solving nonlinear equations J. Herzberger [1] worked out a class
of the always convergent iterations generated by well known interpolation polynomials.
He used interval analytic tools to the construction of his procedures. The purpose of
this paper is to generalise one of these iterations. The derivation, sufficient conditions
of convergence and error estimates of our iterative methods are described and proved.

1. Vvedenie

Segment-arifmetiqeskie raznovidnosti iteracionnyh meto-
dov, poro�dënnyh obwimi interpoliru�wimi mnogoqlenami, by-
li izuqeny $I. Hercbergerom v stat~e [1]. Nasto�wa� rabo-
ta obobwaet odin iz osnovannyh na odno$i toqke iteracionnyh
metodov. Opisanny$i v [1] sposob dl� predstavleni� posledova-
tel~nosti toqek iteracii ispol~zuet kvadratny$i interpoliru�-
wi$i mnogoqlen, kotory$i v danno$i toqke prikasaets� vo vtorom
por�dke k krivo$i funkcii. Voznik vopros, mo�no li vmesto kvad-
ratnogo mnogoqlena pol~zovat~s� drugo$i funkcie$i dl� postroe-
ni� posledovatel~nosti toqek iteracii. Okazalos~, qto �to voz-
mo�no, i mo�no dokazat~ teoremu o shodimosti, analogiqnu�
teoreme Hercbergera [1].

Oboznaqim mno�estvo vewestvennyh qisel qerez R, qisla
qerez x, y, z, . . . , i segmenty qerez X, Y, Z, . . . . Pust~ ∗ ∈ {+,−, · , /}
operaci� na R. V �tom sluqae operaci� ∗ me�du X i Y opre-
delëna, kak

X ∗ Y = {x ∗ y | x ∈ X, y ∈ Y }.
Dlinu segmenta X = [x1, x2] oboznaqim d(X) i sredn�� toqku
m(X), t.e. d(X) = x2 − x1 i m(X)= x1+x2

2 .
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2. Opisanie metoda

Uslovi� i oboznoqeni� (2.1):
Pust~ x0 �vl�ets� pribli�ënnym znaqeniem korn� α de$i-
stvitel~no$i funkcii f , i X(0) ishodnym segmentom tak,
qto

α ∈ X(0) = {x | |x− x0| ≤ ε0}.
Oboznaqim segment

{x | |x− x0| ≤ 2ε0}
qerez X. Dopustim, qto funkci� f nepreryvno dif-
ferenciruema do tretego por�dka na X, i sledu�wie
uslovi� dl� l�bogo x ∈ X:

h1 ≤ f ′(x) ≤ h2, h1 · h2 > 0,

k1 ≤ f ′′′(x) ≤ k2.

Vvedëm oboznaqeni�:

H = [h1, h2] i K = [k1, k2].

Pust~ budet zadana l�ba� funkci� g : R → R nepreryvno
differenciruema tretego por�dka.

Nax metod sledu�wi$i. Dopustim, qto u�e izvestno k-oe pri-
bli�ënnoe znaqenie korn� α — xk, a tak�e izvesten otrezok pri-
bli�eni�

X(k) = {x | |x− xk| ≤ εk}.
Tak�e izvestno, qto α ∈ X(k). Vvedëm oboznaqenie:

Z(k) =
{

[xk − εk, xk], esli f(xk) · h1 > 0
[xk, xk + εk], esli f(xk) · h1 < 0

Vyberem line$inu� transformaci� dl� funkcii g tak, qtoby
eë kriva� prikasalas~ vo vtorom por�dke k funkcii f v toqke
(xk, f(xk)), to est~ opredel�em funkci�

Gk(x) = c · g(x− µ) + λ

pri uslovi�h

(2.2) G
(i)
k (xk) = f (i)(xk), i = 0, 1, 2.
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Tak kak funkci� G′′′k (x) nepreryvna, ona ograniqenna na segmente
X. Oboznaqim eë ni�n�� i verhn�� gran~ qerez lk1 i lk2, i seg-
ment [lk1, lk2] qerez L(k). Rexim, est~ li nuleva� toqka u funkcii
Gk(x) na otrezke

{x | |x− xk| ≤ 2εk}.
Esli net, pust~ novym pribli�ënnym segmentom budet

(2.3) X(k+1) = Z(k).

Esli imeets�, oboznaqim odno pribli�ënnoe na dannom otrezke
znaqenie �togo korn� qerez x̃k; k primeru pribli�ënnym znaqe-
niem mo�et byt~

x̃k =
{

xk − εk, esli f(xk)h1 > 0
xk + εk, esli f(xk)h1 < 0.

Pri f(x̃k) = 0 metod konqits� na x̃k = α, a v sluqae f(x̃k) 6= 0
pust~

F (k) =
{

Gk(x̃k) +
K − L(k)

3!
(x̃k − xk)3

}
,

a novym pribli�ënnym segmentom budet

(2.4) X(k+1) =
{

x̃k − F (k)

H

} ⋂
Z(k).

Sredn�� toqka novogo otrezka pribli�eni� daët novoe pribli-
�ënnoe znaqenie, to est~
(2.5) xk+1 = m(X(k+1)),

a nova� ocenka pogrewnosti budet

(2.6) εk+1 =
d(X(k+1))

2
.

Teorema 2.1. Esli vypoln��ts� uslovi� (2.1), to skonstru-
irovanna� s pomow~� naxego metoda posledovatel~nost~ {xk} sho-
dits� i

lim
k→∞

xk = α.

Dokazatel~stvo. Snaqala doka�em, qto dl� l�bogo k ≥ 0,
α ∈ X(k). Dopustim, qto suwestvuet k ≥ 0 pri kotorom α ∈ X(k).
A teper~ rassmotrim, soder�its� li koren~ α na segmente X(k+1).
Snaqala doka�em, qto α ∈ Z(k). Pust~ h1 > 0, togda funkci� f ′
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polo�itel~na na otrezke X, to est~ f strogo monotonno vozras-
taet na segmente X. Po�tomu esli f(xk) > 0, to α < xk, no v silu
indukcionnogo uslovi� α ∈ X(k), i tak

α ∈ [xk − εk, xk] = Z(k).

A esli vypoln�ets� f(xk) < 0, to α > xk, no primen�� sootnoxenie
α ∈ X(k) poluqim:

α ∈ [xk, xk + εk] = Z(k).

V sluqae h1 < 0 dokazyvaets� analogiqno. A teper~ doka�em, qto
α ∈ X(k+1). My imeem dva sluqa�. Esli u funkcii Gk(x) net
nulevo$i toqki na segmente

{x | |x− xk| ≤ 2εk}
to soglasno po opredeleni� (2.3) X(k+1) = Z(k), i takim obrazom
teorema dokazana. A esli funkci� Gk(x) imeet koren~ na dannom
segmente, to oboznaqim qerez x̃k odno pribli�ënnoe na �tom seg-
mente znaqenie �togo korn�. V silu uslovi� naxe$i teoremy my
mo�em primenit~ formulu T�$ilora dl� funkci$i f(x) i Gk(x) :

f(x) =f(xk) + f ′(xk)(x− xk) +
f ′′(xk)

2!
(x− xk)2

+
f ′′′(ζ)

3!
(x− xk)3,

Gk(x) =Gk(xk) + G′k(xk)(x− xk) +
G′′k(xk)

2!
(x− xk)2

+
G′′′k (η)

3!
(x− xk)3,

gde ζ = xk + ϑ1(x − xk) i η = xk + ϑ2(x − xk), ϑ1, ϑ2 ∈ (0, 1), x ∈ X.
Po (2.2) oqevidno, qto funkci� raznosti

f(x)−Gk(x) =
f ′′′(ζ)−G′′′k (η)

3!
(x− xk)3.

Podstav�

f(x̃k) = Gk(x̃k) +
f ′′′(ζ)−G′′′k (η)

3!
(x̃k − xk)3,

i tak kak f ′′′(ζ) ∈ K, G′′′k (η) ∈ L(k), mo�no zapisat~

f(x̃k) ∈
{

Gk(x̃k) +
K − L(k)

3!
(x̃k − xk)3

}
= F (k).
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Soglasno teoreme o srednem Lagran�a

(2.7) −f(x̃k) = f(α)− f(x̃k) = f ′(ζ)(α− x̃k),

gde ζ = x̃k + ϑ(α − x̃k), ϑ ∈ (0, 1). Tak kak u funkcii f ′ znak ne
men�ets� na segmente X, i f ′(ζ) 6= 0, upor�doqiva� ravenstvo (2.7)
poluqaem

x̃k − f(x̃k)
f ′(ζ)

= α.

Znaem, qto f ′(ζ) ∈ H i f ′(x̃k) ∈ F (k), po�tomu

α ∈
{

x̃k − F (k)

H

}
.

My u�e dokazali, qto α ∈ Z(k), to est~

α ∈
{

x̃k − F (k)

H

} ⋂
Z(k) = X(k+1).

I teper~ my u�e znaem, qto
(2.8) α ∈ X(k)

dl� l�bogo neotricatel~nogo celogo qisla. Po postroeni� prib-
li�ënnyh segmentov oqevidno, qto

X(0) ⊃ X(1) ⊃ X(2) ⊃ . . . ,

i
d(X(k+1)) ≤ d(Z(k))

d(Z(k)) = d(X(k))
2

}
dl� k = 0, 1, 2, . . . .

Po�tomu

d(X(k+1)) ≤ d(X(k))
2

, dl� k = 0, 1, 2, . . . ,

i mo�no utver�dat~, qto
lim

k→∞
d(X(k)) = 0.

No ots�da po (2.8) poluqaets�

lim
k→∞

X(k) = α.

Pust~ X(k) = [x1k, x2k], v �tom sluqae x1k ≤ xk ≤ x2k. Tak kak
lim

k→∞
x1k = lim

k→∞
x2k = α, po�tomu lim

k→∞
xk = α, teorema dokazana.
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Uslovi� i oboznoqeni� (2.9):
Pust~ α – koren~ de$istvitel~no$i funkcii f , ε ≤ Γ i
funkci� f tri raza nepreryvno differenciruema na ot-
rezke

X̂ = {x | |x− α| ≤ ε}.
Pust~ dl� x ∈ X̂

ĥ1 ≤ f ′(x) ≤ ĥ2, gde ĥ1, ĥ2 > 0,

0 6= m2 ≤ |f ′′(x)| ≤ M2,

|f ′′′(x)| ≤ M3.

Vvedëm ewë sledu�wee oboznaqenie: min(|ĥ1|, |ĥ2|) = m1.
Pust~ funkci� g : D ⊆ R → R tri raza nepreryvno dif-
ferenciruema, 0 < |g′′(x)|, esli x ∈ D, i
0 < q2 ≤ |g′′(x)| ≤ Q2, dl� x ∈ D∗ ∩D, gde

D∗ =
[
g′−1

(
ĥ1q2
M2

)
, g′−1

(
ĥ2Q2
m2

)]
∪

[
g′−1

(
− ĥ2Q2

m2

)
, g′−1

(
− ĥ1q2

M2

)]

∪
[
g′−1

(
ĥ1Q2
m2

)
, g′−1

(
ĥ2q2
M2

)]
∪

[
g′−1

(
− ĥ2q2

M2

)
, g′−1

(
− ĥ1Q2

m2

)]

Krome togo dopustim, qto

|g′′′(x)| ≤ Q3, esli x ∈ {D∗ + [−2Γ, 2Γ]} ∩D.

Lemma 2.2. Esli vypoln��ts� uslovi� (2.9) i

ε <

√
3
4

m1q2

q2M3 + M2Q3
,

to dl� l�bogo x̂ ∈ X̂ u line$ino transformirovanno$i funkcii g, ko-
tora� prikasalas~ vo vtorom por�dke k funkcii f v toqke (x̂, f(x̂)),
imeet koren~ na segmente X̂.

Dokazatel~stvo. Pust~ x̂ proizvol~no fiksirovannoe qislo
na otrezke X̂. Oboznaqim qerez G(x) tu funkci�, kotoru� my
poluqaem iz funkcii g s pomow~� sootvetstvu�we$i line$ino$i
transformacii, t.e.

(2.10)
G(x) = cg(x− µ) + λ,

G(i)(x̂) = f (i)(x̂), i = 0, 1, 2.
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Snaqala dopustim, qto x̂ > α i funkci� f ′ polo�itel~na na seg-
mente X̂. Togda G(x̂) = f(x̂) > 0. Razlo�im v r�d T�$ilora f i G
do qetvertogo qlena vkl�qitel~no:

f(x) = f(x̂) + f ′(x̂)(x− x̂) +
f ′′(x̂)

2!
(x− x̂)2 +

f ′′′(ζ)
3!

(x− x̂)3,

G(x) = G(x̂) + G′(x̂)(x− x̂) +
G′′(x̂)

2!
(x− x̂)2 +

G′′′(η)
3!

(x− x̂)3,

gde ζ = x̂+ϑ1(x− x̂), η = x̂+ϑ2(x− x̂) i ϑ1, ϑ2 ∈ (0, 1). Vyqita� dva
uravneni� drug iz druga po (2.10) poluqaets�

G(x) = f(x)− f ′′′(ζ)−G′′′(η)
3!

(x− x̂)3.

Pust~ teper~ x = α− ε. To

G(α− ε) = f(α− ε)− f ′′′(ζ)−G′′′(η)
3!

(α− ε− x̂)3.

No f(α − ε) = −[f(α) − f(α − ε)], i primen�� teoremu o srednem
Lagran�a my poluqaem, qto

G(α− ε) = −f ′(ν)ε− f ′′′(ζ)−G′′′(η)
3!

(α− ε− x̂)3,

gde ν ∈ (α − ε, α). Teper~ my doka�em, qto G(α − ε) < 0. �to
neravenstvo vypoln�ets� pri

−f ′(ν)ε− f ′′′(ζ)−G′′′(η)
3!

(α− ε− x̂)3 < 0,

to est~ esli

−f ′(ν)ε <
f ′′′(ζ)−G′′′(η)

3!
(α− ε− x̂)3

vypoln�ets�. Po�tomu doka�em, qto

T = − 1
3!

f ′′′(ζ)−G′′′(η)
f ′(ν) · ε (α− ε− x̂)3 < 1.

Mo�no zapisat~, qto

|T | = 1
3!
|f ′′′(ζ)−G′′′(η)|

|f ′(ν)| · ε |α− ε− x̂|3 ≤

≤ 1
3!
|f ′′′(ζ)|+ |G′′′(η)|

|f ′(ν)| · ε |α− ε− x̂|3 ≤

≤ 1
3!

M3 + |c| |g′′′(η − µ)|
m1

· 1
ε
(2ε)3.
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No s odno$i storony v silu sootnoxenii

G′′(x̂) = c g′′(x̂− µ) = f ′′(x̂),

mo�no zapisat~, qto

|c| = |f ′′(x̂)|
|g′′(x̂− µ)| , t.e.

m2

Q2
≤ |c| ≤ M2

q2
,

a s drugo$i storony tak kak

G′(x̂) = c g′(x̂− µ) = f ′(x̂)

i funkci� g′ strogo monotonna na D, po�tomu suwestvuet funkci�
obratna� k g, my poluqaem, qto

−µ = g′−1

(
f ′(x̂)

c

)
− x̂ ∈ {D∗ − X̂}.

No η ∈ X̂, itak
η − µ ∈ {D∗ + [−2Γ, 2Γ]} ∩D

znaqit |g′′′(η − µ)| ≤ Q3. Po�tomu mo�no zapisat~

|T | ≤ 1
3!

M3 + M2
q2

Q3

m1
· 1
ε
(2ε)3 =

=
4
3

q2M3 + M2Q3

m1q2
ε2 < 1.

To est~ G(α − ε) < 0, no G(x̂) > 0, po�tomu suwestvuet x̃ ∈ X̂
takoe, qto G(x̃) = 0. Dokazatel~stvo lemmy v ostal~nyh sluqa�h
provodits� takim �e obrazom.

Teorema 2.3. Pust~ vypoln��ts� uslovi� (2.1), (2.9) i pust~

(2.11)
{

2ε0 < Γ
0 6= m2 ≤ |f ′′(x)| ≤ M2, esli x ∈ X.

V �tom sluqae suwestvuet indeks i ∈ N tako$i, qto dl� l�bogo k ≥ i
skonstruirovanna� s naxim metodom funkci� Gk(x) imeet koren~
na segmente

{x | |x− xk| ≤ 2εk}.

Dokazatel~stvo. Pust~ ĥ1 = h1, ĥ2 = h2,

m1 = min(|h1|, |h2|),
M3 = max(|k1|, |k2|).
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Pust~ indeks

i = min
{

j | εj <

√
3
4

m1q2

M3q2 + M2Q3

}
.

Tak kak εj = d(X(j))
2 monotonno ubyva�wa�, shod�wa�s� k nul�

posledovatel~nost~, po�tomu dl� l�bogo k ≥ i vypoln�ets�

εk <

√
3
4

m1q2

M3q2 + M2Q3
.

Pust~ teper~ indeks k ≥ i fiksirovanny$i. Tak kak

X̂(k) = {x | |x− α| ≤ εk} ⊆ X,

vypoln��ts� uslovi� lemmy 2.2., po�tomu Gk(x) imeet koren~ na
segmente X̂(k). No |xk − α| ≤ εk, tak u funkcii Gk(x) est~ koren~
na segmente

{x | |x− xk| ≤ 2εk}.
Teorema 2.4. Pust~ vypoln��ts� uslovi� (2.1), (2.9), (2.11).

Predpolo�im ewë, qto v naxem metode vospol~zuets� korn�mi
funkci$i Gk(x), qtoby sqitat~ sledu�wie pribli�ënnye znaqeni�.
V �tom sluqae dl� pogrewnosti εk+1 iteracionno$i toqki xk+1

spravedliva sledu�wa� ocenka:

εk+1 ≤ 4
3

q2M3 + M2Q3

m1q2
ε3
k.

Dokazatel~stvo. V silu teoremy 2.3. suwestvuet indeks
i ∈ N tako$i, qto dl� l�bogo k ≥ i novy$i pribli�ënny$i segment
imeet vid:

X(k+1) =
{

x̃k − F (k)

H

} ⋂
Z(k),

gde x̃k — koren~ funkcii Gk(x) na segmente {x | |x − xk| ≤ 2εk}.
Pri pomowi sootnoxeni�

d(X(k+1)) ≤ d

({
x̂k − F (k)

H

})
= d

(
F (k)

H

)
=

= d

(
Gk(x̃k) + K−L(k)

3! (x̃k − xk)3

H

)
=

= d

(
K−L(k)

3! (x̃k − xk)3

H

)
=
|x̃k − xk|3

3!
d

(
K − L(k)

H

)
,
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i tak kak x̃k ∈ {x | |x− xk| ≤ 2εk}, poluqaets� sootnoxenie

d(X(k+1)) ≤ (2εk)3

3!
d
(K − L(k)

H

)
.

A teper~ daëm ocenku na dlinu segmenta K−L(k)

H . Tak kak

K − L(k)

H
=[k1 − lk2, k2 − lk1] ∗

[ 1
h2

,
1
h1

]
=

=

[
min

(k1 − lk2

h2
,
k1 − lk2

h1
,
k2 − lk1

h2
,
k2 − lk1

h1

)
,

max
(k1 − lk2

h2
,
k1 − lk2

h1
,
k2 − lk1

h2
,
k2 − lk1

h1

)]

ots�da vytekaet, qto

d

(
K − L(k)

H

)
≤ 2

M3 + M2
q2

Q3

m1
= 2

q2M3 + M2Q3

m1q2
.

V koneqnom itoge poluqaem, qto

2εk+1 ≤ 8 · ε3
k

6
· 2q2M3 + M2Q3

m1q2
,

to est~
εk+1 ≤ 4

3
q2M3 + M2Q3

m1q2
ε3
k.
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